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ABSTRACT

In this paper, we define locally chainable sets in metric space.
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1. INTRODUCTION

In 1883 Cantor defined connectedness with the help of -
chains. Beer[1] has characterized compact sets among the
connected sets. In 2002, Shrivastava and Agrawal [3]
defined e-chainable sets in metric space. In 2010 Pagey et
al. [4] proved that the chainability of points and sets is
product invariant property.

In this paper local chainability of two subsets of a metric
space has been defined and various examples of such sets
have been provided. It is shown that open subsets of two
locally chainable sets are themselves locally chainable.
Also among open subsets of any metric space X, unions of
locally chainable sets at a point are locally chainable at the
same point. Local chainability of two sets guarantees the
existence of open sets in the e-neighborhood of these sets
such that the open sets are e-chainable.

Preliminaries [2]: Throughout this paper X will stands
for metric space with metric d.
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1. Let Abe asubset of the metric space X. Fore>0,

letV, (A) = {x e X : d(x,A)<e} where

d(x,A) = inf {d(x,a) : acA}.

2. Let (X,d) be a metric space for each subset A of X,

and >0,

C . (A) is defined to be the set of all points which can be
joined to points of A byan e-chain.

3. C(A)isdefinedtobe N{C . (A): >0} or
equivalently

C. (A) =U{V,(A): n eN} where
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Vo(A)=A,Vi(A)={x:d(x,A)<e}
and inductively V .1 (A) =V, (Vo (A)).

4. Let (X,d) be a metric space and A < X. Then
boundary A, denoted by

Fr(A)is ANX — 4) .

5. Let (X,d) be a metric space and A — X. Then A® is
interior of A in X, A°will denote the complement of
A in X, 6(A) will denote the diameter of A in X,
Us(a)will denote the neighborhood of a in X and

Awill denote the closure of A in X.

Definition 1[1]-For points p,q € X an e-chain of length n
from p to q is finite sequence a; a, as ... ..., a, in Xwith

ay =p,a,=qandd (a;_;,a;)<e,1<i<n.

We call X e-chainable if each two points in X can be
joined by an g-chain and X is chainable if X is &-

chainable for each positive e.

Definition 2[3] — Let A B — X. An g-chain of length n
from A to B is a finite sequence Ay, A;,4,, ... ... Apof
subsets of X with A=A, An = B,
A1 Ve(ADA;c Ve(Ai-1),

1<i<n. If echain exists between A and B we say
(A,B) is e-chainable and (4, B) is chainable if it is e-

chainable for each positive &.

Definition 3 — Let AB < X. Then (4,B) is locally
chainable at (a,b) €(AxB) if and only if

forevery£€>0,3 8> 0, such that
(Us(a) N A%, Us(b) N BY)is e-chainable and
Us(a) N A°cU.(a) and Us(b) N B® U, (b)

whereUs(a) N A° and Us(b) N B° are non -empty sets.
(A, B)is locally chainable if (A4,B) is locally chainable
at each point (a,b) E(AxB).

Definition 4 — Let A <« X. Then A is said to be self -
chainable if every two points of A can be joined by an -
chain . Also A is said to be self chainable if A is self -

chainable for every ¢ > 0.

Definition 5 — Let A, B < X. Then (4, B) is said to be
strongly g-chainable if and only if any two points of A and
B are e-chainable and (A4,B)is said to be strongly

chainable (4, B) is strongly g-chainable for every & > 0.
Examples of Locally Chainable Sets

(1) Let X be the set BU A where
B={(x,00eER?,0<x<1}and

A={(xy)

ERZ:OSyS1,x=00rx=%forsomenEN}
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X consists of infinitely many vertical segments of unit
length,including a segment on the y- axis and a horizontal
segment along the x- axis. Given X the relative topology
induced by the usual topology on the plane; then any two
vertical segments of X are locally chainable except if one

of one the vertical segment is {(0,y) € R?} C X.
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() LetA={(n,):ne N}

B={(n0O)neN}

(n-2,1/n-2)
(n-1,1/n-1)
(n,1/n)
| 7 x

(1.0) (2,0) (3,0)

X={(ny):0<y<—~, neN}

Then(A, B) is chainable in the subspace (X,d) of (RxR, d)
however (4, B) is not locally chainable at any of the
points ((n,0), (n,%)) neN, since A =@ and B° = Q.
This is an example of two sets which are chainable but not

locally chainable.

(n-2,0) (n-1,0) (n,0)

(3) Consider the discrete metric space (X,d). Then for
any two subsets A and B of X, (4, B) is chainable
for € > 1, but not locally chainable at any of the

points of (AxB) provided AN B = @.
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(4)Let Y be the subspace {O}U{% :n=12..} of R. Let
A = {%} and B = {%}, n=m then (4,B) is neither

chainable nor locally chainable in Y.

(5) Let

whereA={(x,y):x = %,0 <y< %,n isoddn € N}

(BUAUC) be a subspaces of (R?d)
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B:{(x,y):x=%0SyS%, nisevenandnEN}

1 1
C:{(x,O):n—OSxSm,no EN}.

% 1\ ﬁ.‘/()
(Vz_,‘/,_)
CATA)
('/‘l/'/j)
(ngqlmmn\ J/L' l/,_ ?X

Then (A, B) is ¢- chainable for ¢ >§ but not e-chainable

for asé. Then (A,B) is locallychainable at infinite

number of points lying on the segments x = ni and x =
0

1
no+1’

Various Resultson Locally Chainable Sets
Theorem 1

Let AB < X, such that (4, B) is locally chainable and C
and D are open sets in X such that Cc A, D < B. then
(C, D) is locally chainable.

Proof : Let (a,b) € (CxD) =(a,b) € (AxB). C, D are open
subsets of X, hence U, (a)c C < A and U, (b)c Dc B
for some &> 0. (4, B)is locally chainable at (a,b) then
(Us(@NA®, Us(b)NB®) s
Us(a) ﬂAocUgl(a)c C andUs(b) N BocUgl(b)c D for

&,-Chainable and

some 6 > 0.

Let £ >¢; (without loss of generality). AsC c A, D c B,

Us(a) NC= Ug(a) N COCUg(a) N Aand Ué‘(b) nD
Us(b) N D°cUs(h) N B also Us(a) N A°Us(a) N C
Us(@nc®

Us(b) N B°Us(b) N D = Us(b) N D°

=Us(a) N A° = Ug(a) N C%andUs(b) N B® =
Us(b) N D°

=(Us(a) N C° Us(b) N D®) is & -chainable and hence &-

chainable.

Also Us(a) N C° cU,, (@)U, (a) and

Us(b) N D° cUe, (b)cU.(b)
=(C, D) is locally chainable at (a, b).

Remarks : (1) Let A,B < X, such that (4, B) is locally

chainable, then (4°, B®)is locally chainable.
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(2) Let (4, B) be locally chainable sets and f: X —> X be

an isomorphism then (f(4), f(B)) is locally chainable.

(3) Let A,B,C,D be the open sets of X such that (4, B)
and (C,D) are locally chainable, then (ANC, BN D) is

locally chainable.
Theorem 2

Let AB,C and D be open subsets of X such that (4, B)
and (C,D) are locally chainable at (ab) then
(AUC, BUD)is locally chainable.

Proof :(4, B) is locally chainable at (a,b) = for some §;>
0,

(Us,(@)N A ,Us,(b) N B)

is  e-chainable where Us (@)NAcU.(a) and
Us,(b) N B cU(b).

(C,D)is locally chainable at (a,b) = for some §,> 0.
(Us,(a) N C , Us,(b) N D)is e-chainable, where

Us, (@) N € cU,(@)andUsy, (b) N D Uy ().
Letd = min((sl, 62)

Let xeUs(a)N(AU )= xeUs (@) NA or
x €Us,(a) N C. Then x is e-chainable to some point of
Us, (b) N Bor to some point ofUs, (b) N D. As both these
sets are contained inU,(b). It follows that x is g-chainable

to b.
=>(Us(a) N(AU C),Us(b) N(B U D)) is e-chainable.

Moreover
Us(a) N(AU C)c=(Us, (@) NA) U(Us,(@)NC)c
Ue(a)

Us(h) N(BUD)=(Us,(b) NB) U (Us,(b) N D )
U.(b).

Theorem 3

Let A,B < X such that (4, B) is locally chainable at (a,b)
and let C,D be subsets of A and B respectively such that a
and b are interior points of C and D, then (C, D) is locally

chainable at (a, b).

Proof :Now ae(C° be D° hence Ug, (a)c C cA and
U, (b)c D cB for some &> 0. Local chainability of
(4,B)at (a, b)=(Us(a) N A%, Us(b) N B°) is &;-chainable

for some &>0.

And Us(a) N C°cUs(a) N A°cU,, (a)
Us(b) N D°cUs(b) N B° U, (b)

x e Us(a) N C°= d(x, a) <e;.

aeUs(a)NA° is g-chainable to some point of
Us(b) N B°and hence to b. Thus X ise;-chainable to
beUs(b) N D°. Likewise every member of
Us(b) N D° is & -chainable to ae Us(a) N C°. Hence
(Us(a) N C°,Us(b) N D°)is e-chainable,

on choosing ¢ >g; (without loss of generality).
Also Us(a) N C°cUg(a) and Us(b) N D° U, (b)
It follows(C, D) is locally chainable at (a, b).
Corollary

Let (A, B) be locally chainable at (a, b) and a € C° and b
€ D° then (AN C,B N D) is locally chainable at (a, b).

Remark

Let A, B c X such that (4, B) is locally chainable at (a, b)
and a and b be interior points of A and B respectively
then(4, B) is locally chainable at (a, b).

Theorem 4

Let A, B < X and a €A, b € B. If every neighborhood
Ug(a) of a and Ug(b) of b contains subsets C and D of
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A and B respectively such that (C,D) is e-chainable and
aeC® and b e D then (4,B) is locally chainable at (a,
b).

Proof: We have Ue, (@) cC®cA? and b

€ U,, (b) =D =B°for somee; > ¢.

Let xeU, () NA° =U,, (a). Then x €C, and hence is -

chainable to some y € D.
As d(y, b) <e, x is e-chainable to b eU,, (b) N B°

=(U,, (@) N 4°,U,, (b) N B®)is e-chainable, hence (4, B)

is locally chainable at (a, b).
Theorem 5

Let (A4, B) be locally chainable . Then for each € >0 , there
exists open sets C and D, C cU.(A) , D cU.(B) such
that (C, D) is e- chainable.

Proof : Let ae A ,b eB be arbitrary. Then for every &
>0,

(Us(a) N A°,Us(b) N B°)e- chainable for some 6 > 0 and
US(a) ﬂA" CUg(a)l U&(b) n B° CUs(b)

Let C=Us>o Us (@) N A%, D = Us>oUs (b) N B
€.

aeA aeA

Then C and D are open sets and (C, D) is e- chainable.
Moreover C cU.(A), D cU.(B).

respectively show that (C, D) is locally chainable.
Theorem 6

Let A, B be open subsets of X such that (4, B) is locally

chainable then -

@) C(A)=C(B)
(i) A, B, C(A) = C(B) are self — chainable.
(iii) (A, B)is strongly chainable.

(iv) C(A) = C(B) is open.

Proof : (i) Let x e C(A) =for each ¢ >0, x eC.(A)= for
each ¢ > 0, there exists a € A such that x is e-chainable to

a. Now (4, B) is locally chainable at (a, b) for some b € B.

=>(Us(a) NA,Us(b) N B) is e-chainable
andUs(a) N A cU.(a) and Us(b) N B cU.(b). A is e-
chainable to by e Us(b) N B cU.(b)= a is -chainable to b
or x is e-chainableto b vV £ > 0 = xe C(B) = C(A) — C(B).
Interchanging the roles of C(A) and C(B) we get C(A) =
C(B).

(i) As A cC (A) every two points x and y in A are
chainable to some point b ¢ B for each & > 0 (refer (i))
so, x and y are e-chainable. Consequently A is self -
chainable. Similarly B is self — chainable. The definition
of C (A) and the fact that A is self — chainable establishes
that C (A) is self — chainable and so is C(B).

(iii) A cC (A) =ae A is e-chainable to every b e B for
every ¢ > 0 (refer proof (i)) =(A4, B) is strongly chainable.

(iv) Letx e C (A). Then x is e-chainable to b V £ > 0 and
Vv b e B (refer proof (i)). As B is open U, (b)< B for some

positive &;< €.

Lety €U, ()= d(x,y) <&<e
or yise-chainabletob Vv ¢>0.
=y e C(B) =C(A)

=C(A) is open.

Theorem 7

Let A and B be open subsets of X such that (4,B) is

strongly chainable, then(4, B)is locally chainable.

Proof :Let (a, b)e (AxB) and & > 0 then
(Us(a) NA,U.(b) NB) is e-chainable and hence (4, B)

is locally chainable.
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Note :The above theorem is the converse of (iii) part of

the previous theorem.

Theorem 8

If A and B are self-chainable open subsets of X such that
C(A) =C(B), then (4, B) is locally chainable.

Proof : Let ae A, b € B and € > 0 be arbitrary. Then

Us(a)cA ,Us(b)c B for some positive d < €.

Let x Us(b) N A°. Then C(A) = C(B) = x is g-chainable
to b, for some b, e B. Since B is self-chainable it follows
that x is e-chainable to b € Us(b) N B°. On interchanging
the roles of Us(a) NA° and Us(b) N B it follows that
(A,B) s locally chainable.
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