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ABSTRACT 

 

In this paper, we study 2𝑛𝑑 lift of golden structure to tangent bundle of order 2. We investigate integrability and 

parallelism of golden structures in 𝑇2(𝑀). Moreover, we define golden semi-Riemannian metric in 𝑇2(𝑀). 
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1. INTRODUCTION 

 

Lifts of structures on any differentiable manifold 𝑀 to its 

tangent bundle of order 2 were introduced and studied by 

several authors, see [3, 11, 14, 15]. 

 

In 2007 Hretcanu [7] introduced the golden structure on 

manifold 𝑀 . In the recent paper of Crasmareanu and 

Hretcanu [2], the geometry of the golden structure on a 

manifold was studied. They investigated the geometry of the 

golden structure on a manifold by using corresponding 

almost product structure. Recently, the geometry of the 

golden structure has been studied in [5, 8, 9, 12, 13]. 

 

In the previous paper [13] we have studied the prolongations 

of golden structures to tangent bundles. The purpose of the 

present paper is to generalize the previous prolongations to 

the tangent bundles of order 2. In particular, we follow the 

spirit of [13].  

 

The paper is organized as follows. In Section 2, we establish 

2nd lift of golden structures in tangent bundle of order 2. 

Section 3 deal with integrability and parallelism of golden 

structures in tangent bundle of order 2. In the last section we 

study golden semi-Riemannian metric in 𝑇2(𝑀). 
 

2. PROLONGATIONS OF GOLDEN STRUCTURE TO 

TANGENT BUNDLE OF ORDER 𝟐 

 

Let 𝑀  be an 𝑛 −dimensional differentiable manifold of 

class 𝐶∞. The set of all 2 −jets of 𝑀 is called the tangent 

bundle of order 2 and denoted by 𝑇2(𝑀), and 𝜋2: 𝑇2(𝑀) →
𝑀 is the bundle projection of 𝑇2(𝑀) to 𝑀. Then 𝑇2(𝑀) is 

also a differentiable manifold of class 𝐶∞ and its dimension 
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is 3𝑛. The tangent bundle 𝑇1(𝑀) of order 1 is the tangent 

bundle 𝑇𝑀  over 𝑀  and 𝜋1: 𝑇𝑀 → 𝑀  is the bundle 

projection of 𝑇𝑀  to 𝑀 . If 𝜋12  is the mapping 

𝜋12: 𝑇2(𝑀) → 𝑇𝑀 then 𝑇2(𝑀) has a bundle structure over 

𝑇𝑀 with projection 𝜋12 [14,15]. 

 

Let ℑ𝑙
𝑘(𝑀) be the set of tensor fields of class 𝐶∞ and of the 

type (𝑘, 𝑙)  in 𝑀 . Let Φ ∈ ℑ1
1(𝑀)  and Φ  have local 

components Φ𝑖
ℎ  in a coordinate neighborhood 𝑈  of 𝑀 . 

Then the second lift Φ𝐼𝐼  of Φ  in 𝑇2(𝑀)  will have the 

components of the form [15] 

 

Φ𝐼𝐼 = [

Φ𝑖
ℎ 0 0

𝑦𝑠𝜕𝑠Φ𝑖
ℎ Φ𝑖

ℎ 0

𝑧𝑠𝜕𝑠Φ𝑖
ℎ + 𝑦𝑠𝑦𝑡𝜕𝑠𝜕𝑡Φ𝑖

ℎ  2𝑦𝑠𝜕𝑠Φ𝑖
ℎ  Φ𝑖

ℎ

] 

 

with respect to the induced coordinates in 𝑇2(𝑀).  

 

For any Φ,𝐺 ∈ ℑ1
1(𝑀), we have [15] 

 
(Φ𝐺)𝐼𝐼 = Φ𝐼𝐼𝐺𝐼𝐼 . (1) 

 

Replacing 𝐺 by Φ in (1), we obtain  

 
(Φ2)𝐼𝐼 = (Φ𝐼𝐼)2. (2) 

 

Definition 1 ([2,7]).  A non null tensor field Φ type (1,1) 
and of class 𝐶∞ satisfying 

 

Φ2 −Φ − 𝐼 = 0 (3) 

 

is called a golden structure on 𝑀. 

 

Taking the second lift on both sides of equation (3), we get 

(Φ2 −Φ − 𝐼)𝐼𝐼 = 0. Using (2) and 𝐼𝐼𝐼 = 𝐼, we obtain 

 
(Φ𝐼𝐼)2 −Φ𝐼𝐼 − 𝐼 = 0. (4) 

 

Thus we have the following proposition.  

 

Proposition 1. Let Φ be an element of ℑ1
1(𝑀). Then the 

second lift Φ𝐼𝐼  of Φ is an golden structure in 𝑇2(𝑀) if and 

only if so is Φ.  

 

Remark 1.  If Φ (respectively, 𝑃) be a golden structure 

(respectively, an almost product structure) on 𝑀 then Φ𝐼𝐼  

(respectively, 𝑃𝐼𝐼 ) is a golden structure (respectively, an 

almost product structure) and Φ̃𝐼𝐼 = 𝐼 −Φ𝐼𝐼  (respectively, 

−𝑃𝐼𝐼 ) is also a golden structure (respectively, an almost 

product structure) in 𝑇2(𝑀).  

 

Theorem 1 ([2]).  An almost product structure 𝑃 induces a 

golden structure as follows:  

 

Φ =
1

2
(𝐼 + √5𝑃) (5) 

 

Conversely, any golden structure Φ  yields an almost 

product structure  

 

𝑃 =
1

√5
(2Φ − 𝐼). (6) 

 

Taking the second lift on both sides of equation (5), (6) and 

taking account of Remark 1, we have the following theorem.  

 

Theorem 2. Let 𝑃 be an almost product structure on 𝑀. An 

almost product structure 𝑃𝐼𝐼 induces a golden structure in 

𝑇2(𝑀) as follows: 

 

Φ𝐼𝐼 =
1

2
(𝐼 + √5𝑃𝐼𝐼). (7) 

 

Conversely, let Φ be a golden structure on 𝑀. Any golden 

structure Φ𝐼𝐼  yields an almost product structure in 𝑇2(𝑀) 
 

𝑃𝐼𝐼 =
1

√5
(2Φ𝐼𝐼 − 𝐼). 

 

From ([2], Example 2.4), we give following example.  

 

Example 1 (Triple structures in terms of golden 

structures on 𝐓𝟐(𝐌)).  

 

From (7), we get 

 

Φ𝐹𝐼𝐼 =
1

2
(𝐼 + √5𝐹𝐼𝐼),  Φ𝑝𝐼𝐼

1

2
(𝐼 + √5𝑃𝐼𝐼), 

 Φ𝐽𝐼𝐼
1

2
(𝐼 + √5𝐽𝐼𝐼) 

 

where 𝐹, 𝑃 ∈ ℑ1
1(𝑀) and 𝐽 = 𝑃 ∘ 𝐹. Hence we obtain 

 

√5Φ𝐽𝐼𝐼 = 2Φ𝑃𝐼𝐼Φ𝐹𝐼𝐼 −Φ𝑃𝐼𝐼 −Φ𝐹𝐼𝐼 +𝜙𝐼 

 

where 𝜙 =
1+√5

2
= 1.618…  is the golden ratio and the 

(Φ𝐹𝐼𝐼 , Φ𝑃𝐼𝐼 , Φ𝐽𝐼𝐼) is 

 

1) An (ahp)-structure in 𝑇2(𝑀) if and only if (Φ𝐹 , Φ𝑃 , Φ𝐽) 

is (ahp)-structure on 𝑀. 

 

2) An (abpc)-structure in 𝑇2(𝑀) if and only if (Φ𝐹 , Φ𝑃, Φ𝐽) 

is (abpc)-structure on 𝑀. 

 

3) An (apbc)-structure in 𝑇2(𝑀) if and only if (Φ𝐹 , Φ𝑃, Φ𝐽) 

is (apbc)-structure on 𝑀. 

 

4) An (ahc)-structure in 𝑇2(𝑀) if and only if (Φ𝐹 , Φ𝑃, Φ𝐽) 

is (ahc)-structure on 𝑀. 

 

3. INTEGRABILITY AND PARALLELISM OF 

GOLDEN STRUCTURES IN TANGENT BUNDLE OF 

ORDER 𝟐 

 

Let 𝑃, Φ are almost product and golden structures on 𝑀, 

respectively. Then the Nijenhuis tensor 𝑁𝑃 of 𝑃 and 𝑁Φ of 

Φ are tensor fields of type (1,2) given by [2,15] 
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𝑁𝑃(𝑋, 𝑌) = [𝑃𝑋, 𝑃𝑌] − 𝑃[𝑃𝑋, 𝑌] − 𝑃[𝑋, 𝑃𝑌] + 𝑃
2[𝑋, 𝑌], 

𝑁Φ(𝑋, 𝑌) = [Φ𝑋,Φ𝑌] − Φ[Φ𝑋, 𝑌] − Φ[𝑋,Φ𝑌] 
                      +Φ2[𝑋, 𝑌].  
 

for any 𝑋, 𝑌 ∈ ℑ0
1(𝑀), respectively.  

 

For any 𝑋, 𝑌 ∈ ℑ0
1(𝑀) and Φ =

1

2
(𝐼 + √5𝑃), the following 

relations are satisfied [2] 

 

𝑁𝑃(𝑋, 𝑌) =
4

5
𝑁Φ(𝑋, 𝑌). (8) 

 

For any 𝑋, 𝑌 ∈ ℑ0
1(𝑀) and Φ ∈ ℑ1

1(𝑀), we have [15] 

 

(𝑋 + 𝑌)𝐼𝐼 = 𝑋𝐼𝐼 + 𝑌𝐼𝐼 , 

[𝑋𝐼𝐼 , 𝑌𝐼𝐼] = [𝑋, 𝑌]𝐼𝐼 , (9) 

Φ𝐼𝐼𝑋𝐼𝐼 = (Φ𝑋)𝐼𝐼 . 
 

From ([2], (4.2), (4.3) and (4.4)), (1) and (2), we obtain 

 

𝑟𝐼𝐼 =
1

√5
Φ𝐼𝐼 −

1 − 𝜙

√5
𝐼,

𝑠𝐼𝐼 = −
1

√5
Φ𝐼𝐼 +

𝜙

√5
𝐼,

 (10) 

𝑟𝐼𝐼 + 𝑠𝐼𝐼 = 𝐼,  𝑟𝐼𝐼𝑠𝐼𝐼 = 𝑠𝐼𝐼𝑟𝐼𝐼 = 0, 

(𝑟𝐼𝐼)2 = 𝑟𝐼𝐼 ,  (𝑠𝐼𝐼)2 = 𝑠𝐼𝐼 , (11) 

Φ𝐼𝐼𝑟𝐼𝐼 = 𝑟𝐼𝐼Φ𝐼𝐼 = 𝜙𝑟𝐼𝐼 , 

Φ𝐼𝐼𝑠𝐼𝐼 = 𝑠𝐼𝐼Φ𝐼𝐼 = (1 − 𝜙)𝑠𝐼𝐼 . 
(12) 

 

𝑅 and 𝑆 are complementary distributions corresponding to 

the projection operators 𝑟 and 𝑠 in 𝑀, respectively. Let Φ 

be a golden structure in 𝑀. Then the second lift 𝑟𝐼𝐼 of 𝑟 

and 𝑠𝐼𝐼  of 𝑠  are complementary projection tensors in 

𝑇2(𝑀) . Thus there exist in 𝑇2(𝑀)  two complementary 

distributions 𝑅𝐼𝐼  and 𝑆𝐼𝐼 determined by 𝑟𝐼𝐼  and 𝑠𝐼𝐼 , 

respectively.  

 

Let 𝑁𝑃𝐼𝐼 , 𝑁Φ𝐼𝐼 be the Nijenhuis tensor of 𝑃𝐼𝐼 and of Φ𝐼𝐼  in 

𝑇2(𝑀), respectively. Then in view of (2), we have 

 

𝑁𝑃𝐼𝐼(𝑋
𝐼𝐼 , 𝑌𝐼𝐼) = [𝑃𝐼𝐼𝑋𝐼𝐼 , 𝑃𝐼𝐼𝑌𝐼𝐼] − 𝑃𝐼𝐼[𝑃𝐼𝐼𝑋𝐼𝐼 , 𝑌𝐼𝐼] 

                              −𝑃𝐼𝐼[𝑋𝐼𝐼 , 𝑃𝐼𝐼𝑌𝐼𝐼] + (𝑃2)𝐼𝐼[𝑋𝐼𝐼 , 𝑌𝐼𝐼], (13) 

𝑁Φ𝐼𝐼(𝑋𝐼𝐼 , 𝑌𝐼𝐼) = [Φ𝐼𝐼𝑋𝐼𝐼 , Φ𝐼𝐼𝑌𝐼𝐼] − Φ𝐼𝐼[Φ𝐼𝐼𝑋𝐼𝐼 , 𝑌𝐼𝐼] 
                              −Φ𝐼𝐼[𝑋𝐼𝐼 , Φ𝐼𝐼𝑌𝐼𝐼]+(Φ2)𝐼𝐼[𝑋𝐼𝐼 , 𝑌𝐼𝐼] (14) 

 

where 𝑋, 𝑌 ∈ ℑ0
1(𝑀).  

 

Proposition 2. The second lift 𝑆𝐼𝐼  of a distribution 𝑆 in 

𝑇2(𝑀) is integrable if and only if 𝑆 is integrable in 𝑀.  

 

Proof. The distribution 𝑆 is integrable if and only if [2] 

 

𝑟[𝑠𝑋, 𝑠𝑌] = 0 (15) 

 

for any 𝑋, 𝑌 ∈ ℑ0
1(𝑀).  

 

Taking second lift on both sides of equation (15) and using 

(9), we get 

𝑟𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼] = 0 (16) 

 

where 𝑟𝐼𝐼 = (𝐼 − 𝑠)𝐼𝐼 = 𝐼 − 𝑠𝐼𝐼 , is the projection tensor 

complementary to 𝑠𝐼𝐼. Thus the conditions (15) and (16) are 

equivalent. Hence the theorem is proved.  

 

Therefore, we have the following result.  

 

Proposition 3. For any 𝑋, 𝑌 ∈ ℑ0
1(𝑀), let the distribution 𝑆 

be integrable in 𝑀, that is 𝑟𝑁Φ(𝑠𝑋, 𝑠𝑌) = 0 [2]. Then the 

distribution 𝑆𝐼𝐼  is integrable in 𝑇2(𝑀) if and only if  

 

𝑟𝐼𝐼𝑁Φ𝐼𝐼(𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼) = 0. 
 

Proof. Let 𝑁Φ𝐼𝐼 be the Nijenhuis tensor of Φ𝐼𝐼  in 𝑇2(𝑀). 
Then in view of (14), we have  

 

𝑁Φ𝐼𝐼(𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼) = [Φ𝐼𝐼𝑠𝐼𝐼𝑋𝐼𝐼 , Φ𝐼𝐼𝑠𝐼𝐼𝑌𝐼𝐼]  
                                        −Φ𝐼𝐼[Φ𝐼𝐼𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼] 
                                        −Φ𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , Φ𝐼𝐼𝑠𝐼𝐼𝑌𝐼𝐼] 
                                        +(Φ2)𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼]. (17) 

 

Equation (17), with the help of (4) and (12) gives  

  

𝑁Φ𝐼𝐼(𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼) = (2𝜙 − 1)Φ𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼] 
                                        +(3 − 𝜙)[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼]. 
 

Multiplying throughout by 
1

5
𝑟𝐼𝐼 and from (12), we get 

 
1

5
𝑟𝐼𝐼𝑁Φ𝐼𝐼(𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼) = 𝑟𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼] 

                                              = (𝑟𝑁Φ(𝑠𝑋, 𝑠𝑌))
𝐼𝐼
. 

 

Using (16) (or 𝑟𝑁Φ(𝑠𝑋, 𝑠𝑌) = 0), we have 

 

𝑟𝐼𝐼𝑁Φ𝐼𝐼(𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼) = 0.  

 

Proposition 4. The second lift 𝑅𝐼𝐼  of a distribution 𝑅 in 

𝑇2(𝑀) is integrable if and only if 𝑅 is integrable in 𝑀.  

 

Proof. The distribution 𝑅 is integrable if and only if [2] 

 

𝑠[𝑟𝑋, 𝑟𝑌] = 0 (18) 

 

for any 𝑋, 𝑌 ∈ ℑ0
1(𝑀).  

 

Taking second lift on both sides of equation (18) and using 

(9), we get 

 

𝑠𝐼𝐼[𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼] = 0 (19) 

 

where 𝑠𝐼𝐼 = (𝐼 − 𝑟)𝐼𝐼 = 𝐼 − 𝑟𝐼𝐼 , is the projection tensor 

complementary to 𝑟𝐼𝐼. Thus the conditions (18) and (19) are 

equivalent. Hence the theorem is proved.   

 

Proposition 5. For any 𝑋, 𝑌 ∈ ℑ0
1(𝑀), let the distribution 𝑅 

be integrable in 𝑀, that is 𝑠𝑁Φ(𝑟𝑋, 𝑟𝑌) = 0 [2]. Then the 
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distribution 𝑅𝐼𝐼 is integrable in 𝑇2(𝑀), if and only if 

 

𝑠𝐼𝐼𝑁Φ𝐼𝐼(𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼) = 0. 
 

Proof. Taking account of the Nijenhuis tensor of Φ𝐼𝐼 , we 

obtain  

 

𝑁Φ𝐼𝐼(𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼) = [Φ𝐼𝐼𝑟𝐼𝐼𝑋𝐼𝐼 , Φ𝐼𝐼𝑟𝐼𝐼𝑌𝐼𝐼] 
                                        −Φ𝐼𝐼[Φ𝐼𝐼𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼] 
                                        −Φ𝐼𝐼[𝑟𝐼𝐼𝑋𝐼𝐼 , Φ𝐼𝐼𝑟𝐼𝐼𝑌𝐼𝐼] 
                                        +(Φ2)𝐼𝐼[𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼]. (20) 

 

Equation (20), with the help of (4) and (12) gives   

 

𝑁Φ𝐼𝐼(𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼) = (1 − 2𝜙)Φ𝐼𝐼[𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼] 
                                        +(2 + 𝜙)[𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼]. 
 

Multiplying throughout by 
1

5
𝑠𝐼𝐼 and from (12), we get  

 
1

5
𝑠𝐼𝐼𝑁Φ𝐼𝐼(𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼) = 𝑠𝐼𝐼[𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼] 

                                              = (𝑠𝑁Φ(𝑟𝑋, 𝑟𝑌))
𝐼𝐼
. 

 

Using (19) (or 𝑠𝑁Φ(𝑟𝑋, 𝑟𝑌) = 0), we have 

 

𝑠𝐼𝐼𝑁Φ𝐼𝐼(𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼) = 0.  

 

Proposition 6. For any 𝑋, 𝑌 ∈ ℑ0
1(𝑀)  and Φ𝐼𝐼 =

1

2
(𝐼 + √5𝑃𝐼𝐼) , the following relation between 𝑁𝑃𝐼𝐼  and 

𝑁Φ𝐼𝐼 is satisfying 

 

𝑁𝑃𝐼𝐼(𝑋
𝐼𝐼 , 𝑌𝐼𝐼) =

4

5
𝑁Φ𝐼𝐼(𝑋𝐼𝐼 , 𝑌𝐼𝐼). 

 

Proof. In view of (8), (9) and (13) we have  

 

𝑁𝑃𝐼𝐼(𝑋
𝐼𝐼 , 𝑌𝐼𝐼) = (𝑁𝑃(𝑋, 𝑌))

𝐼𝐼
= (

4

5
𝑁Φ(𝑋, 𝑌))

𝐼𝐼

 

                          =
4

5
𝑁Φ𝐼𝐼(𝑋𝐼𝐼 , 𝑌𝐼𝐼).  

 

Proposition 7. Let 𝑃 almost product structure on 𝑀 and 

the second lifts Φ𝐼𝐼  of Φ is golden structures in 𝑇2(𝑀). 
Then Φ𝐼𝐼  is integrable in 𝑇2(𝑀)  if and only if 𝑃  is 

integrable in 𝑀.  

 

Proposition 8. For any vector fields 𝑋 and 𝑌 on 𝑀, let the 

golden structure Φ be integrable in 𝑀, that is 𝑁Φ(𝑋, 𝑌) =
0 [2]. Then the golden structure Φ𝐼𝐼  is integrable in 𝑇2(𝑀) 
if and only if  

 

𝑁Φ𝐼𝐼(𝑋𝐼𝐼 , 𝑌𝐼𝐼) = 0. 
 

Proof. From the equation (14), we have  

 

𝑁Φ𝐼𝐼(𝑋𝐼𝐼 , 𝑌𝐼𝐼) = [Φ𝐼𝐼𝑋𝐼𝐼 , Φ𝐼𝐼𝑌𝐼𝐼] − Φ𝐼𝐼[Φ𝐼𝐼𝑋𝐼𝐼 , 𝑌𝐼𝐼] 
                 −Φ𝐼𝐼[𝑋𝐼𝐼 , Φ𝐼𝐼𝑌𝐼𝐼] + (Φ2)𝐼𝐼[𝑋𝐼𝐼 , 𝑌𝐼𝐼]. 
 

In view of equations (9), we have 

 

𝑁Φ𝐼𝐼(𝑋𝐼𝐼 , 𝑌𝐼𝐼) = (𝑁Φ(𝑋, 𝑌))
𝐼𝐼
= 0 

 

since the golden structure Φ is integrable in 𝑀.  

 

Recall [2] that if the golden structure Φ is integrable then 

both the distributions 𝑅 and 𝑆 are integrable. Therefore we 

get following proposition.  

 

Proposition 9. If the second lift Φ𝐼𝐼  of Φ is integrable in 

𝑇2(𝑀)  then both of the distributions 𝑅𝐼𝐼  and 𝑆𝐼𝐼  are 

integrable on 𝑇2(𝑀).  

 

Let 𝛻 be a linear connection on 𝑀. To the pair (Φ, 𝛻) we 

associate two other linear connections [1, 2, 10]:  

 

i) The Schouten connection 

 

𝛻̃𝑋𝑌 = 𝑟(𝛻𝑋𝑟𝑌) + 𝑠(𝛻𝑋𝑠𝑌). 
 

ii) The Vrănceanu connection  

 

𝛻̌𝑋𝑌 = 𝑟(𝛻𝑟𝑋𝑟𝑌) + 𝑠(𝛻𝑠𝑋𝑠𝑌) + 𝑟[𝑠𝑋, 𝑟𝑌] + 𝑠[𝑟𝑋, 𝑠𝑌]. 
 

Let 𝛻  be a linear connection on 𝑀 . Then there exists a 

unique linear connection 𝛻𝐼𝐼  in 𝑇2(𝑀) which satisfies 

 

𝛻𝑋𝐼𝐼
𝐼𝐼 𝑌𝐼𝐼 = (𝛻𝑋𝑌)

𝐼𝐼 

 

for any 𝑋, 𝑌 ∈ ℑ0
1(𝑀) [15]. Thus, to the pair (Φ𝐼𝐼 , 𝛻𝐼𝐼) we 

have two other linear connections in 𝑇2(𝑀):  

 

𝑖′) The Schouten connection  

 

𝛻̃𝑋𝐼𝐼
𝐼𝐼 𝑌𝐼𝐼 = 𝑟𝐼𝐼(𝛻𝑋𝐼𝐼

𝐼𝐼 𝑟𝐼𝐼𝑌𝐼𝐼) + 𝑠𝐼𝐼(𝛻𝑋𝐼𝐼
𝐼𝐼 𝑠𝐼𝐼𝑌𝐼𝐼). 

 

𝑖𝑖′) The Vrănceanu connection  

 

𝛻̌𝑋𝐼𝐼
𝐼𝐼 𝑌𝐼𝐼 = 𝑟𝐼𝐼(𝛻𝑟𝐼𝐼𝑋𝐼𝐼

𝐼𝐼 𝑟𝐼𝐼𝑌𝐼𝐼) + 𝑠𝐼𝐼(𝛻𝑠𝐼𝐼𝑋𝐼𝐼
𝐼𝐼 𝑠𝐼𝐼𝑌𝐼𝐼) 

          +𝑟𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼] + 𝑠𝐼𝐼[𝑟𝐼𝐼𝑋𝐼𝐼 , 𝑠𝐼𝐼𝑌𝐼𝐼]. 
 

From [2, 4], we get the following two propositions.  

 

Proposition 10. The projectors 𝑟𝐼𝐼 , 𝑠𝐼𝐼  are parallels with 

respect to Schouten and Vrănceanu connections for every 

linear connection 𝛻𝐼𝐼  on 𝑇2(𝑀)  and Φ𝐼𝐼  is parallel with 

respect to Schouten and Vrănceanu connections.  

 

Proof. From (11), for 𝑋, 𝑌 ∈ ℑ0
1(𝑀), we have  

 

(𝛻̃𝑋𝐼𝐼
𝐼𝐼 𝑟𝐼𝐼)𝑌𝐼𝐼 = 𝛻̃𝑋𝐼𝐼

𝐼𝐼 𝑟𝐼𝐼𝑌𝐼𝐼 − 𝑟𝐼𝐼(𝛻̃𝑋𝐼𝐼
𝐼𝐼 𝑌𝐼𝐼) 

                       = 𝑟𝐼𝐼(𝛻𝑋𝐼𝐼
𝐼𝐼 𝑟𝐼𝐼𝑌𝐼𝐼) − 𝑟𝐼𝐼(𝛻𝑋𝐼𝐼

𝐼𝐼 𝑟𝐼𝐼𝑌𝐼𝐼) 

                       = 0, 

(𝛻̌𝑋𝐼𝐼
𝐼𝐼 𝑟𝐼𝐼)𝑌𝐼𝐼 = 𝛻̌𝑋𝐼𝐼

𝐼𝐼 𝑟𝐼𝐼𝑌𝐼𝐼 − 𝑟𝐼𝐼(𝛻̌𝑋𝐼𝐼
𝐼𝐼 𝑌𝐼𝐼) 

                       = 𝑟𝐼𝐼(𝛻𝑟𝐼𝐼𝑋𝐼𝐼
𝐼𝐼 𝑟𝐼𝐼𝑌𝐼𝐼) + 𝑟𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼] 

                           −𝑟𝐼𝐼(𝛻𝑟𝐼𝐼𝑋𝐼𝐼
𝐼𝐼 𝑟𝐼𝐼𝑌𝐼𝐼) − 𝑟𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑟𝐼𝐼𝑌𝐼𝐼] 
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                       = 0 

 

Similar relations hold for 𝑠𝐼𝐼. 
From (10) and (12) it results that Φ𝐼𝐼  is parallel with respect 

to Schouten and Vrănceanu connections.   

 

We know that, a distribution 𝐷𝐼𝐼  on 𝑇2(𝑀)  is called 

parallel with respect to the linear connection 𝛻𝐼𝐼  if 𝑋𝐼𝐼 ∈ 

ℑ0
1(𝑇2(𝑀)) and 𝑌𝐼𝐼 ∈ 𝐷𝐼𝐼 implies 𝛻𝑋𝐼𝐼

𝐼𝐼 𝑌𝐼𝐼 ∈ 𝐷𝐼𝐼.  

 

Proposition 11. The distributions 𝑅𝐼𝐼, 𝑆𝐼𝐼  are parallel with 

respect to Schouten and Vrănceanu connections for the linear 

connection 𝛻𝐼𝐼  in 𝑇2(𝑀).  

 

Proof. Let 𝑋 ∈ ℑ0
1(𝑀) and 𝑌 ∈ 𝑅. Thus, 𝑋𝐼𝐼 ∈ ℑ0

1(𝑇2(𝑀)) 
and 𝑌𝐼𝐼 ∈ 𝑅𝐼𝐼 .  Since 𝑠𝐼𝐼𝑌𝐼𝐼 = (𝑠𝑌)𝐼𝐼 = 0 , 𝑟𝐼𝐼𝑌𝐼𝐼 =
(𝑟𝑌)𝐼𝐼 = 𝑌𝐼𝐼, we have 

 

𝛻̃𝑋𝐼𝐼
𝐼𝐼 𝑌𝐼𝐼 = 𝑟𝐼𝐼(𝛻𝑋𝐼𝐼

𝐼𝐼 𝑌𝐼𝐼) ∈ 𝑅𝐼𝐼 , 

𝛻̌𝑋𝐼𝐼
𝐼𝐼 𝑌𝐼𝐼 = 𝑟𝐼𝐼(𝛻𝑟𝐼𝐼𝑋𝐼𝐼

𝐼𝐼 𝑌𝐼𝐼) + 𝑟𝐼𝐼[𝑠𝐼𝐼𝑋𝐼𝐼 , 𝑌𝐼𝐼] ∈ 𝑅𝐼𝐼 . 

 

Similar relations hold for 𝑆𝐼𝐼 .    

 

4. GOLDEN SEMI-RIEMANNIAN METRICS IN 

TANGENT BUNDLE OF ORDER 𝟐 

 

Definition 2 ([6]).  A semi-Riemannian almost product 

structure is a pair (𝑔, 𝑃) with 𝑔 a semi-Riemannian metric 

on 𝑀 and an almost product structure 𝑃 is a 𝑔 −symmetric 

endomorphism  

 

𝑔(𝑃𝑋, 𝑌) = 𝑔(𝑋, 𝑃𝑌) 
 

for every 𝑋, 𝑌 ∈ ℑ0
1(𝑀).  

 

Proposition 12 ([15]).  Let 𝑔 be a semi-Riemannian metric 

in 𝑀. Then 𝑔𝐼𝐼 is a semi-Riemannian metric in 𝑇2(𝑀).  

 

Let 𝑔 a semi-Riemannian metric and 𝑃 an almost product 

structure on 𝑀, then the pair (𝑔𝐼𝐼 , 𝑃𝐼𝐼)  is a 

semi-Riemannian almost product structure on 𝑇2(𝑀) if and 

only if so is (𝑔, 𝑃). Thus, we have 

 

𝑔𝐼𝐼(𝑃𝐼𝐼𝑋𝐼𝐼 , 𝑌𝐼𝐼) = 𝑔𝐼𝐼(𝑋𝐼𝐼 , 𝑃𝐼𝐼𝑌𝐼𝐼). 
 

From equations (5) and (7), we obtain following proposition.  

 

Proposition 13. The almost product structure 𝑃  is a 

𝑔 −symmetric endomorphism if and only if golden structure 

Φ𝐼𝐼  is a 𝑔𝐼𝐼 −symmetric endomorphism.  

 

Definition 3 ([2]).  A golden Riemannian structure on 𝑀 is 

a pair (𝑔,Φ) with 

 

𝑔(Φ𝑋, 𝑌) = 𝑔(𝑋,Φ𝑌). 
 

The triple (𝑀, 𝑔,Φ) is a golden Riemannian manifold.  

 

Definition 4 ([13]).  A golden semi-Riemannian structure 

on 𝑀 is a pair (𝑔,Φ) with 

𝑔(Φ𝑋, 𝑌) = 𝑔(𝑋,Φ𝑌). 
 

The triple (𝑀, 𝑔,Φ) is a golden semi-Riemannian manifold.  

 

Proposition 14. If Φ is a golden semi-Riemannian structure 

in 𝑀,  then the second lift Φ𝐼𝐼  of Φ  is a golden 

semi-Riemannian structure in 𝑇2(𝑀).  

 

Corollary. Let (𝑀, 𝑔,Φ)  be a golden semi-Riemannian 

manifold, then on a golden semi-Riemannian manifold 

(𝑇2(𝑀), 𝑔
𝐼𝐼 , Φ𝐼𝐼): 

 

i) The projectors 𝑟𝐼𝐼 , 𝑠𝐼𝐼  are 𝑔𝐼𝐼 − symmetric 

endomorphism if and only if 𝑟, 𝑠 are 𝑔 −symmetric. 

 

ii) The distribution 𝑅𝐼𝐼, 𝑆𝐼𝐼  are 𝑔𝐼𝐼 −orthogonal if and only 

if 𝑅, 𝑆 are 𝑔 −orthogonal. 

 

iii) The golden structure Φ𝐼𝐼  is 𝑁Φ𝐼𝐼 −symmetric if and 

only if the golden structure Φ is 𝑁Φ −symmetric.  

 

From ([2], Proposition 5.2), we have following proposition.  

 

Proposition 15. A semi-Riemannian almost product 

structure is a locally product structure if 𝑃𝐼𝐼 is parallel with 

respect to the Levi-Civita connection 𝛻𝐼𝐼

𝑔𝐼𝐼

 of 𝑔𝐼𝐼 , i.e. 

𝛻𝐼𝐼

𝑔𝐼𝐼

𝑃𝐼𝐼 = 0 and if 𝛻𝐼𝐼  is a symmetric linear connection then 

the Nijenhuis tensor of 𝑃𝐼𝐼 verifies  

 

𝑁𝑃𝐼𝐼(𝑋
𝐼𝐼 , 𝑌𝐼𝐼) = (𝛻𝑃𝐼𝐼𝑋𝐼𝐼

𝐼𝐼 𝑃𝐼𝐼)𝑌𝐼𝐼 − (𝛻𝑃𝐼𝐼𝑌𝐼𝐼
𝐼𝐼 𝑃𝐼𝐼)𝑋𝐼𝐼 

                              −𝑃𝐼𝐼(𝛻𝑋𝐼𝐼
𝐼𝐼 𝑃𝐼𝐼)𝑌𝐼𝐼 + 𝑃𝐼𝐼(𝛻𝑌𝐼𝐼

𝐼𝐼 𝑃𝐼𝐼)𝑋𝐼𝐼 . 

 

Proposition 16. On a locally product golden 

semi-Riemannian manifold the golden structure Φ𝐼𝐼  is 

integrable.  

 

By this result and from ([2], Theorem 5.1) , we have 

following theorem.  

 

Theorem 3. If linear connection  

 

𝛻𝑋𝐼𝐼
𝐼𝐼 𝑌𝐼𝐼 =

1

5
[3𝛻̄𝑋𝐼𝐼

𝐼𝐼 𝑌𝐼𝐼 +Φ𝐼𝐼(𝛻̄𝑋𝐼𝐼
𝐼𝐼 Φ𝐼𝐼𝑌𝐼𝐼) − Φ𝐼𝐼(𝛻̄𝑋𝐼𝐼

𝐼𝐼 𝑌𝐼𝐼) 

          −𝛻̄𝑋𝐼𝐼
𝐼𝐼 Φ𝐼𝐼𝑌𝐼𝐼] + 𝑂𝑃𝐼𝐼𝑄

𝐼𝐼(𝑋𝐼𝐼 , 𝑌𝐼𝐼) 

 

where 𝛻̄𝐼𝐼 is second lift of a linear connection 𝛻̄ and 𝑄𝐼𝐼 is 

second lift of an (1,2) −tensor field 𝑄 for which 𝑂𝑃𝑄 is an 

associated Obata operator 

 

𝑂𝑃𝑄(𝑋, 𝑌) =
1

2
[𝑄(𝑋, 𝑌) + 𝑃𝑄(𝑋, 𝑃𝑌)] 

 

for the corresponding almost product structure (6) then Φ𝐼𝐼  

is parallel with respect to 𝛻𝐼𝐼  linear connection, i.e. 

𝛻𝐼𝐼Φ𝐼𝐼 = 0.  
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From ([2], Example 5.6), we give following example.  

 

 

 

Example 2.  
 

{
 
 

 
 𝑅𝐼𝐼 = 𝑆𝑝𝑎𝑛 {𝑥1

𝜕

𝜕𝑥1
+

𝜕

𝜕𝑥2
+ 𝑦1

𝜕

𝜕𝑦1
+ 𝑧1

𝜕

𝜕𝑧1
}

𝑆𝐼𝐼 = 𝑆𝑝𝑎𝑛 {
𝜕

𝜕𝑥1
− 𝑥1

𝜕

𝜕𝑥2
− 𝑦1

𝜕

𝜕𝑦2
− 𝑧1

𝜕

𝜕𝑧2
}

 

 

𝑅𝐼𝐼  and 𝑆𝐼𝐼  are defined complementary distributions 

orthogonal with respect to second lift of the Euclidean metric 

of ℝ2 . These distributions are associated to the golden 

structure 

 

{
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 Φ𝐼𝐼 ((

𝜕

𝜕𝑥1
)
𝐼𝐼

) =
𝜙(𝑥1)2 + (1 − 𝜙)

(𝑥1)2 + 1

𝜕

𝜕𝑥1

+
√5𝑥1

(𝑥1)2 + 1

𝜕

𝜕𝑥2

+
𝜙(𝑦1)2 + (1 − 𝜙)

(𝑦1)2 + 1

𝜕

𝜕𝑦1

+
√5𝑦1

(𝑦1)2 + 1

𝜕

𝜕𝑦2

+
𝜙(𝑧1)2 + (1 − 𝜙)

(𝑧1)2 + 1

𝜕

𝜕𝑧1

+
√5𝑧1

(𝑧1)2 + 1

𝜕

𝜕𝑧2

Φ𝐼𝐼 ((
𝜕

𝜕𝑥2
)
𝐼𝐼

) =
√5𝑥1

(𝑥1)2 + 1

𝜕

𝜕𝑥1

+
(1 − 𝜙)(𝑥1)2 + 𝜙

(𝑥1)2 + 1

𝜕

𝜕𝑥2

+
√5𝑦1

(𝑦1)2 + 1

𝜕

𝜕𝑦1

+
(1 − 𝜙)(𝑦1)2 + 𝜙

(𝑦1)2 + 1

𝜕

𝜕𝑦2

+
√5𝑧1

(𝑧1)2 + 1

𝜕

𝜕𝑧1

+
(1 − 𝜙)(𝑧1)2 + 𝜙

(𝑧1)2 + 1

𝜕

𝜕𝑧2

 

 

which is integrable since  

 

𝑁Φ𝐼𝐼 ((
𝜕

𝜕𝑥1
)
𝐼𝐼

, (
𝜕

𝜕𝑥2
)
𝐼𝐼

) = 0. 

 

 

CONFLICT OF INTEREST 

 

No conflict of interest was declared by the authors. 

 

REFERENCES 

 

[1] Bejancu, A., Farran, H.R., Foliations and Geometric 

Structures, Mathematics and its applications, 

vol.580, Springer, (2006).  

[2]  Crasmareanu, M., Hretcanu, C.E., “Golden 

differential geometry”, Chaos, Solitons and 

Fractals, 38, 1229-1238, (2008).  

 

[3]  Das, L.S., “Prolongations of 𝐹 − structure to the 

tangent bundle of order 2”, Internat. J. Math. Sci., 

16 (1), 201-204, (1993).  

 

[4] Demetrepoulou-Psomopoulou, D., “Linear 

connection on manifolds admitting an 𝑓(2𝑣 +
3,−1) −structure or an 𝑓(2𝑣 + 3,1) − structure”, 

Tensor (N.S.), 47 (3), 235-239, (1988).  

 

[5]  Gezer, A., Cengiz, N., Salimov, A., “On integrability 

of Golden Riemannian structures”, Turk. J. Math., 

37, 693-703, (2013).  

 

[6]  Gray, A., “Pseudo-Riemannian almost product 

manifolds and submersions”, J. Math. Mech., 16 

(7), 715-737, (1967).  

 

[7]  Hretcanu, C.E., Submanifolds in Riemannian 

manifold with Golden structure, Workshop on 

Finsler geometry and its applications, Hungary, 

(2007).  

 

[8]  Hretcanu, C.E., M. Crasmareanu, “On some 

invariant submanifolds in a Riemannian manifold 

with Golden structure”, An. Ştiinţ. Univ. Al. I. Cuza 

Iaşi. Mat. (N.S.), 53(1), 199-211, (2007).  

 

[9]  Hretcanu, C.E., M. Crasmareanu, “Applications of 

the Golden ratio on Riemannian Manifolds”, Turk. 

J. Math., 33, 179-191, (2009).  

 

[10]  Ianuş, S., “Sur les structures presque produit des 

varietes a connection lineaire”, C.R.A.S. Paris, 272, 

734-735, (1971).  

 

[11]  Mathai, S., “Prolongations of 𝑓 − structure to 

tangent bundle of order 2”, Indian J. Pure Appl. 

Math.,  6 (10), 1180-1184, (1975).  

 

[12]  Özdemir, F., Crasmareanu, M., “Geometrical objects 

associated to a substructure”, Turk. J. Math., 34, 

1-12, (2010).  

 

[13]  Özkan, M., “Prolongations of Golden structures to 

tangent bundles”, Diff. Geom. Dyn. Syst., 16, 

227-238, (2014).  

 

[14]  Yano, K., Ishihara, S., “Differential geometry of 

tangent bundle of order 2”, Kodai Math. Sem. Rep., 

20, 318-354, (1968).  

 

[15]  Yano, K., Ishihara, S., Tangent and cotangent 

bundle, Marcel Dekker Inc., New York, (1973).  

 


