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ABSTRACT

In this paper, we study 2nd lift of golden structure to tangent bundle of order 2. We investigate integrability and
parallelism of golden structures in T,(M). Moreover, we define golden semi-Riemannian metric in T,(M).
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1. INTRODUCTION

Lifts of structures on any differentiable manifold M to its
tangent bundle of order 2 were introduced and studied by
several authors, see [3, 11, 14, 15].

In 2007 Hretcanu [7] introduced the golden structure on
manifold M. In the recent paper of Crasmareanu and
Hretcanu [2], the geometry of the golden structure on a
manifold was studied. They investigated the geometry of the
golden structure on a manifold by using corresponding
almost product structure. Recently, the geometry of the
golden structure has been studied in [5, 8, 9, 12, 13].

In the previous paper [13] we have studied the prolongations
of golden structures to tangent bundles. The purpose of the
present paper is to generalize the previous prolongations to
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the tangent bundles of order 2. In particular, we follow the
spirit of [13].

The paper is organized as follows. In Section 2, we establish
2nd lift of golden structures in tangent bundle of order 2.
Section 3 deal with integrability and parallelism of golden
structures in tangent bundle of order 2. In the last section we
study golden semi-Riemannian metric in T,(M).

2. PROLONGATIONS OF GOLDEN STRUCTURE TO
TANGENT BUNDLE OF ORDER 2

Let M be an n —dimensional differentiable manifold of
class C*®. The set of all 2 —jets of M is called the tangent
bundle of order 2 and denoted by T,(M), and m,: T,(M) —
M is the bundle projection of T,(M) to M. Then T,(M) is
also a differentiable manifold of class C* and its dimension
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is 3n. The tangent bundle T, (M) of order 1 is the tangent
bundle TM over M and m;:TM - M is the bundle
projection of TM to M . If m, is the mapping
my2:T,(M) - TM then T,(M) has a bundle structure over
TM with projection my, [14,15].

Let 3F(M) be the set of tensor fields of class € and of the
type (k,1) in M. Let ® € 3}(M) and @ have local
components @ in a coordinate neighborhood U of M.
Then the second lift ®7 of @ in T,(M) will have the
components of the form [15]

o 0 0
Pl = ySo,d} o 0

2500 + ySy'9,0, 0}  2y°0,d} @

with respect to the induced coordinates in T,(M).
Forany ®,G € 31(M), we have [15]
(CI)G)” — CD”G”. (1)
Replacing G by @ in (1), we obtain
@) = (@12, @)

Definition 1 ([2,7]). A non null tensor field & type (1,1)
and of class C* satisfying

P2-—d—-1=0 3)
is called a golden structure on M.

Taking the second lift on both sides of equation (3), we get
(2 —d — N = 0. Using (2) and 1" = I, we obtain

(@2 -l —1=0. (@)
Thus we have the following proposition.

Proposition 1. Let ® be an element of 31(M). Then the
second lift ®' of @ is an golden structure in T,(M) if and
only ifsois ®.

Remark 1. If @ (respectively, P) be a golden structure
(respectively, an almost product structure) on M then &Y
(respectively, P'') is a golden structure (respectively, an
almost product structure) and &/ =1 — &!! (respectively,
—P™) is also a golden structure (respectively, an almost
product structure) in T,(M).

Theorem 1 ([2]). An almost product structure P induces a
golden structure as follows:

® =2 (1++5P) ®)

T2

Conversely, any golden structure @ yields an almost
product structure

P=%Qd-D. (6)

Taking the second lift on both sides of equation (5), (6) and
taking account of Remark 1, we have the following theorem.

Theorem 2. Let P be an almost product structure on M. An

almost product structure P! induces a golden structure in
T,(M) as follows:

ol = (I +5P!). @

Conversely, let @ be a golden structure on M. Any golden
structure @™ yields an almost product structure in T,(M)

1
Pl =— (2" - ).
V5

From ([2], Example 2.4), we give following example.

Example 1 (Triple structures in terms of golden
structures on T,(M)).

From (7), we get

O = %(1 +V5F!), i % (1 ++/5PM),

¢],,%(1 +5))

where F,P € 3}(M) and ] = P o F. Hence we obtain
V5,1 = 2P pu®pn — Gpir — Ppir + Pl

where ¢ =1+T‘/§= 1.618... is the golden ratio and the

(CDFII, Dy, CD]II) is

1) An (ahp)-structure in T,(M) if and only if (dp, @p, ®))
is (ahp)-structure on M.

2) An (abpc)-structure in T,(M) ifand only if (®p, ®p, @)
is (abpc)-structure on M.

3) An (apbc)-structure in T,(M) ifand only if (®p, ®p, @)
is (apbc)-structure on M.

4) An (ahc)-structure in T,(M) if and only if (&, ®p, ®))
is (ahc)-structure on M.

3. INTEGRABILITY AND PARALLELISM OF
GOLDEN STRUCTURES IN TANGENT BUNDLE OF
ORDER 2

Let P, @ are almost product and golden structures on M,
respectively. Then the Nijenhuis tensor Np of P and Ny of
@ are tensor fields of type (1,2) given by [2,15]
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Np(X,Y) = [PX,PY] — P[PX,Y] — P[X, PY] + P2[X,Y],

No(X,Y) = [®X, dY] — ®[DX, Y] — ®[X, DY]
+®2[X,Y].

forany X,Y € I§(M), respectively.

Forany X,Y € S3(M) and & = %(1 + \/§P), the following
relations are satisfied [2]

Np(X,Y) = ZNo(X, ). ®)

Forany X,Y € 35(M) and @ € I1(M), we have [15]

X+ =x"T4+y0,
(X, y" =[x, Y], )
CD”X” — (CDX)”

From ([2], (4.2), (4.3) and (4.4)), (1) and (2), we obtain

rll 1 1 1-¢

=—0¢ll -—],
V5 V5 10
P ) (10)
st = (OB I,
V5 V5
i 4 gl = | U = gllyll = )
(rII)Z — T” (SII)Z — S” (ll)

oyl = plipl = prll,

Qs = sl = (1 — ¢)s!!, 12)
R and S are complementary distributions corresponding to
the projection operators r and s in M, respectively. Let ®
be a golden structure in M. Then the second lift v/ of r
and s of s are complementary projection tensors in
T,(M). Thus there exist in T,(M) two complementary
distributions R’ and S’ determined by r/ and s,
respectively.

Let Npu, Ngu be the Nijenhuis tensor of P/ and of @1 in
T, (M), respectively. Then in view of (2), we have

NPII(X” yII) — [P”X” PIIyII] _ PII[PII)(II Y”]
_P”[X”,P”Y”] + (PZ)”[X”, Y”], (13)

N¢II(XII yII) — [CD”X” CD”Y”] _ CI)”[CI)”X” Y”]
—CD”[X”,CD”Y”]+(CI)2)”[X”’ Y”] (14)

where X, Y € 35(M).

Proposition 2. The second lift S/ of a distribution S in
T, (M) is integrable if and only if S is integrable in M.

Proof. The distribution S is integrable if and only if [2]
r[sX,sY] =0 (15)

forany X,Y € SL(M).

Taking second lift on both sides of equation (15) and using
(9), we get

rl[stx! slyll] = 0 (16)
where v = (I —s)" =1 -5, is the projection tensor
complementary to s, Thus the conditions (15) and (16) are
equivalent. Hence the theorem is proved.

Therefore, we have the following result.

Proposition 3. Forany X,Y € I3(M), let the distribution S
be integrable in M, that is rNg (sX,sY) = 0 [2]. Then the
distribution S'! is integrable in T, (M) if and only if

N gu(s"x", sy = 0.

Proof. Let Ngu be the Nijenhuis tensor of @7 in T,(M).
Then in view of (14), we have

NCD” (S”X” SlIyIl) — [chISIIXII (:I)IISIIyII]
_q)II [q)llsllxll SIIyII]
_chI [S”X” q)IISIIyII]
-|-(CI)2)”[3”X”‘3”Y”]_ (17)
Equation (17), with the help of (4) and (12) gives

Nd)II(S”X”,S”Y”) — (Zd) _ 1)(1)11 [S”X”, SIIyII]
+(3 _ (f))[S”X”,S”Y”].

Multiplying throughout by %r” and from (12), we get

1

ngINCD” (S”X”, slIyII) — T” [S”X”, SIIyZ]
= (qu,(sX, sY)) .

Using (16) (or 7Ng(sX,sY) = 0), we have

T‘”Nq,ll(S”X”, slIyII) =0.

Proposition 4. The second lift R of a distribution R in
T,(M) is integrable if and only if R is integrable in M.

Proof. The distribution R is integrable if and only if [2]
s[rX,rY] =0 (18)
forany X,Y € 35 (M).

Taking second lift on both sides of equation (18) and using
(9), we get

S”[T‘”X”,T”Y”] =0 (19)
where s/ = (I —r) =1—7!" is the projection tensor
complementary to /!, Thus the conditions (18) and (19) are

equivalent. Hence the theorem is proved.

Proposition 5. Forany X,Y € 3§(M), letthe distribution R
be integrable in M, that is sNg(rX,7Y) = 0 [2]. Then the
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distribution R'" is integrable in T,(M), if and only if
"IN gu (X", 11y = 0.

Proof. Taking account of the Nijenhuis tensor of ®!, we
obtain

N ll(T'”X” rllyll) — [(DII,’,.IIXn Cl)”T”Y”]
@ _q)II [(I)”T'”X” 7,.Ilyll]
_q)II [TIIXn Cl)”T”Y”]
+((I)2)” [T”X”,T”Y”]. (20)
Equation (20), with the help of (4) and (12) gives

NCD” (T”X”, rllyll) — (1 _ 2¢)¢11 [rllxll'.rllyll]
+(2 + QX Iy,

Multiplying throughout by és” and from (12), we get

1

gS”NcD” (rllxll'rllyll) — S” [rllxll'.rllyij]
= (qu,(rX, rY)) .

Using (19) (or sNg (rX,rY) = 0), we have

SUNu(rlI X!, rllylly = 0, 0

Proposition 6. For any X,Y€J3(M) and &=
%(1+\/§P”), the following relation between Npn and
N i is satisfying

4
NPII(X”, Yn = gN(DII(X”, Yy,

Proof. In view of (8), (9) and (13) we have

11
Npu (X1, Y1) = (Np(X, V)" = (g No (X, Y))

= §N¢u x ym, 0

Proposition 7. Let P almost product structure on M and
the second lifts @' of & is golden structures in T,(M).
Then &' is integrable in T,(M) if and only if P is
integrable in M.

Proposition 8. For any vector fields X and Y on M, let the
golden structure @ be integrable in M, that is No(X,Y) =
0 [2]. Then the golden structure @ is integrable in T, (M)
if and only if

N¢11(XII, Y =o.

Proof. From the equation (14), we have

N¢II(X” yII) — [CD”X” C])”Y”] _ CI)”[CI)”X” Y”]
—(D”[X” CI)”Y”] +(¢)2)II[XII Y”].

In view of equations (9), we have

Non(X', Y1) = (No(X,1))" = 0

since the golden structure @ is integrable in M.

Recall [2] that if the golden structure @ is integrable then
both the distributions R and S are integrable. Therefore we
get following proposition.

Proposition 9. If the second lift ®! of & is integrable in
T,(M) then both of the distributions R and S are
integrable on T,(M).

Let 7 be a linear connection on M. To the pair (®,V) we
associate two other linear connections [1, 2, 10]:

i) The Schouten connection

ViY = r(VxrY) + s(VysY).

ii) The Vranceanu connection

VY = r(V,xrY) + s(VexsY) + r[sX,rY] + s[rX, sY].

Let ¥ be a linear connection on M. Then there exists a
unique linear connection V' in T,(M) which satisfies

vy = (7!

for any X,Y € I3(M) [15]. Thus, to the pair (@, V") we
have two other linear connections in T,(M):

i") The Schouten connection

7)1(1”}/11 — T'”(V)I(IHT'”Y”) + S”(V)I(IuS”Y”).

ii") The Vrinceanu connection

7)1(1”le — T”(V_’I_{IXHT‘”Y”) + SII(VSIIIIXIISIIYH)
+,',.II[SIIXII'T.II}JII] + S” [rIIXII’SIIyII]_

From [2, 4], we get the following two propositions.

Proposition 10. The projectors /I, s’ are parallels with
respect to Schouten and Vranceanu connections for every
linear connection V' on T,(M) and ®" is parallel with
respect to Schouten and Vranceanu connections.

Proof. From (11), for X,Y € 3§(M), we have
(ﬁ;{”rll)y” — ﬁ)I(I”rIIYII _ TII(W)I(IIIYII)
— rII(V)I(I”rIIYII) _ T”(V)I(IIITIIYH)
= O'
(7)1(1117"")Y” — 7)1(111TIIY” _ TII(W)I(IIIYII)
— TII(V:§IX11TIIYII) + .r.II [S”X”, 7,.IIYII]
_TII(V:;’X”T.IIYII) _ 7,.II [S”X”,T”Y”]
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=0

Similar relations hold for s’
From (10) and (12) it results that & is parallel with respect
to Schouten and Vranceanu connections. |

We know that, a distribution D' on T,(M) is called
parallel with respect to the linear connection V! if X/I €
35(Ty(M)) and Y € D! implies V), Y € D'

Proposition 11. The distributions R, S” are parallel with
respect to Schouten and Vranceanu connections for the linear
connection V7 in T,(M).

Proof. Let X € 35(M) and Y € R. Thus, X" € I3(T,(M))
and Y7 eRY Since sUy"=(sy)l=0, rliyl=
M =y we have

17)1(1”}111 - rll(v)l(luyll) € R,

7)1(1”}111 — rlI(v:{lX”yll) + TII[SII)(II,YII] € R”.

Similar relations hold for S™. 0

4. GOLDEN SEMI-RIEMANNIAN METRICS IN
TANGENT BUNDLE OF ORDER 2

Definition 2 ([6]). A semi-Riemannian almost product
structure is a pair (g, P) with g a semi-Riemannian metric
on M and an almost product structure P isa g —symmetric
endomorphism

g(PX,Y) = g(X,PY)

for every X,Y € I5(M).

Proposition 12 ([15]). Let g be a semi-Riemannian metric
in M. Then g'! is a semi-Riemannian metric in T,(M).

Let g a semi-Riemannian metric and P an almost product
structure  on M, then the pair (g',P") is a
semi-Riemannian almost product structure on T, (M) if and
only if sois (g, P). Thus, we have

g”(P”X”, Y”) — gII(XII’PIIyII).

From equations (5) and (7), we obtain following proposition.
Proposition 13. The almost product structure P is a
g —symmetric endomorphism if and only if golden structure

@' isa g'" —symmetric endomorphism.

Definition 3 ([2]). A golden Riemannian structure on M is
apair (g, ®) with

g(@X,Y) = g(X, ®Y).

The triple (M, g, ®) is a golden Riemannian manifold.

Definition 4 ([13]). A golden semi-Riemannian structure
on M isapair (g, ®) with
g9(@X,Y) = g(X, ®Y).

The triple (M, g, ®) is a golden semi-Riemannian manifold.

Proposition 14. If @ is a golden semi-Riemannian structure
in M, then the second lift ®!! of & is a golden
semi-Riemannian structure in T, (M).

Corollary. Let (M,g,®) be a golden semi-Riemannian
manifold, then on a golden semi-Riemannian manifold
(TZ(M),g”,GD”):

i) The projectors ' , s'' are g'! — symmetric
endomorphism if and only if r, s are g —symmetric.

ii) The distribution R, S are g —orthogonal if and only
if R, S are g —orthogonal.

iii) The golden structure @ is Ngu —symmetric if and
only if the golden structure @ is Ng, —Symmetric.

From ([2], Proposition 5.2), we have following proposition.

Proposition 15. A semi-Riemannian almost product
structure is a locally product structure if P! is parallel with

gII

respect to the Levi-Civita connection V" of g, ie.
11

vup! =0 and if 77 is a symmetric linear connection then
the Nijenhuis tensor of P!’ verifies

NPII(X”, YII) — (VFI,LXIIP”)Y” _ (VII)IIIYIIP”)X”

—P”(V)I(IUP”)YH + PII(V;IIIPII)XII_

Proposition 16. On a locally product golden
semi-Riemannian manifold the golden structure & is
integrable.

By this result and from ([2], Theorem 5.1) , we have
following theorem.

Theorem 3. If linear connection
1 . _ _

V)I(luyll — g [3V)'(111Y” + CD”(V)I(IHCDHYH) _ CI)II(V)I(IHY”)
_W)I(IH(I)HY'II] + OPIIQ”(X”, Y”)

where 7' is second lift of a linear connection ¥ and Q' is

second lift of an (1,2) —tensor field Q for which 0,Q isan
associated Obata operator

0pQ(X,Y) =5 [Q(X,Y) + PQ(X, PY)]

N| =

for the corresponding almost product structure (6) then &/
is parallel with respect to V! linear connection, i.e.
Vil = 0.
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From ([2], Example 5.6), we give following example.

Example 2.
( d 0 4] 4]
n_ 1_~ 47 1__ 1__—
R Span{x pp + 92 +y P +z azl}
d d 4] 4]
1 _ 1 a1
kS Span {6x1 Y oxz Y dy? z 622}

R and S" are defined complementary distributions
orthogonal with respect to second lift of the Euclidean metric
of R2. These distributions are associated to the golden
structure

a \" P2+ (1—¢) 0
¢”«aﬂ) = T 2+l o
Vxl 9
e riaa2
PO+ (1—¢) 3
G710y
i
D2 + 10y2
P>+ (1 -¢) 0
D)2 +1  azt
5zl 9
(zD)2 + 1022

a1\ Vsxl @
() ) = @y
Q-+ 0
DZ+1  ox?
vyt 9
Yo 10yt
A=) +¢ a
ODZ+1 0y?
N
(z1)2 + 10zt
A-9)EH*+9 0
ZD)2+1 022

which is integrable since
a i a 4
N <(W) (52) )=°-
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