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ABSTRACT

We transfer the recent obtained result of univariate Lyapunov-type inequality for third order differential equations to
the multivariate setting of a shell via the polar method. Our result is better than the result of Anastassiou [Appl.
Math. Letters, 24 (2011), 2167-2171] for third order partial differential equations.
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1. INTRODUCTION AND MAIN RESULT

The Lyapunov inequality and many of its
generalizations play a key role in the study of
oscillation theory, disconjugacy, eigenvalue problems,
and numerous other applications for the theories of
differential and difference equations. Up to now, the
Lyapunov-type inequalities have been studied
extensively such as [1,2,6,9]. However, there are not so
many results for partial differential equations or systems
except for [3,4] or [5].

Here, we give some notation for constructing the
theoretical background given by Anastassiou [3] who
was the first interested in the problem of finding on the
multivariate  Lyapunov-type inequalities in the
literature:

Suppose that A be a spherical shell ¢ R" for N >1,
i.e. A=B(0,R,)-B(0,R,) for 0<R <R,, where the ball

B(O.R)={x<R":|X <R} @
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for R>0 and || is the Euclidean norm. We also
suppose that
SN’1={XER”:\X\=1} )

is the unit sphere in R" with surface area

27N
= 3
“TT(NJ2) ®)
i.e.
27Z'N/2

4)

where T is the gamma function. It is easy to see that

every xeR" —{0} has a unique representation of the
X

form x=rw, where r=|x>0 and @==eS"" [8,
r

pp. 149-150]. Thus, R" —{0} may be regarded as the
Cartesian product A=[R,R,]xS" . Therefore, we have
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[ F(s)ds= js(j: F(rca)r“’ldr)da) ©)

for Fec(ﬂ). Here, we deal with the npartial

differential equations involving radial derivatives of
functions on A, using the polar coordinates r, w. If

feC”(K) for neN, then f(@)eC"([R,R]) for a
fixed wesS"™.

Recently, by using the result of Cakmak [6],
Anastassiou [3] obtained the following result.

Theorem A. Suppose that neN, n>2 and
q eC(K) Jf f eC“(K) is a solution of the following
partial differential equations

%Jrq(x)f(x):o . VXeA (6)

with the boundary value conditions

f(B(OR))=T(eB(0L,))="=F(2B(0,,))= f (eB(O.R,)) =0

U]

where R =t <t,<---<t <t =R;, and f(tw)#0,
YoeS"?, forany te(t t.,), k=12..,n-1, then
the following inequality

(n-2)In"RM* 27"? g
jAq(s)d”((n—l)“1(R3—R1)“J[F(N/2)J “

holds.

In 1907, Lyapunov [7] established the first Lyapunov
inequality

J':\q(s)\ds >£, 9)
if
X'() +aOX(H =0 (10)

has a real solution x(t) satisfying the boundary value
conditions

x(@)=x(c)=0 (11)
for x(t)#0 for te(a,c).

Since the appearance of Lyapunov's fundamental paper,
various proofs and generalizations or improvements
have appeared in the literature.

More recently, Aktas et al. [1] obtained the following
Lyapunov-type inequality for third order differential
equations

X"(t) +q(t)x(t) =0, (12)

where  qeC([ac]), with the boundary value
conditions

x(@) =x(b) =x(c)=0 (13)
for x(t)#0 for te(ab)u(bc).
Theorem B. If the equation (12) has a solution x(t)

satisfying the boundary value conditions (13), then the
following inequality

Flalos> 22 a4)

holds.

Now, motivated by the recent results of Anastassiou [3],
we transfer the univariate inequality (14) in Theorem B
to the multivariate setting of a shell via the polar
method.

Theorem 1. Suppose that q eC(K). If f eC3(Z) is a
solution of the following third order partial differential
equations

1 (x)
or®

+q()f(X)=0, VxeA, (15)
with the boundary value conditions
f (6B(0.,R,))=f(dB(0O.R,))=f (dB(0O.R,))=0 (16)

where R <R,<R,, and f(tw)#0, VoeS"*, for any
te(R,R,)U(R,,R,), then the following inequality

16R" [ 27"*
e ) -

holds.
Proof. One can rewrite (15) as

%+q(ra))f(r(u):0 . V(r,o)e[R,R]xS", (18)

where q(-@)eC([R,R]), VweS"™?, such that the
boundary value conditions

f(Row)=f(Rw)=f(Rw)=0 (19)
for VoeS"™. In addition, f(re)#0 holds for any

re(R,R)U(R,R,) and VeweS"'. Thus, from
inequality (14), we get
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<o

=J-:3 r e a(re)|dr g(]: r”’l\q(rw)\dr)Rj’N (20)

for a fixed we SN, Therefore, we have the following
inequality

[ ataar >(;6R1;: @)

for YeoeS"* and

- 16R" ) 227 22
LMU& r \Q(rw)\dr)dw>((R3_Ri)zj[r(N/z)]’ (22)

which by (5), proves the inequality (17).

Remark 1. It is easy to see that the inequality (17) is
better than the inequality (8) with n=3 in Theorem A
given by Anastassiou [3] in the sense that (8) with
n =23 follows from (17), but not conversely.
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