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REMARKS ON THE ARITHMETICAL FUNCTION (ap(n))

A. AWEL

Abstract. In this paper, for any arbitrary two primes p and q the relation-

ship between the corresponding arithmetic functions (ap(n)) and (aq(n)) are
investigated. Furthermore, a general formula for statistical density of all sets

on which the two arithmetic function have the same value is also established.

1. Introduction

In [3] and [6], Fast and Steinhaus introduced the concept of statistical conver-
gence, independently. In [10], Zygmund gave a name ”almost convergence” to the
this concept and established a relation between statistical convergence and strong
summability of sequences. Especially in [7], Schoenberg gave a matrix characteri-
zation of the statistical convergence.

Let K be a subset of the positive integers N and Kn := {k ≤ n : k ∈ K}. Natural
density of the set K is given by

δ(K) := lim
n→∞

|Kn|
n

provided that this limit exists. The symbol |A| denotes the cardinality of the set
A.

A real number sequence x = (xk)∞k=1 is statistically convergent to L provided
that for every ε > 0 the set

K(ε) = {k ∈ N : |xk − L| ≥ ε}

has a natural density of zero. In this case, we write st− limx = L.
An arithmetic function is any real or complex valued function defined on a set

of positive integers. In analytic number theory arithmetic functions are simple
but very useful tools to understand many advance concepts. There are a lot of
arithmetical function but here, we are interested in only the arithmetic function
(ap(n)). The main tool here is the concept of the natural (or asymptotic) density.
Some more related results about arithmetical functions can be found in [2], [4] and
[5], etc.
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The elementary properties of the arithmetic function (ap(n)) is studied in [8] by
T. Salat in the sense of natural density. Later on, the same arithmetical function
with the perspective of ideal convergence has been investigated in [4].

Very recently the statistical limit and cluster points of the sequence (ap(n)) and
some others were studied in [1].

In this paper, by taking different primes p and q the relationship between the
arithmetical functions (ap(n)) and (aq(n)) will be studied and a formula will be
produced for the natural density of the sets having same value on both functions is
established.

Definition 1. Let p be a prime number. The arithmetic function ap(n) is defined
as follows: ap(1) = 0 and if n ≥ 1, then ap(n) is the unique positive integer j ≥ 0
satisfying pj |n but not pj+1|n.

For example for p = 3 the sequence (ap(n)) is given as follows:

(a3(n)) = (0, 0, 1, 0, 0, 1, 0, 0, 2, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, ...).

In the proof of the main results, we need following Lemmas:

Lemma 1.1. [9] If A and B are two mutually disjoint subsets of the set natural
numbers N, then

δ(A ∪B) = δ(A) + δ(B)

holds.

Lemma 1.2. [9] Let S = {s1, s2, ..., sn, ..} be a subset of the set of natural numbers
N where s1 < s2 < ... < sn < ... satisfied. Then,

δ(S) = lim
n→∞

|S(sn)|
sn

.

2. Main Results

In this section, we will see the key results of the paper for any two primes p and
q. First of all, let us defined the following sets which are associated with p and q:

K0 := {n ∈ N : (n, p) = 1 and (n, q) = 1},

K1 := {n ∈ N : n = pki or n = qki where ki ∈ K0},

K2 := {n ∈ N : n = p2ki or n = q2ki where ki ∈ K0},

K3 := {n ∈ N : n = p3ki or n = q3ki where ki ∈ K0},
...

Kj := {n ∈ N : n = pjki or , n = qjki where ki ∈ K0}
and so on.

Also, let us denote the union of these sets by

(2.1) D :=

∞⋃
j=1

Kj .

Lemma 2.1. For each i 6= j, the sets Ki and Kj defined above are mutually disjoint
subset of natural numbers.
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Proof. Let n ∈ Ki be an arbitrary element, then either n = pik1 or n = qik1 where
k1 ∈ K0. Let us see each case one by one.

Case 1: Assume that n = pik1. For j 6= i suppose that n ∈ Kj , then we have
also two cases: either n = pjk2 or n = qjk2 where k2 ∈ K0. Suppose n = pjk2.

If i < j, then n = pjk2 = pipj−ik2 = pik1 this implies that k1 = pj−ik2 and this
also in turn implies that k1 could not be in K0 which contradicts to our assumption
n ∈ K0. Hence, n /∈ Kj .

If we also consider i > j, then n = pik1 = pjpi−jk1 = pjk2. This implies that
k2 = pi−jk1 and hence k2 could not be in K0 which contradicts to our assumption
k2 ∈ K0.

If n = qjk2 with i < j, then n = qjk2 = qiqj−ik2 = qik1 and this implies that
k1 = qj−ik2. It simply means that k1 could not be in K0 which contradicts to our
assumption k1 ∈ K0. Hence, n 6= qjk2.

If we also consider i > j, then n = pik1 = pjpi−jk1 = pjk2. This implies that
k2 = pi−jk1 and hence k2 could not be in K0 which contradicts to our assumption
k2 ∈ K0. Therefore, n /∈ Kj .

Case 2: Assume that n = qik1.
For j 6= i suppose that n ∈ Kj , then we have also two cases either n = pjk2

or n = qjk2 where k2 ∈ K0. Suppose n = pjk2 holds. If i < j, then n = pjk2 =
pipj−ik2 = pik1 this implies that k1 = pj−ik2. This also in turn implies that k1
could not be in K0 which contradicts to our assumption k1 ∈ K0. Hence, n 6= pjk2.

If we also consider i > j, then n = pik1 = pjpi−jk1 = pjk2. This implies that
k2 = pi−jk1 and hence k2 could not be in K0 which contradicts to our assumption
k2 ∈ K0. Therefore, on each case n 6= pik1.

If n = qjk2 with i < j, then n = qjk2 = qiqj−ik2 = qik1. This implies that
k1 = qj−ik2 this simply means that k1 could not be in K0 which contradicts to our
assumption n ∈ K0. Hence, n 6= qjk2.

If we consider i > j, then n = pik1 = pjpi−jk1 = pjk2. This implies that
k2 = pi−jk1 and hence k2 could not be in K0 which contradicts to our assumption
k2 ∈ K0. For k1 ∈ K0, n 6= pik1. Therefore, in all case n /∈ Kj . Hence, the sets are
disjoint and this completes the proof. �

Lemma 2.2. The set D defined in (2.1) is exactly the same as the set

C := {n : n = pk or n = qk, k ∈ N}.

That is, we have D = C.

Proof. Let n ∈ D. By Lemma 2.1 the sets Ki’s are mutually disjoint. Then, for
a fixed i ∈ N we have n ∈ Ki. Definition of Ki’s, implies two cases n = pik0 or
n = qik0 where k0 ∈ K0.

Case 1: n = pik0. Now, if i = 1 then obviously n ∈ C. If i > 1 then
n = p(pi−1k0). This implies that for k2 = pi−1k0. So, we have n = pk2 which also
implies n ∈ C. Hence, D ⊆ C.

Case 2: n = qik0. Now, if i = 1 then obviously n ∈ C. If i > 1, then
n = q(qi−1k0). This implies that for k2 = qi−1k0. So, we have n = qk2 which also
implies n ∈ C. Hence, in each case we have D ⊆ C.

To prove the converse side, let n ∈ C then, n = pk where k ∈ N. Now, if
(p, k) = 1, then we have n ∈ K1. If (p, k) 6= 1, then (p, k) = p this implies n = p2k2.
If (p, k2) = 1 then, n ∈ K2. Since n a is fixed number, then if we continue in this
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way we will stop at some point i ∈ N such that n = piki and (ki, p) = 1 which
implies that n ∈ Ki. Therefore,we have also C ⊆ D. This completes the proof.

�

Theorem 2.3. For the set K0 := {n ∈ N : ap(n) = 1 = aq(n)}, we have

δ(K0) =
(p− 1)(q − 1)

pq
.

Proof. By Lemma 2.2 we have,

D =

∞⋃
i=1

Ki = A ∪B

where

A = {n : n = pk, k ∈ N} and B = {n : n = qk, k ∈ N}.
From the definitions of the sets, we have N \ {1} = K0 ∪D and K0 ∩D = ∅ hold.
Also,

1 = δ(N) = δ(D) + δ(K0)

and

δ(D) = δ(A ∪B) = δ(A) + δ(B)− δ(A ∩B) =
1

p
+

1

q
− 1

pq

clearly satisfied. Therefore, we have

δ(K0) = 1− (
1

p
+

1

q
− 1

pq
) =

pq + 1− (p+ q)

pq
=

(p− 1)(q − 1)

pq

holds. Hence, this completes the proof.
�

Theorem 2.4. For each j ∈ N, the natural density of Kj defined above is given by
the following formula:

δ(Kj) =
( 1

pj
+

1

qj

) (p− 1)(q − 1)

pq

Proof. For the sake of convenience let us denote

Kj := Aj ∪Bj

where

Aj = {n ∈ N : n = pjki, ki ∈ K0} and Bj = {m ∈ N : m = qjki, ki ∈ K0}.
It is clear from the definition of the sets for each p 6= q,

Aj ∩Bj = ∅.
Let Sn := {k01, k02, k03, . . . , k0n} be the set of first n elements of K0 satisfying

k1 ≤ k2 ≤ k3 ≤ · · · ≤ kn.
As a result of Theorem 2.3 and definition of density, we have

δ(K0) = lim
n→∞

|K0 ∩ Sn|
k0n

=
(p− 1)(q − 1)

pq

and clearly δ(Kj) = δ(Aj) + δ(Bj). For the set

Aj := {n ∈ N : n = pjk, k ∈ K0}
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j ∈ N, we have

|Aj ∩ (pjSn)| = |K0 ∩ Sn| = n.

Hence,

δ(Aj) = lim
n→∞

|Aj ∩ (pjSn)|
pjk0n

=
1

pj
lim
n→∞

|K0 ∩ Sn|
k0n

=

=
1

pj
δ(K0) =

1

pj
(p− 1)(q − 1)

pq

Similarly for the set Bj := {n ∈ N : n = qjk where j ∈ N and k ∈ K0}. We have

|Bj ∩ (qjSn)| = |K0 ∩ Sn| = n,

then

δ(Bj) = lim
n→∞

|Bj ∩ (qjSn)|
qjk0n

=
1

qj
lim

n→∞

|K0 ∩ Sn|
k0n

=
1

qj
δ(K0) =

1

qj
(p− 1)(q − 1)

pq

satisfied. Since δ(Ki) = δ(Ai ∪Bi) = δ(Ai) ∪ δ(Bi) the result follows immediately.
�

3. Application

In this section, for a specific values of p and q, we will denote the relationship
between (ap(n)) and (aq(n)) by applying the above main results.

Now, let us consider the primes p = 3 and q = 5 and the arithmetic functions
associated with them:

(a3(n)) = (0, 0, 1, 0, 0, 1, 0, 0, 2, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, ...)

(a5(n)) = (0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, ...)

Therefore, associated sets

K0 := {n ∈ N : (n, 3) = 1 and (n, 5) = 1},

K1 := {n ∈ N : n = 3ki or n = 5ki where ki ∈ K0},

K2 := {n ∈ N : n = 32ki or n = 52ki where ki ∈ K0},

K3 := {n ∈ N : n = 33ki or n = 53ki or ki ∈ K0},
...

Kj := {n ∈ N : n = 3jki or n = 5jki or ki ∈ K0}.
Then, by the results of Theorem 2.3 and Theorem 2.4 we have

δ(K0) =
(5− 1)(3− 1)

15
=

8

15

and for each j ∈ N

δ(Kj) =
( 1

3j
+

1

5j

) 8

15
hold, respectively.
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4. Conclusion and Recommendation

For any two distinct prime p and q, we have established a formula for the asymp-
totic density of the set of points on which the corresponding arithmetic functions
(ap(n)) and (aq(n)) have the same value (for any arbitrary number) m ∈ N

This paper has established a relationship between the arithmetic functions ap(n)
and aq(n) for two different prime numbers in terms of natural density. Let p1, p2, ..., pm
distinct prime numbers and consider the sets

K0 := {n ∈ N : (n, pi) = 1 for all i = 1, 2, ...,m }
and for any j ∈ N

Kj := {n ∈ N : n = pjikl for any kl ∈ K0 and for all i = 1, 2, ...,m}.
By using similar ways an interested author could extend the result of this paper

to find
δ(K0) =?

and
δ(Kj) =?

for all j ∈ N.
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