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Abstract 

 

In this study, images of cyclic codes in two variable rings with coefficient field pF  are detected. 

A special ring in two variables is defined under certain conditions. The Gray images of the cyclic 

codes over this ring are investigated. Relations between the codes over this ring and the codes over 

a finite chain ring in one variable are obtained via a Gray map. Another Gray map from the finite 

chain ring to a finite field is defined and then the images of cyclic codes are obtained. It is obtained 

that the Gray image of  a cyclic code over R  with length n . 
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Özet 

 

Bu çalışmada, katsayıları pF  cisminde iki değişkenli halkalar üzerinde cyclic kodların görüntüleri 

tespit edilmiştir. Belirli koşullar altında iki değişkenli özel bir halka tanımlanmıştır. Bu halkalar 

üzerinde cyclic kodların Gray görüntüleri incelenmiştir. Gray dönüşümü yoluyla bu halkalar 

üzerindeki kodlar ve bir değişkenli sonlu zincir halkası üzerindeki kodlar elde edilmiştir. Sonlu 

zincir halkasından sonlu bir cisme başka Gray dönüşümü tanımlanmış ve sonra cyclic kodların 

görüntüleri elde edilmiştir. n  uzunluğundaki R   üzerinde bir cyclic kodun Gray görüntüsü 

bulunmuştur. 

 

 Anahtar Kelimeler :Halkalar üzerindeki kodlar, Quasi-Cylic kodlar, Gray dönüşümü, Sonlu cisimler, Lineer 

kodlar. 

 

1. Introduction 
 

Constacyclic codes, cyclic codes, quasi-cyclic codes, negacyclic codes over different rings (Finite 

chain rings, Frobenious rings, Galois rings i.e.) were studied before. Also the Gray images of these 

codes and structure of codes over fields were discussed before. Previous years the relations 

between codes over the polynomial rings in one variable and the codes over fields were studied.  
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In recent years the relations between the codes over the polynomial rings in more variables and the 

codes over fields have been studied. 

 

Especially in [7]; )1( v -constacyclic codes over 2 2 2 2u v uv  F F F F where 

0..,022
 uvvuvu  were studied by S. Karadeniz  and B. yıldız.  In [2]; X. Xiaofang studied 

)1( v -constacyclic codes over the ring 
2 2 2u v F F F  where 0..,022

 uvvuvu . Moreover, 

on the codes over the ring 2

2 2 2 2v u u  F F F F  where 3 20, 0, . . 0u v u v vu     were studied by 

M. Özkan and F. Öke in [5]. 

 

In this study a special ring in two variables is defined under certain conditions. The Gray images 

of the cyclic codes over this ring are investigated. Relations between the codes over this ring and 

the codes over a finite chain ring in one variable are obtained via a Gray map. Another Gray map 

from the finite chain ring to a finite field is defined and then the images of cyclic codes are 

obtained.  

 

Consequently; it is shown that quasi-cyclic codes over the field pF  can be obtained from the 

cyclic codes over the ring 2

p p p pv u u  F F F F  using the composite of two new Gray maps. It is 

known that 
2

p p pS u u  F F F  where 03 u  is the finite chain ring. R 
2

p p p pv u u  F F F F  

is a ring with the usual addition and multiplication under the conditions 03 u , 02 v , 0 vuuv . 

 

It is easily seen that R  is isomorphic to the ring 
3 2

[ , ]

0, 0, 0
p u v

u v uv vu     

F . Let C  be a 

linear [ , , ]_n k d code. It means that C  has the length n , it’s dimention is k  and it’s minimum 

distance is d .  Let  R  be a ring. Each submodule C  of nR  is called  a linear code with lenght n  

over the ring R . A subspace C of  n

pF  is called a linear code with lenght n  over the field pF . Each 

codeword c  in such a code C  is a n tuple of the form n

no Rcccc   ),...,,( 11  and  can be 

represented by             

                                        
1 2( , ,..., )nc c c c 

1

( ) . [ ]
n

i

i

i

c x c x R x


                                               (1) 

 

This notation can be written for the elements of nS  and n

pF  similarly. In here p  is odd prime 

number. 

 

2. Materials and Methods 
 

In this section, a new Gray map will be defined from  R   to  2S  . Then  Rw  weight function will 

be given over R  as the orginal. 

The Gray map from the ring R   to  2S  is defined as ;  

                                     

2

1

2 2

1 1

:

( ) ( ) (( 1). , ( 1). )

R S

a bv cu du a bv cu du r qv p q q p r



 



           a
                           (2) 
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where 2ducuar   and 2)( ucaaubq  . 

Then we have  

2 2

1

2

( ) (( 1). ( 1). (( 1). ( 1). ) , ( ( 1). )

( ( 1). ) ( ( 1). ) )

a bv cu du p b p au p a p c u b p a

a p c u a c p d u

             

      
                   (3)  

 

The map 1  can be generalized to nR  as ; 

1 0 1 1 0 1 1 0 0 1 1 1 1( , ,..., ) (( 1) ,( 1) ,..., ( 1) , ( 1) , ( 1) ,..., ( 1) )n n n nt t t p q p q p q q p r q p r q p r              (4) 

where vqrt iii   such that 2uducar iiii   , 2)( ucauabq iiiii   for all 0,1,..., 1i n  .  

 

Note that the Gray map from S   to  
2p

pF  is defined as ;  

      

2

2

2 2

2

:

( )

p

pS

x yu zu x yu zu







   a

F
                                                                                         (5) 

here  2

2 0 1 1( ) ( ... )px yu zu m m m    , 
2p

i pm F  for all 0,1,..., 1i p  . 

0 ( , ,2 ,..., ( 1) )m z y z y z p y z     , 

1 ( , ,..., ( 1) )m x z x y z x p y z       ,…, 

1 (( 1) ,( 1) ,..., ( 1) ( 1) )pm p x z p x y z p x p y z           . 

The map 2  can be generalized to nS   likewise 1  function. 

 

The Hamming weight on pF  is defined as ; 

                               
0 ; 0

( )
1 ; 0

H

c
w c

c


 


                                                                                          (6) 

Hence )(cwH =
1

0

( )
n

H i

i

w c




  is hold for each 0 1 1( , ,..., ) n

n pc c c c  F . 

 

It is known that the homogeneous  weight of each s S  is defined as ; 

                            

2 2

2 2

hom

; .

( ) ; . {0}

0 ; 0

p p s S S u

w s p s S u

s

   


  
 


                                                                          (7) 

Then hom ( )w s =
1

hom

0

( )
n

i

i

w s




  is satisfied for each element 
0 1 1( , ,..., ) n

ns s s s S  . 
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In this paper the weight function Rw  for each element r  of R  2

p p p pv u u  F F F F  is defined as ; 

                        2

2 2

2 2

0 ; 0

2 2 ; .
( )

2 ; . .

; . {0}

R

r

p p r R S u
w r

p p r S u S u

p r S u




  
 

  
  

                                                                         (8) 

Then ( )Rw r =
1

0

( )
n

R i

i

w r




  is satisfied for each element 
0 1 1( , ,..., ) n

nr r r r R  . 

The minimum distance of a code  is defined as ; ( ) min{ ( , )}H Hd C d a b , where , ,a b C a b   if 

C  is a code over pF , hom hom( ) min{ ( , )}d D d k t , where , ,k t D k t   if D  is a code over S  and  

( ) min{ ( , )}R Rd C d x y  , where , ,x y C x y   if C  is a code over R . Each element of R  is 

written as qvrducubva  2 , where 2r a cu du S    , 2( )q b au a c u S     .  

 

It is clearly seen that the equalities 
hom 1 2 1( ) ( ( )) ( ( ( )))R Hw r w r w r     for each nr R  are 

satisfied. Therefore it means that 1  is an isometry from ),( R

n dR to  2

hom( , )nS d  and 2  is an 

isometry from   2

hom( , )nS d  to 
22( , )p n

p HdF . 

 

A cyclic shift on nR  is a permutation   such that   

),...,,(),...,,( 20111   nnno cccccc .                                                                         (9) 

A linear code C  over R  of length n  is said to be cyclic code if it is satisfied the equality 

( )C C   . (same definition is defined for the ring S  and the field pF ) 

 Let 2na S with  (0) (1) ( )

0 1 1( , ,..., ) ( ), i n

na a a a a a a S   ,  for all 0,1i  . Let 2   be the map from 2nS  to 

2nS  given by      

                                      2 (0) (1)( ) ( ( ) ( ))a a a                                                                        (10) 

where   is the usual cyclic shift. A code D  of length 2n  over 
1R  is said to be quasicyclic code of 

index 2  of 2( )D D   . 

 

A cyclic shift on 2nS  is a permutation   such that      

                          
1 2 1 2 1 0 2 2( , ,..., ) ( , ,..., )o n n nd d d d d d    .                                                               (11) 

A linear code 'D  over S  of length 2n  is said to be cyclic code if it is satisfied the equality 

( ') 'D D  . 
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Let 
22 p n

paF  with 2

2

(0) (1) (2) ( 1) ( ) 2

0 1 2 1
( , ,..., ) ( ... ) ,p i n

pp n
a a a a a a a a a


  F , 

for all 20,1,..., 1i p  . Let 
2p   be the map from 

22 p n

pF  to 
22 p n

pF  given by 

                    2 2(0) (1) (2) ( 1)( ) ( ( ) ( ) ( ) ... ( ))p pa a a a a                                                               (12) 

where   is the usual cyclic shift. A code C of lenght 
22p n  over 

pF  is said to be quasicyclic code 

of index  2p  if 
2

( )p C C   .  

 

3. Results and Discussion 
 

In this section firstly it will be shown that the 1  Gray image of a cyclic code over R is a quasi-

cyclic code of index 2 with even lenght. Secondly it will be shown that the 2  Gray image of a 

cyclic code over S  is a quasi-cyclic code of index 2p with even length. 

 

Proposition 3.1  2

1 1      is satisfied. 

 

Proof:  Let n

n Rcccc   ),...,,( 110  where  vqrc iii  for 0 1i n   . 

 If 1 1 0 1 1( ) ( , ,..., )nc c c c    1 0 0 1 1 1 1( , ,..., )n nr q v r q v r q v                   

0 1 1 0 0 1 1 1 1(( 1) ,( 1) ,..., ( 1) , ( 1) , ( 1) ,..., ( 1) )n n np q p q p q q p r q p r q p r             then 

2

1 1 0 2 1 1 0 0 2 2( ( )) (( 1) ,( 1) ,..., ( 1) , ( 1) , ( 1) ,..., ( 1) )n n n n n nc p q p q p q q p r q p r q p r 

                

On the other hand, 

0 1 1 1 0 2( ) ( , ,..., ) ( , ,..., )n n nc c c c c c c      .Then 

1 1 0 1 1 1 1 0 2( ( )) ( ( , ,..., )) ( , ,..., )n n nc c c c c c c        1 1 1 0 0 2 2( , ,..., )n n n nr vq r vq r vq          

1 0 2 1 1 0 0 2 2(( 1) ,( 1) ,..., ( 1) , ( 1) , ( 1) ,..., ( 1) )n n n n n np q p q p q q p r q p r q p r              . 

 

Theorem 3.2 : A code C  with length n  over R is a cyclic code if and only if 1( )C  is a quasi-

cyclic code of index 2 with length n2  over S . 

Proof: Suppose that C  is a cyclic code. Then ( )C C  . By applying 1 , we have 

1 1( ( )) ( )C C   . By using the Proposition 3.1, we have 2

1 1 1( ( )) ( ( )) ( )C C C       . So 

1( )C  is a quasi-cyclic code of index 2 . Conversely, if 1( )C  is a quasi-cyclic code of index 2 , 
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then 2

1 1( ( )) ( )C C    . By using the  Proposition 3.1 , we have 2

1 1 1( ( )) ( ( )) ( )C C C       . 

Since 
1  is injective then ( )C C  .  

 

Proposition 3.3 :  
2

2 2

p      is satisfied. 

 

Proof :  The proof is obtained similarly to the proof of Proposition 3.1. 

 

Theorem 3.4 :  A code C with length n2  over S  is a cyclic code if and only if  2 ( )C  is a 

quasicyclic code of index 2p , with length 22p n  over pF . 

 

Proof: If C  is a cyclic code , ( )C C  . Then have 2 2( ( )) ( )C C    , we have 

2

2 2 2( ( )) ( ( )) ( )p C C C        from Proposition 3.3. So 2 ( )C  is quasicyclic code of index 2p . 

Conversely, if 2 ( )C  is quasicyclic code of index 2p , then 
2

2 2( ( )) ( )p C C    . By using the  

Proposition 3.3 , we have 
2

2 2 2( ( )) ( ( )) ( )p C C C       . Since 2  is injective then ( )C C  .   

 

Using the above theories the main conclusion is given below: 

 

Corollary 3.5 :  A code C  with odd length n  over  R  is  a cyclic code if and only if 
2 1( ( ))C  is 

a quasicyclic code of index 2p  and with length 22p n  over pF . 

 

In this study a special ring in two variables is defined under certain conditions. The Gray images 

of the cyclic codes over this ring are investigated. Relations between the codes over this ring and 

the codes over a finite chain ring in one variable are obtained via a Gray map. Another Gray map 

from the finite chain ring to a finite field is defined and then the images of cyclic codes are 

obtained.  

 

4. Conclusions 
 

In this study a special ring in two variables is defined under certain conditions. The Gray images 

of the cyclic codes over this ring are investigated. Relations between the codes over this ring and 

the codes over a finite chain ring in one variable are obtained via a Gray map. Another Gray map 
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from the finite chain ring to a finite field is defined and then the images of cyclic codes are 

obtained.  
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