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Abstract

In this study, images of cyclic codes in two variable rings with coefficient field Fp are detected.

A special ring in two variables is defined under certain conditions. The Gray images of the cyclic
codes over this ring are investigated. Relations between the codes over this ring and the codes over
a finite chain ring in one variable are obtained via a Gray map. Another Gray map from the finite
chain ring to a finite field is defined and then the images of cyclic codes are obtained. It is obtained

that the Gray image of a cyclic code over R with length n.
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Fp Cismi iizerinde Quasi-Cyclic Kodlar

Mustafa OZKAN"", Figen OKE?
Ozet

Bu calismada, katsayilari Fp cisminde iki degiskenli halkalar iizerinde cyclic kodlarin goriintiileri

tespit edilmigstir. Belirli kosullar altinda iki degiskenli 6zel bir halka tanimlanmistir. Bu halkalar
tizerinde cyclic kodlarin Gray goriintiileri incelenmistir. Gray doniisimii yoluyla bu halkalar
tizerindeki kodlar ve bir degiskenli sonlu zincir halkasi tizerindeki kodlar elde edilmistir. Sonlu
zincir halkasindan sonlu bir cisme baska Gray doniisiimii tanimlanmis ve sonra cyclic kodlarin

goriintiileri elde edilmistir. N uzunlugundaki R iizerinde bir cyclic kodun Gray gériintiisii
bulunmustur.

Anahtar Kelimeler :Halkalar tizerindeki kodlar, Quasi-Cylic kodlar, Gray doniisiimii, Sonlu cisimler, Lineer
kodlar.

1. Introduction

Constacyclic codes, cyclic codes, quasi-cyclic codes, negacyclic codes over different rings (Finite
chain rings, Frobenious rings, Galois rings i.e.) were studied before. Also the Gray images of these
codes and structure of codes over fields were discussed before. Previous years the relations
between codes over the polynomial rings in one variable and the codes over fields were studied.
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In recent years the relations between the codes over the polynomial rings in more variables and the
codes over fields have been studied.

Especially in [7]; (1+ V) -constacyclic codes over F, +uF, +VF, +uvF, where
u®=v?=0,uv—vu =0 were studied by S. Karadeniz and B. yildiz. In [2]; X. Xiaofang studied

(1+ V) -constacyclic codes over the ring F, +uF, +VF, where u ? =v? =0,uv = v.u = 0. Moreover,

on the codes over the ring F, +VF, +uF, +u’F, where u®=0,v* =0,uv=vu =0 were studied by
M. Ozkan and F. Oke in [5].

In this study a special ring in two variables is defined under certain conditions. The Gray images
of the cyclic codes over this ring are investigated. Relations between the codes over this ring and
the codes over a finite chain ring in one variable are obtained via a Gray map. Another Gray map
from the finite chain ring to a finite field is defined and then the images of cyclic codes are
obtained.

Consequently; it is shown that quasi-cyclic codes over the field F can be obtained from the
cyclic codes over the ring F_ +vF, +uF +u’F, using the composite of two new Gray maps. It is

known that S =F +uF +u2Fp where u® =0 is the finite chain ring. R = F,+VF, +UuF, +u2Fp
is a ring with the usual addition and multiplication under the conditions v*=0,v2 =0,uv=vu=0.

It is easily seen that R is isomorphic to the ring Fp[“"y , , .Let C bea
<u’=0,v-=0,uv=vu=0>

linear [n,k,d]_code. It means that C has the length n, it’s dimention is k and it’s minimum

distance is d . Let R bearing. Each submodule C of R" iscalled a linear code with lenght n
over the ring R . A subspace C of F " is called a linear code with lenght n over the field F, . Each

codeword c insuch acode C isa n—tuple of the form ¢ =(c,,c,,...,C,,) € R" and can be
represented by

c=(C,,C,y-1sCy) <—>c(x):zn:ci.xi e R[X] 1)

i=1

This notation can be written for the elements of S" and F_ " similarly. In here p is odd prime
number.

2. Materials and Methods

In this section, a new Gray map will be defined from R to S*.Then w, weight function will
be given over R as the orginal.

The Gray map from the ring R to S? is defined as ;

¢ :R——S?

a+bv+cu+du®a ¢(a+bv+cu+du®) =g (r+qv)=((p-1.9,9+(p-1).r) @)
32



Journal of New Results in Engineering and Natural Science, No:8 (2018) 31-37
http://jrens.gop.edu.tr

where r =a+cu+du? and g=b+au+(a+c)u’.
Then we have

p,(@a+bv+cu+du®)=((p-1)b+(p-2.au+((p-1.a+(p-1.cu’ (b+(p-1).a)
+@+(p-Dou+(@a+c+(p-1.d)u?) (3)

The map ¢, can be generalized to R" as ;
qDl(tO’tl""'tn—l):((p_l)qol(p_l)qll"”(p_l)qn—l'qo+(p_1)r0’ql+(p_1)r1"'!qn—1+(p_1)rn—1) (4)

where t; =1, +q,v suchthat r, =a, +cu+d,u® , g, =b, +a,u+(a +c;)u’ forall i=0,1,...,n-1.

Note that the Gray map from S to Fg’z is defined as ;

goz:S—>F[§JZ
X+yu+zu®a @, (X+yu+zu?) )
here ¢2(x+yu+zu2)=(m0|ml‘,,,|mp4), mieF;’2 forall i=0,1,..., p—1.
m,=(z,y+2,2y+z,.,(p-)y+2),
m =(X+z,X+y+2z,..,x+(p-D)y+2),...,
m,, =((P-Dx+z,(p-Dx+y+z,.,(p-Dx+(p-1)y+2)-

The map ¢, can be generalized to S" likewise ¢, function.

The Hamming weight on F is defined as ;

0;c=0
w, (c)={l 020 (6)

n-1
Hence w, (€)=Y w,(c,) is hold for each ¢ =(c,,c,,....C, ;) €Fy.
i=0

It is known that the homogeneous weight of each se S is defined as ;

p’—p ; seS-Su’

W ()=4 P> ; seSu’—{0} (7)
0 ;0 s=0

n-1
Then w,,(s) = thom (s,) is satisfied for each element s=(s,,s,,...,s, ;) €S".
i=0
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In this paper the weight functionw,, for each element r of R=F_ +vF, +uF, +u’F, is defined as ;

0 cr=0
W, () = 2p2—2p ; reR-Su 2 (8)
2p°—p ; reSu-Su
p> ; reSu*-{0}
n-1
Then w, (r)=>_ w,(r) is satisfied for each element r =(r,,r,,...,1, ) eR".
i=0
The minimum distance of a code is defined as ; d, (C) =min{d,, (a,b)}, where a,beC, a=b if
C isacode over F , d,,(D)=min{d,, (k,t)}, where k,teD, k=t if D isacode over S and
d-(C") =min{d; (X, y)}, where x,yeC’, x=y if C' is a code over R. Each element of R is

written as a+bv+cu+du? =r+qv, where r=a+cu+du’*eS, gq=b+au+(a+c)u’eS.

It is clearly seen that the equalities wg(r)=w,_,(¢(r))=w, (¢,(¢(r))) for each reR" are

satisfied. Therefore it means that ¢, is an isometry from (R",d;)to (S*".d,,,) and ¢, is an

isometry from (S*",d, ) to (Fj"z“,dH).

A cyclic shift on R" is a permutation o such that
o(C,,CyyesCpy) = (€ 4,Cgreen Cpp) - )

A linear code C’ over R of length n is said to be cyclic code if it is satisfied the equality
o(C")=C’. (same definition is defined for the ring S and the field F )

Letaes”With a=(a,a,,..a,,)=(a"[a”),a” es", forall i=0,1. Let o be the map from S*" to
S?" given by

o (a) = (o(a”)|o(@®)) (10)
where o is the usual cyclic shift. A code D of length 2n over R, is said to be quasicyclic code of
index 2 of +**(D)=D.

A cyclic shift on S*" is a permutation 7 such that

7(dy, dyyenny Oy ) = (0, v Oy ) (11)

A linear code D' over S of length 2n is said to be cyclic code if it is satisfied the equality
7(D)=D".
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Let ae Fspzn with a=(2.,..8,,, ,)=@°a®a®

...‘a(pz’“) a® e F2",

! p

forall i=0,1.., p? 1. Let c®" be the map from F2*™ to F2*" given by
o* (@)= (@)

O.(a(l)) U(a(Z))

...‘a(a“’z-”)) (12)

where o is the usual cyclic shift. A code C of lenght 2p°n over F, is said to be quasicyclic code

of index p? if " (C)=C.

3. Results and Discussion

In this section firstly it will be shown that the ¢, Gray image of a cyclic code over R is a quasi-
cyclic code of index 2 with even lenght. Secondly it will be shown that the ¢, Gray image of a

cyclic code over S is a quasi-cyclic code of index p? with even length.
Proposition 3.1 o ¢, = ¢, o is satisfied.

Proof: Let c=(c,,c,,...,C,,) € R" where ¢, =r,+q,v for 0<i<n-1.
If (Pl(c) = (01(C01C1’---’Cn71) = ¢)1(I’0 +Q,V, [ +QV,...,I 4 +Qn71V)

=((p—-Ddy, (P-D,--., (P=DT, 4, G +(P-DF, 4, + (P =D, ... 4, +(P—Dr;_,) then
o (@) =((P=DG 1, (P~D)s - (P~Dy 5, G5 +(P=DF, 1, Gy + (P =D, Ay, +(P DT, )
On the other hand,
o(c)=o(c,,Cy,....C, ;) =(C, ;,Cy,--,C, ,) . Then
@ (o(c)) =@, (o(Cy, €, Cos)) = (Co 1y Cores € o) Dyl y +VO, 1, T +V Ty, p V0, )

((P=Dd,y, (P=Dy,-, (P15, Gy +(P=DF,1, Ay +(P =D, G, +(P =D, ) .

Theorem 3.2 : A code C with length n over Ris a cyclic code if and only if ¢, (C) is a quasi-
cyclic code of index 2 with length 2n over S.

Proof: Suppose that C is a cyclic code. Then o(C)=C. By applying ¢,, we have
¢,(c(C)) = ¢,(C). By using the Proposition 3.1, we have o**(¢,(C)) = ¢,(c(C)) =¢,(C) . So

@,(C) is a quasi-cyclic code of index 2. Conversely, if ¢ (C) is a quasi-cyclic code of index 2,
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then o**(¢,(C)) = ¢,(C) . By using the Proposition 3.1, we have o®*(¢,(C)) = ¢,(c(C)) = ¢,(C) -

Since ¢, is injective then o(C)=C.

®p?

Proposition 3.3: o " ¢, =@, r is satisfied.

Proof : The proof is obtained similarly to the proof of Proposition 3.1.

Theorem 3.4 : A code C with length 2n over S isa cyclic code if and only if ¢,(C) isa

quasicyclic code of index p?, with length 2p®n over F,.

Proof: If C is acyclic code, z(C)=C. Then have ¢,(z(C)) =¢,(C) , we have
" (¢,(C)) = p,((C)) = ¢, (C) from Proposition 3.3. So ¢, (C) is quasicyclic code of index p>.
Conversely, if ¢,(C) is quasicyclic code of index p?, then o® (¢,(C)) =¢,(C) . By using the

Proposition 3.3, we have &®" (,(C)) = ¢,(z(C)) = ,(C) - Since ¢, is injective then 7(C)=C .
Using the above theories the main conclusion is given below:

Corollary 3.5: A code C with odd length n over R is acyclic code if and only if ¢,(¢ (C))is

a quasicyclic code of index p* and with length 2p°n over F_.

In this study a special ring in two variables is defined under certain conditions. The Gray images
of the cyclic codes over this ring are investigated. Relations between the codes over this ring and
the codes over a finite chain ring in one variable are obtained via a Gray map. Another Gray map
from the finite chain ring to a finite field is defined and then the images of cyclic codes are

obtained.

4. Conclusions

In this study a special ring in two variables is defined under certain conditions. The Gray images
of the cyclic codes over this ring are investigated. Relations between the codes over this ring and

the codes over a finite chain ring in one variable are obtained via a Gray map. Another Gray map

36



Journal of New Results in Engineering and Natural Science, No:8 (2018) 31-37
http://jrens.gop.edu.tr

from the finite chain ring to a finite field is defined and then the images of cyclic codes are

obtained.
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