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PRO-C COMPLETIONS OF CROSSED SQUARES OF
COMMUTATIVE ALGEBRAS

HATICE GULSUN AKAY

ABSTRACT. In this paper we give the explicit construction of a pro-C comple-
tion functor which is defined in the category of crossed squares of commutative
algebras. Afterwards, we study some functorial properties of this pro-C com-
pletion process.

1. INTRODUCTION

A profinite group [9] occurs in a wide range of problems related to number the-
ory, commutative algebra, algebraic geometry and algebraic topology. Although
the category of profinite groups forms a natural extension of the category of fi-
nite groups, it carries a richer structure. Because it has some categorical objects
and constructions which do not exist in finite case; e.g. projective limits and free
products. The existence of such constructions in extended category leads to the
definition of profinite analogues of the usual constructions of combinatorial group
theory, such as free groups and presentations of group by generators and relations.

The theory of crossed modules [I0] plays an important role in combinatorial and
cohomological group theory. Profinite crossed modules are introduced in [7]. They
examined the pro-C completion of crossed modules for a full class of finite groups C.
The crossed square version of this completion process is given in [3]. The definition
of crossed modules over a commutative algebra is given in [§]; also see [5] for the
general case. Crossed squares in the category of commutative algebras studied in
[1, [].

2. PRELIMINARIES

In this paper, k will be a fixed commutative ring with 1 £ 0 for abstract cases
and k will be a fixed commutative profinite ring with 1 # 0 for topological cases.
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All k-algebras will be commutative and associative. C will denote a class of finite k-
algebras which is closed under the formation of subalgebras, homomorphic images,
finite products and which contains at least one non-trivial algebra. Pro-C algebras
are profinite algebras whose finite quotients are in C. The class C will be assumed
to be full in the sense that C must also be closed under extension of algebras.

Throughout this paper we denote an action of P on M by pm, where P and M
are k-algebras. We recall the definition of a crossed module, and its pro-C analogue.

A crossed module [§] is a k-algebra homomorphism 9: M — P together with an
action of P on M such that following two Peiffer relations hold (for all m,m’ € M
and p € P):

CM1) 9(pm) = pd(m),
CM2) 9O(m)m' =mm'.
We denote such a crossed module by (M, P, 9).

If (M,P,0) and (M',P’,0') are two crossed modules, a crossed module mor-
phism (¢,v): (M, P,0) — (M', P',d') is a tuple which consists of k-algebra homo-
morphisms, ¢ : M — M’, ¢ : P — P’ such that ¥0 = 8'¢ and ¢(pm) = ¢ (p)d(m).
Thus we get the category of crossed modules, denoted by XMod .

There are special classes of morphisms, those in which P = P’ and v is the
identity morphism. For fixed P, a morphism (¢,idp) : (M,P,0) — (M',P,9)
will be called a morphism of crossed modules over P. Then we have a subcategory
XMod/P of XMod.

Let (M, P,0) be a crossed module. (Mj,P;,01) is a subcrossed module of
(M, P,0) if:
i) M; is a subalgebra of M and P; is a subring of P,

ii) 91 = O\ar, , the restriction of 9 to My,
iii) The action of P; on M; is induced by the action of P on M.

A subcrossed module (My, Py, 0;) of (M, P,0) is a crossed ideal if:

i) Py is an ideal of P and M; is an ideal of M,
ii) pm1 € My, for all p € Pymy € My,
ili) pym € My, for all p; € Pi,m € M.
A pro-C crossed module (M, P,0) is a crossed module in which M and P are
pro-C k-algebras, 0 is a continuous k-algebra homomorphism and the action of P
on M is a continuous P-action [0].

A morphism of pro-C crossed modules
(p,7) : (M, P,0) — (M',P',9")

is a morphism of the underlying crossed modules in which both ¢ and 3 are con-
tinuous morphisms of pro-C k-algebras. Thus we get the categories Pro-C.XMod
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and similarly Pro-C.XMod/P for a fixed codomain P; we therefore obtain the
forgetful functor:
UxMod : Pro-C.XMod — XMod.

Recall from [§] that a cat!-algebra is a triple (E, s,t), where E is an k-algebra
and s, t are endomorphisms of F satisfying the following conditions:
i) st=tand ts =s
ii) [Kers, Kert] = 0.
It is well known that there is an equivalence of between the categories XMod
and Cat!(Alg).

A pro-C cat!-algebra is a cat!-algebra (E, s, t) in which F is a pro-C algebra and
s and t are continuous endomorphisms of E. A morphism of pro-C cat'-algebra is
a morphism
¢ : (E7 S? t) - (E/7 8/3 t/)
of the underlying cat'-algebras such that ¢: E — E’ is a continuous morphism
of pro-C algebras. Thus we get the category of pro-C cat'-algebras, denoted by
Pro-C.Cat'(Alg). There is a forgetful functor:

Ucaig : Pro-C.Cat'(Alg) — Cat'(Alg)

It is proven in [6] that, there exists an equivalence of categories Pro-C.XMod
and Pro-C.Cat!(Alg) compatible with the forgetful functors, in the sense of the
equivalence between XMod and Cat!(Alg).

3. CROSSED SQUARES AND THEIR PRO-C ANALOGUE

3.1. Crossed squares. The following definition is due to [1].

A crossed square of commutative algebras is a commutative diagram:

L2 M

o

o
together with actions of P on L, M and N (there are thus actions of N on L and
M via p/, and of M on L and N via p) and a function h : M X N — L such that:

1) The maps A, X, i1, i’ and the composite u\ = p’'\ are crossed modules,
2) The maps A, \" preserve the action of P,

3) kh(m,n) = h(km,n) = h(m, kn),

4) h(m+m/,n) = h(m,n) + h(m’,n),

5) h(m,n+n’) = h(m,n) + h(m,n’),
6) p
7 A
8)
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9) h(M1),n) = ' (n),
10) h(m, N'(1)) = p(m)l

for all n,n’ € N, m,m’ €e M, pe P, l € L, k € k. We denote such a crossed
square by (L, M, N, P).

Let 4 and p’ are normal subalgebra inclusions and L = M N N, with h is given
by the multiplication in P, i.e., h(m,n) = mn. Then, we have the crossed square:

MAN 2 =M

A morphism of crossed square
¢ = (@17(@27(1)3’(1)4) : (Ll,MlaNl?Pl) - (L27M23N27P2)a
consists of homomorphisms:

<I)12L1—>L2, (I)QZM1—>M2,
(I)32N1—>N2, @4:P1—>P2,

such that the diagram commutes:

Ly

’ I
Ng P2

and
®1h(m1,n1) = h(P2(my), 3(n1)),
for all my; € My1,n; € Ny, and the homomorphisms ®1, &5, 3 are ®4-equivariant.

Thus we get the category of crossed squares, denoted by Crs?.

There are special classes of morphisms, those in which P; = P, and ®4 is the
identity morphism. For a fixed P, such a morphism

d = ((I)l7q)27q)37id) : (leMllea-P) - (L27M27N27P)7

will be called a morphism of crossed squares over P, yields a subcategory Crs?/P.

A crossed square
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Jp——— Y

,\;l l

Ny —— P
(251

is a subcrossed square of

AL M

L M
/\’i l.u
N P

i) L; is a subalgebra of L, M; is a subring of M, Nj is a subring of N, P is
a subring of P,

- =

’

i

if

)

ii) Ay is restriction of X to Ly, u; is restriction of u to My, A is restriction of
X to Ly, pj is restriction of y/ to Ny,

iii) Actions of P; on L1, M; and Nj are induced by the actions of P on L, M
and N, respectively.

iv) hy: My x Ny — Ly is the restriction of h : M x N — L to M; x Nj.
A subcrossed square
A
L, — M,

A;l l

Ny ——= P
M1

is an ideal of

A M

i) P; is an ideal of P, M; is an ideal of M, Ny is an ideal of N,
ii) Forallp e P, 1y € L1, m; € My and ny € Ny,

N ——

7

if

3

pll € Ll;
pma S Ml;
pny € Ny.
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iii) Forallp; € Pi,le L, me M and n € N,

pll S Ll)
pim € M17
pin € Nl.

L
N ——

1

m

Let

A M

M

L#
P

be a crossed square and

L —s 0y

A;l l

Nl —’>P1
My

be an ideal of (L, M, N, P). Let X is induced by A, 7 is induced by s, A’ is induced
by X, i’ is induced by u'. Then there are actions of P/P, on L/Ly, M/M; and
N/Nj given by

(p+P1)(l+ L) = (pl) + L,

(p+ Py)(m+ My) = pm + My,

(p+P)(n+Ni)=pn+ Ny
and N/Ny on L/L; and M/M; via i/, i.e.,

(n+ Np)(I+ Ly) = /' (n)l + Ly,
(n+ N1)(m+ My) = @/ (n)m + M,
and then M /M acts on L/L; and N/N; via 7, i.e.,

(m+ My)(I+ Ly) = p(m)l + Ly,

(m+ My)(n+ Ny) = p(m)n + Ny.
forallpe P,l € L,m € M and n € N. The conditions for (Ly, My, N1, P;) to be
ideal in (L, M, N, P) ensure that the actions are well defined. Let hy : My X N3 —
Ly is defined by h(m + My,n + N1) = h(m,n) + L;. It is clear that:

L)L — > M/M,

N/Nl T>P/P1
'LLI

is a crossed square. It is called the quotient crossed square of (L, M, N, P) by
(L1, My, N1, Py) and denoted by (L, M, N, P)/(Ly, My, Ny, P).
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3.2. Pro-C crossed squares. A pro-C crossed square of algebras

L—2sM

n

is a crossed square in which L, M, N and P are pro-C algebras, A\, \', i1, i1’ are contin-
uous homomorphisms, all the actions are continuous and the A-map is continuous.

A morphism
O = (O, Dy, P3,Dy) : (L1, My, Ny, Pr) — (Lo, My, No, Ps)

of pro-C crossed squares is a morphism of the underlying crossed squares in which all
the maps ®1, 5, P3 and P4 are continuous morphisms of pro-C algebras. Thus we
get the categories Pro-C.Crs? and similarly Pro-C.Crs? /P for a fixed codomain
P; and we also get the forgetful functor:

Ucys2 : Pro-C.Crs? — Crs?.
Recall the corresponding situation for k-algebras; the forgetful functor
Unaig : Pro-C. Alg — Alg

has a left adjoint, known as the pro-C completion functor, which we will denote by

“w S

a
This is defined as follows:

Let P be a k-algebra and let Q(P) be the directed set of finite index ideals W
of P with P/W € C, then
P= lim P/W.
—
WeQ(P)
We will sometimes write W5, P as indicating that W € Q(P). This notation is

useful in as it is more suggestive of the actual concept involved, but can also become
somewhat cumbersome so we will use both notations.

We wish to see if the crossed square forgetful functor
Ugys : Pro-C.Crs? — Crs?

also has a left adjoint. The obvious approach using some idea of finite index ideals
is technically messy so we use an equivalence formulation involving Loday’s notion
of cat?-algebras.
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4. CAT?-ALGEBRAS AND THEIR PRO-C ANALOGUE
4.1. Cat?-algebras. A cat?-algebra [1] is a 5-tuble (E, 1,11, 82, t2) where (E, s;,1;),
i =1,2 are cat'-algebras and
8;8j = 858i, tit; = tjt;, sit; =158
fori,j =1,2, 4 # j.

If (E,s1,t1,82,t2) and (E', s}, 1], sh,th) are cat®-algebras a cat?-algebra mor-
phism:
¢ : (E751at1a527t2) - (E/a Sllvt,bS/Q?t/Q)
is an algebra homomorphism ¢ : E — E’ such that:

S/1¢ = ¢51v
t/1¢ = ¢tla
S50 = Psa,
20 = Pta.

Thus we get the category of cat?-algebras, denoted by Catz(Alg).

Proposition 1. There is an equivalence of categories between the category of cat®
-algebras and that of crossed squares.

Proof. The cat!-algebra (E, s1,t1) will give us a crossed module
0:C—B
with C' =Kers, B =Ims and d = t | C, but as the two cat! -algebra structures are

independent, (E,s9,ts) restricts to give cat!-algebra structures on C' and B and
makes O a morphism of cat'-algebras. Thus we get a morphism of crossed modules

Kers; N Kersy ——— Ims; N Kerss

Kers; N Imsy ————= Imsy N Imss

where each morphism is a crossed module for the natural action, i.e. multiplication
in E. It remains to produce an h-map, but it is given by the multiplication within
FE since if z €KersoNlms; and y €ImssNKers; then xy €KersiNKerss. It is easy
to check the crossed squares axioms.

Conversely, if
L
N

—M

—>_R
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is a crossed square, then we can think of it as a morphism of crossed modules

L—+ N

M — R.

Using the equivalence between crossed modules and cat'-algebras this gives a mor-
phism
9:(Lx N,s,t) — (M x R,s',t)
of cat!-algebras. There is an action of M x R on L x N given by
(m,r)(I,n) = (rl + I(m)l + h(m,n),rn + mn)

for all (m,r) € M x R and (I,n) € L x N. Using this action, we thus form its
associated cat!-algebra with algebra (L x N)x (M x R) and induced endomorphisms
813t13827t2- g

4.2. Pro-C cat?-algebras.

Definition 2. A pro-C cat®-algebra is a cat® -algebra (E,sy,t1,50,t2) in which E
is a pro-C algebra and sy, s2, t1 and ta are continuous endomorphisms of E.

A morphism of pro-C cat?-algebra
(ZS : (Eyslat15827t2) e (Ela Sllvt,175/27tl2)

is a morphism of the underlying cat®-algebras such that ¢ is a continuous morphism
of pro-C algebras. Thus we get the category of pro-C cat*-algebras, denoted by Pro
-C.Cat?(Alg).

There is a forgetful functor:
Uc2alg: Pro—C.Cat?(Alg) — Cat?(Alg).

Theorem 3. There exists an equivalence of categories Pro-C.Crs® and Pro-C.Cat? (Alg)
compatible with the forgetful functors, in the sense of the equivalence between Crs?
and Cat?(Alg), i.e. the following diagram commutes:

Pro-C.Crs? — > Pro-C.Cat?(Alg)
MCrsz lucz Alg

Crs? ———— Cat?(Alg)

Proof. In fact, if
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AL M

L M
N P

is a pro-C crossed square, then E = (L x M) x (N x P) is a pro-C algebra
and the endomorphisms s, s3,t1 and ta, given before, are continuous, so result-
ing (E,s1,t1,82,t2) is a pro-C cat?-algebra. Similarly if (E, s1,t1, s2,t2) is a pro-C
cat? -algebra then

—_—

'

I

Kers; N Kersy S Ims; N Kersg

Kersy N Imss L Imsy N Imss

is a pro-C crossed square. O

This lemma will enable us to prove the existence of a left adjoint for
Ucys? : Pro-C.Crs®> — Crs?
by constructing one for
Uz p1g : Pro -C.Cat?(Alg) — Cat?(Alg).

This latter construction will need projective limit within Pro-C .Catz(Alg) and
so we will briefly look at their construction as it sheds more light on the pro-C
completion functor that will result from their use.

5. THE COMPLETION PROCESS

Given a projective system F : I — Cat? (Alg), one notes that F' is a projec-
tive system of algebras together with four endomorphisms of projective systems,
S1, 82,t1,t2 1 I — F satisfying

SiSj = SjSi, tit]‘ = tjti, Sitj = thZ‘

for i,j = 1,2, ¢ # j and [Kersy, Kert;] = 0,[Kerss, Kerty] = 0. We form lim F°
by taking the limit of this underlying system of pro-C algebras together with the
induced endomorphism lim s and lim¢. Writing the result as (F,371,t1,33,12), we
only need to check the conditions [Kers;, Kert;] = 0 and [Kersy, Kerta] = 0.
However F' can be realized as a subalgebra of the product [],.; F(i) and

51((21) = (s1(D)ws, ta(20)) = (t1(9)z),
similarly for 53, t; and #;. So the commutator subalgebras [Kersy, Kert;] and
[Kerss, Kerts] are trivial for each 4 in T.

i€l
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Proposition 4. A pro-C completion functor from the category Cat?(Alg) to the
category Pro-C.Cat?(Alg) exists, (i.e. the forgetful functor Uczarg has a left ad-
joint).

Proof. An exact sequence
0 — (E',s),t),sh,th) — (E,s1,t1,80,t2) — (E", s}, t],s5,t5) — 0
of cat?-algebras is an exact sequence
0— B —E-—FE'"—0

of the underlying algebras and continuous maps compatible with the source and
target maps. In this situation, we say that the cat?-algebra (B, sy, t],s5, t5) is
the quotient of (E, s1,t1, $2,t2) by the ideal (E’, s, 1}, s5,t5). The latter is of finite
index in (F, s1,t1, 82,t2) if E’ is finite.

Given any cat®-algebra (F,sy,t1,s2,t) the set of its ideals (I, s],t], s5, th) of
finite index with E/I € C is directed by the inclusion so we can form an inverse
system of finite quotient of (F,sy1,t1, s2,t2) and take its limit within the category
of pro-C cat?-algebras. (As usual one considers each finite cat 2-algebra as a pro-C
one having the discrete topology.)

Thus we define a pro-C completion functor:
~: Cat?(Alg) — Pro-C.Cat?(Alg) (1)
by

(Es1,t1,82,t2 ) = lim{finite quotients of (E, s1,t1,s2,t2) by (I, 81,1}, 55,15)}.

Categorically this functor is left adjoint to the forgetful functor from Pro-
C.Cat?(Alg) to Cat?(Alg). O

Proposition 5. A pro-C completion functor from Crs? to Pro-C.Crs? exists (i.e.
the forgetful functor Ugysz has a left adjoint).

Proof. In the diagram

Pro-C.Crs? — Pro-C.Cat?(Alg)
Uors2 iu(ﬁﬁug
Crs? ——=—— Cat?(Alg)
we already found that is the left adjoint functor to right vertical functor. This

induces a left adjoint functor to left vertical functor via the equivalence of categories.
O
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Remark 6. One can attempt to use the functors defining the two equivalence to give
an “explicit” description of this pro-C completion functor, but in what follows we
shall merely use its existence and the universal property that it satisfies to compare
it with the individual algebras involved.

Notation 7. We denote the pro-C completion of the crossed square ( (L,M,N,P)
or less accurately, (L, M, N, P) ),as follows:

';(\ —_—

L-*~M b L[-2sM

oo

N—=P N——=P
H o

It is natural to compare this pro-C completion (E, M , N , ]3) with the pro-C com-

pletions E, J\/I,ﬁ, P and X, 1k, /\',ﬁ’ of the individual pieces of data involved. One
may even wonder why

by —

M
ls
P

=

A

—

—_—
P
n

=

is not itself always the same as,

A
—

>
-

<&

=

E——
bz

To start the study of this problem we first look at P.
Proposition 8. For any crossed square (L, M, N, P), we have PP,
Proof. This follows from an adjoint functor argument: There is a forgetful functor
R:Crs® — Alg
given by R(L, M, N, P) = P also an analogous one
Ryc: Pro-C.Crs® — Pro-C.Alg.

These have left adjoints L and Ly¢ defined by L(P) = (P, P, P, P)
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P id

id

="
=9

P——
id

with the h-map given by h(p,p’) = pp’ for all p,p’ € P and similarly for Lc.
Then, we get the diagram:

RP
Pro-C.Crs> ——= Pro-C.Cat?*(Alg)

Lp
(W)Tl uCr52 (N)Tlucz,\lg

Crs? .?} Cat?(Alg)

The right adjoint diagram commutes, so the left adjoint diagram commutes up to
isomorphism, i.e.
(P,P,P,P)~ (P,P,P,P),

but better we have a sequence of isomorphisms: for a pro-C algebra H,

Pro-C.Alg(R,c(LM,N.P), H
Pro-C.Crs?((L,M,N,P),L,c(H))

Crs2((L, M, N, P), UCrSszc(H))

Crs*((L, M, N, P), LU¢2a1¢(H)) by observation
Alg(R(L,M,N,P),Uag(H))

Alg(P,Unig(H))

Pro-C.Alg(P, H)

11 11 11 1R 1R

as required; hence P ﬁ independent from L, M, N are. (I

In order to study the conditions that yields the isomorphism between L M N
and L M N respectively; we introduce a condition called “cofinality”.

Let (L, P,0) be a crossed module and write Qp(L) for the directed subset of
Q(L) the set of finite index ideals of L, consisting of those Ly € Q(L), L/L; € C,
which are P-invariant. We will say that (L, M, N, P) satisfies the cofinal condition
if Q@p(L) is cofinal in Q(L). It was shown in [6] that if (L, P, 9) satisfies the cofinality
condition, then L~T.

Let

A M

!

N "
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be a crossed square and write Qp (L) for the directed subset of Q(L) the set of finite
index ideals of L, given above.

We say that (L, M, N, P) satisfies the cofinal condition if Qp(L) is cofinal in
Q(L), Qp(M) is cofinal in Q(M) and Qp(N) is cofinal in Q(N). Note that Qp(L) C
Qpn(L) and Qp(L) C QN (L) soif Qp(L) is cofinal in Q(L), then Qs (L) and Qn (L)
are cofinal in Q(L).

Proposition 9. If P € C, then any crossed square

L—2>M
A4k
I
satisfies the cofinality condition.
Proof. Given any Ly € Q(L), let
Ly = mle
peEP

Then, L} is P-invariant and as P in C, L] is of finite index L/L} € C. As L} is
contained in Ly, so Qp(L) is cofinal in Q(L). Similarly, we can show that Qp(M)
and Qp(N) are cofinal in Q(L). This completes the proof. O

Remark 10. Let C be k-algebra, let M(C) be the commutative k-algebra of multi-
pliers of C. Recall that a multiplier of C is a linear mapping A : C — C such that
for all c,d € C; Acd') = Ae)d, see [2] for more details.

Theorem 11. If (L, M, N, P)
L M
S
N P
In

satisfies the cofinality condition, then L E, M = ]/\4\,]\7 ~ N,

A
—_—

=

-

I
S

Proof. Since Qp(M) is cofinal in Q(M) and Qp(N) is cofinal in Q(N), M
and N 2 N. On the other hand since Qp(L) is cofinal in Q(L), L = L.

To check the axioms we need an explicit description of N:L—M , M — ]3,
X:fﬁﬁ,ﬁ’:ﬁﬁﬁ,;ﬁ:u’/\':Mﬁﬁandtheh—mapﬁzﬂxﬁﬁf.
Given Uy, P, there is a composed homomorphism M — P — P/U.

Take Ky to be its kernel then since p is P-equivariant and P/U is finite, it
follows that Ky is in Qp(M) and that U C Mp(M/Ky). Similarly, there is a
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composed homomorphism L — M — M/Ky.

AKAY

Take Ty to be its kernel then since

A is M -equivariant and P/U is finite, it follows that Ty is in Qp(L) and that
Ky C Mp(L/Ty). On the other hand there is also composed homomorphism L —

P— P/U.

Take Hy to be its kernel then since pA
it follows that Hy is in Qp(L) and that U
composed homomorphisms N — P — P/U, L

is P-equivariant and P/U is finite,
C Mp(L/Hy). Similarly there are
— N — N/K{, and L = P — P/U

and kernels K{;,T};, H{; of these morphisms respectively. It is easy to show that
Hy =Ty = T}, = H{;. These observations readily imply that X, i, N, ﬁ’, ,[/L;\ =N

and the h-map h, defined by
Ao (ITy) = Ny Ky,

Ny (ITy) = Ny KL,
pAy (LHy) = (u\)lp U,

hy(mKy,nK},) = h(m,n)yHy.

by (mKy) = pmy U,
iy (nKY) = U,

W (L) = (N U,

It is clear that ;/B\U = ﬁU/)\\U = ﬁ’U)/\\'U = w' X'y Rest of the proof follows from the

crossed square axioms of (L, M, N, P) and the descriptions of //\\, i, N, /I’, /;:\ =N,

h and the P-action.

Corollary 12. If P is in C, and

<0
- =

|

is a crossed square then

|

W< =)

<~

=)

- -
AF

n

O

= ~

-

is a crossed square, which is the pro-C completion of (L, M, N, P).
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