Conference Proceedings of Science and Technology, 2(1), 2019, 13-17 CP\”?SI-

Conference Proceeding of 2th International Conference on Mathematical Advences and
Applications (ICOMAA-2019).

On (P, Q))—Lucas Polynomial Coefficients for "=

a New Class of Bi-Univalent Functions A oenties
Associated with g-Analogue of Ruscheweyh

Operator

Arzu Akgdl

! Department of Mathematics, Faculty of Science and Arts, Umuttepe Campus, Kocaeli University, Kocaeli, Turkey.
* Corresponding Author E-mail: akgul@kocaeli.edu.tr

Abstract: Recently, Fibonacci polynomials, Chebyshev polynomials, Lucas polynomials, Pell polynomials, LucasaASLehmer poly-
nomials, orthogonal polynomials and other special polynomials became more and more important in the field of Geometric
Function Theory. The Theory of Geometric Functions and that of Special Functions are usually considered as very different
fields. In this study, by using Lucas polynomials of the second kind, subordination and Ruschewey differential operator,these dif-
ferent fields were connected and a new class of bi-univalent functions was introduced. Also coefficient estimates were obtained
for this new class.
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1 Introduction
Let A denote the class of functions of the form

flz) =2+ Zamzm, ey
m=2

which are analytic in the open unit disk U = {z : |z| < 1},andlet S = {f € A : f is univalentin U}.
The Koebe one-quarter theorem [11] states that the range of every function f € S contains the disc of radius { w: |w| < i} . Thus every
such function f € S has an inverse f ~! which satisfies

FUfR)=2 (z€U)

and
(@) =w (el <rot) o 1),
where
f_1 (w)y=w — asw? + (211% — ag) w — (5a% — bagas + a4> w4 ?2)

Definition 1. If both f and =1 are univalent in U, then a function f € A is said to be bi-univalent in U. We say that f is in the class X for
such functions.

Some functions in the class 3 are given in [23]. In 1986, Brannan and Taha [9] introduced certain subclasses of the bi-univalent function
class similar to the familiar subclasses of starlike and convex functions of order. In 2012, Ali et al. [22] widen the result of Brannan and Taha
by using subordination. The estimates on the first two coefficients |az| and |ag| in the Taylor Maclaurin series expansion (1) were found in
several recent studies (see [1]-[6], [17], [19]-[20]) and still an interest to many researchers.

Definition 2. For analytic functions f and g , f is said to be subordinate to g, denoted

f(z) < 9(2), €)

if there is an analytic function w such that
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Definition 3. ([14, 15]) For q € (0, 1), the g-derivative of function f € A is defined by

z
=Dz 270 @)

and

9q.f(0) = f'(0).

Thus we have

dgf (2 f1+2kqakz -1 5)
where [k, g] is given by
ko ==L fo.g=0 ©
7q - 1 _ q ) ’q -
and the g-fractional is defined by
k
k
1, E=0

Also, the g—generalized Pochhammer symbol for p > 0 is given by

k
-1 keN
[qu]k: mH=1[p+m 7q}a S
1, k=0

In addition, as ¢ — 1, we have [k, g] — k. If we choose the function g(z) = 2*. then we have
k k—1
9qg(2) = 0gz" = [k.q] 2" = ¢'(2),
where ¢’ is the ordinary derivative.
Now, we point out the g-analogue of Ruscheweyh operator:

Definition 4. [10] Let f € A. The qg—analogue of Ruscheweyh operator is defined by

o0

k+u—1d
7 AT = 54]
GECRERD I vy L ®)
where [k, ]! is given by equation (7).
From the definition we observe that if ¢ — 1, we have
oo oo
E+p—1q" & [k+p—1]! % "
hmR“ ) =2z+ lim - a2 =2+ ST Lapz =REF(2), 9
My RETG) =2+ Jm D g i L 2 Gy =R ®

where RY f(z) is Ruscheweyh differential operator defined in [29].

Some of special polynomials, for example Fibonacci polynomials, Lucas polynomials, Chebyshev polynomials, Pell polynomials, Lucas—
Lehmer polynomials, orthogonal polynomials and the other special polynomials, are of great importance in several papers from a theoretical
point of view (see, for example [7, 8, 12, 13, 18, 24-28]).

Definition 5. [16] Let calP(x) and calQ(x) are polynomials with real coefficients. The (calP,calQ) Lucas polynomials Lp g ,(x) are defined
by the reccurence relation

Lp.om(®) =P(@)Lp,om-1(x) + Q@) Lp,om-2(x) (m=2), (10)

Jfrom which the first few Lucas polynomials can be found as

Lp,o0(z) 2,

Lpoi(z) = Pa),

Lpoa(®) = P*(z)+2Q(x),

Lpos(z) = P(x)+3P(x)Q(x) (11)
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In this article, we aim at introducing a new class of bi-univalent functions defined through the (P, Q)—Lucas polynomials of the second
kind.

Definition 6. [16] Let Gy, (1)} (2) be the generating function of the (P, Q)—Lucas polynomial sequence Lp o m (). Then

> m 2—P(x)z
G &) = X Lpom(@):™ = gy g0y a2
m=0

2 The class Q%(q, u; 7)

We begin this section by defining the class calQ™ (g, 11; ) and by finding the estimates on the coefficients |az| and |as| for functions in this
class.

Definition 7. The function f is said to be in the class QZ (g, p; x) if the following conditions are satisfied:

20q(RE £(2))
% < G(Lp o m@)}(2) —1

and
wdg(Ry f(w))

Ry f(w)
where RY f(z) is Ruscheweyh differential operator defined in [29].

= G(Lp g m(x}(w) =1 (13)

Theorem 1. Ler f given by (1) be in the class o~ (g, u; ). Then,
|P(z)| 2|P(z)]

las| <
\/q g+ L) [{2 0+ 2], — [+ 1], Ga + D)} P2(@) — dq [ + 1], Q)

(14)

and
P (x) |P()]
(1+468)2m(14¢)?  (@+20)m(1+20)

lag| < 15)

Proof: Let f € Q¥ (q, u; ). Then from Definition 7, for some analytic functions 2, A such that (0) = A(0) = 0 and |2(z)| < 1, |A(w)| <
1 for all z,w € U, we can write

20q(Rq f(2))
% = G(Lp g ()} (2(2) — 1 (16)
and
wdq(Ry f (w))
% =G(Lp.om@}@(w)) -1 17)
or equivalently
0q(RY
M =-1+Lpgo(z)+Lpoi1(x)z)+ LP7Q72($C)Q2(Z) 4+ (18)
Ry f(z)
and
0q(RY
M =1+ Lp,go(@)+ Lp,o1()A(w) + Lp, g 2(x) A (w) + - - (19)
7?fq J(w)
From the equalities (18)and (19), we obtain that
204(Rq f(2)) _ 21 2
W =1+ Lpgi(x)iz+ [L'pygyl(x)lg + L'p,g’g(m)ll] 254 (20)
and
wdq(Re f(w))
% =14+ L7;'7Q71(a:)r1w + [LP7Q71(.’E)T2 + L7D7Q72(m)r%] w2 + ... 1)
It is known before that if for z, w € U,
Qz) = Zlizi <1
i=1

and
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m
Alw) = Zriwz <1
i=1
than
L] <1
and

Alw) =1r] <1

where 7 € N. Also, we can write

Zaq(Rgf(z))

RES(2) :1+Q[H+1]qazz+{q[u+1]q[u+2]qa3,q[ﬂle]ga%}zer___’

and
wdg(Ry f (w))

Ry f(w)
Now, comparing the corresponding coefficients in (20)and (21), we get

=1—qlu+ 1] 00w+ {=qlu+1],[n+2) a5 +alp+1], (20n+2, — [s+1],) adfw’+- .

qlu+1],a2 = Lpgi(z), (22)
qlu+1,n+2, a5 —qlu+1ia5 = Lpoi(@)e+ Lpoa@)li, (23)
—qlp+1,as = Lpgi(a)m, (24)

= qlp+1],[n+2],a3+qp+1], (2[N+2]q_[“+1]Q)a%

= Lpoi(@)ra+ Lp,ga(x)ri. (25)
From (22)and (24)
Iy =—rq, (26)
2 2 2 12 2, .2
2¢° [p+1] a2 = Lp g1(z) (iT +71) . @27
Adding (23)and (25) we get
pnt2 2 _ 2, .2
2¢" [p+1] a2 = Lp g 1(x) (2 +72) + Lp,02(x) (ll + 7’1) (28)
By using (27) in (28) we have
213 0.1(@)a" 7 [+ 1], — 2Lp,02@)a” [u+ 11 a3 = L} 0.1(2) (2 +12) 29)
which gives
P(x P(x
las| < [P ()] VIP(z)|

2 b, = 2 s+ 2] P20 — 2+ 112 Q)
Also, by subtructing (25) from (23) , we get
(2alu+1], 10 +2),) (a3~ a3) = Lp.oa(@) (2 — 72). (30)

Then, by using (26) and (27) in (30), we have

2 2 2
Lp.oa(z) (ll + Tl) Lp,.g1(x)(l2 —712)

asz =
2¢% [ + 1] 2q [+ 1g [+ 2],

and by the help of (9), we conclude that
P2(2) P@l
Alu+12  alp+ 1 h+2,

Remark 1. Choosing i = 0 in Theorem 8, we obtain following corollary
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Corollary 1. Let f € Q%(q,0;z) = Q”(q; x). Then,

and
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