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Abstract: In this research, we establish some properties for the Shively’s Pseudo-Laguerre polynomials. We derive various fami-
lies of multilinear and multilateral generating functions for a family of Shively’s Pseudo-Laguerre polynomials.
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1 Introduction

Shivley (see, for example, [1]; see also [[2], p. 298, Eq. 152 (1)];[[3], p. 127, Eq. (47)] and [[4], p. 1758, Eq. (3)]) has defined the polynomial
Rn(a,x) by
Rula,2) o= 0 1y st (1)

in which n is any non-negative integer, and a is independent of n.
The pseudo-Laguerre polynomial Ry, (a,x) may also be written as

(a)2n

Bn(a,z) = n!(a)n

1Fi(—n;a+ n;z)
which are related to the proper simple Laguerre polynomial
Ln(z) = 1F1(-n;1;z)

by

Rn(a,z) = ! Z (a _kll)n_k Ly _1().

Toscano [5] had already shown that

00 a—1
Rp(a,z)t" = (1—4 -1/2 (#) i . 2
nE::() (o (= iryvi—a) (1+vT—41)? @

Shively obtained Toscano’s other generating relation

o0

1 1
Z Mtn = e gFi(—; 51 §a;t2 — at),
and extended Toscano’s (2) to
0o a—1 A7, ..., Op;
_ 2 —4xt
Ssur = -7 (o) i |
"LZO 1+ 1_4t p ﬂ17"'7ﬁq; ( )
in which
—n, a1, ..., Qp;
a
Sn(z) = (,)i p+1Fg+1 r
n(a)n a+naﬂla"’7ﬂq;
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For the particular choicep =0, ¢ =1, by =1, a = 1the S, (z) becomes

(2n)!
(n!)?

on(z) = 1Fo(=n;1+n,1;2)

for which Shively has the additional generating relation [6]

N on(T) t — Azt + 12 t+ Vaxt — 12
> =0l |(s——m—— o | sl ——— |-
= (2n)! 2 2

The Rn(a,x) of (1) is of Sheffer A-type zero, as pointedout by Shively. He obtains many other properties of Ry (a,x). Here , Fy denotes,
as usual, a generalized hypergeometric function with p numerator and g denominator parameters and as usual, (\), denotes the Pochhammer
symbol or the shifted factorial, since

(1)n =n! (n € Np),
which is defined (for A, v € C and in terms of Gamma function) by

\), . LA+y) [ (v=0; A e C\{0})
Wy := (N _{/\(/\Jrl)...()\Jrnfl), (v=neN; xeC),

it getting understood conventionally that (0)g := 1.

The main object of this paper is to study several properties of the pseudo-Laguerre polynomial Ry (a, x). Various families of multilinear and
multilateral generating functions, miscellaneous properties and also some special cases for these polynomials are given.

2 Generating functions
In this section, we derive several families of bilinear and bilateral generating functions for the pseudo-Laguerre polynomial R, (a, ) generated
by using the similar method considered in (see, [7] - [12]).

We begin by stating the following theorem.

Theorem 1. Corresponding to an identically non-vanishing function Q;,(y1, ..., yr ) of r complex variables y1, ..., yr (r € N) and of complex
order p, let

[oe}
AW, 90 Q) = D @k Qg (Y1, 90" (@ # 0, pg€C),

k=0
and
[n/p] .
Ol Y (@, 25y, ooy yrs €) 1= Z ap Ry —pr (0, 2) Qg (Y1, - yr )€
k=0
Then, for p € N, we have
o a—1
_ 2 —4axt
ST ohy (a,zyr, .y )t = (1 - 4t) bz (7) exp <2> Ay, yrim) (©)
= 14+ V14t (1+«/174t)
provided that each member of (3) exists.
Proof: For convenience, let .S denote the first member of the assertion (3). Then,
oo [n/p] X
S = Z Z ap Ry pr(a, ) Qg (Y1, - yr)n £
n=0 k=0
Replacing n by n + pk, we may write that
oo o0 k
S = Z Z a Rn(a, )yn(z, a —n, B)Quqprk (Y1, oy yr)n t"
n=0 k=0
o0 o0
k
= Z Rp(a,z)t" Z ap ik (Y15 s Yr )M
n=0 k=0

a—1
_ 2 —4xt
= (1—4t)~ Y2 (7) exp Ay, yrim),
I+ Vi-at (+vizap?)

which completes the proof. ]
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If we set

(1, oy ) = B (1)
in Theorem 1, where the multivariable polynomials @Lojz " w (%1, .., Tr) , generated by [10]

> @5{1) (21, ey zr)t" = (1 — xlt)fo‘e(m*‘*z"')t,
n=0 4)

(a eCy |t < {|x1\_1}) .
(@)

Thus, we have the following result which provides a class of bilateral generating functions for the multivariable polynomials <I>H Lok (z1y .y xr)
and the pseudo-Laguerre polynomial Ry, (a,x) as follows:

Corollary 1. If

o0
Auﬂ/)(yly 7yr71U) = Z ak¢£&oﬁwk(y17 "'7y7')wk (ak 7é O,Uy¢’ € (C),

k=0
then, we have

oo [n/p] (@) X

Z Z apRp_pr (a, ) @/iwk(yl,...,yr)w " 5)
n=0 k=0

_ 2 a-l —4xt
= (1—4t) 1/2 (7) exp| ————— = A, Y1y ey yr;m),
1+ V14t (1+vi—a?) "

provided that each member of (5) exists.

Remark 1. Using the generating relation (4) for the multivariable polynomials q),(la)(xl, .y @r) and getting ap, =1, p=0, ¢ =1 in
Corollary 1, we find that

oo [n/p]
Z Z Ry, _pi (a,) @,ga)(xl, ...,xr)wktn
n=0 k=0
a—1
_ 2 —A4xt
— (a2 (7> exp | ——dot
14+ 1 —4t (1+vT—4)*

x (1— aclw)ﬂ"e(ajﬁ'"Jrg”")w7

_ 1
(aj €C, |u|< {|x1| 1},\t| < Z)'

3 Conclusion

In this paper, we esteblish some properties for the Shively’s Pseudo-Laguerre polynomials. Various families of multilinear and multilateral
generating functions and their miscellaneous properties are obtained. With the method used here, it is possible to obtain bilinear and bilateral
generating functions for other polynomials.
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