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Abstract: The main purpose of this article is to introduce new sequence spaces po (A(m)), De (A(m)) and po (A(m)) which

are consisted by sequences whose m" order differences are in the Pascal sequence spaces poo, pe and po, respectively. Fur-
thermore, the bases of the new difference sequence spaces p. (A™)) and py A“’”) , and the a-, 3- and ~-duals of the new

difference sequence spaces poo (A(m)) » Pe (A(m)) and pg (A(m)) have been determined. Finally, necessary and sufficient con-

ditions on an infinite matrix belonging to the classes (pc (A(m)) s loo) and (pe (A(m)) : ¢) are obtained.
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1 Introduction

By w, we shall denote the space of all real or complex valued sequences. Any vector subspace of w is called as a sequence space. We shall
write oo, ¢ and cq for the spaces of all bounded, convergent and null sequences, respectively. Also by bs, cs and [; we denote the spaces of all
bounded, convergent and absolutely convergent series, respectively.

Let X, Y be any two sequence spaces and A = (a,) be an infinite matrix of real or complex numbers a5, where n, k € N. Then,
the matrix A defines a transformation from X into Y and we denote it by A : X — Y, if for every sequence = = (x) € X the sequence
Az = {(Az)n}, the A-transform of z, is in Y, where

(Az), = ankwi 0]
k

for each n € N. For simplicity in notation, here and in what follows, the summation without limits runs from 0 to co. By (X : Y'), we denote
the class of all matrices A such that A : X — Y. Thus A € (X :Y) if and only if the series on the right side of (1) converges for eachn € N
and every x € X, and we have Az = {(Az)n} € Y forallz € X.

In the study on the sequence spaces, there are some basic approaches which are determination of topologies, matrix mapping and inclusions
of sequence spaces [2]. These methods are applied to study the matrix domain X 4 of an infinite matrix A in a sequence space X is defined by

Xg={z=(zp) ew: Az € X},

which is a sequence space. Although in the most cases the new sequence space X 4 generated by the limitation matrix A from a sequence space
X is the expansion or the contraction of the original space X, in some cases it may be observed that those spaces overlap. Indeed, one can
easily see that the inclusions Xg C X and X C X strictly hold for X € {ls, ¢, co} [1]. Especially, the sequence spaces and the difference
operator which are special cases for the matrix A have been studied extensively via the methods mentioned above.

Define the difference matrices A* = (§,,;,) by

5. AR (n—1<k <),
nk = 0, 0<n—1orn>k),

foreach k,n € N.

In the literature, the difference sequence spaces loo (A) = {z = (z}) € w: Az €l }, c(A) ={z = (z) €w: Az € c}and g (A) =
{z = (z}) € w: Az € ¢o} are first defined by Kizmaz [3]. Difference sequence spaces have been defined and studied by various authors
[9]-[20]. The idea of difference sequences was generalized by Et and Colak [9] and Murseelan [10]. Let A denotes one of the sequence
spaces loo, ¢, and cg. They defined the sequence spaces A (A(m)) ={z = (z3) €w: Az € \}, where m € N and (A(m)x) =

n
m

> (=1)*("")k—;- The operator Al™) -5 w is defined by (A(l)x)k = (2 — zpp1) and A g = (A(l)x>k 0 (A(m_l)x)k (m >

) i
=0
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2). Throughout the article, we shall use the convention that a term with a negative subscript is equal to naught. Also throughout this work, by
F and K, respectively, we shall denote the collection of all finite subsets of N.
Let P denote the Pascal means defined by the Pascal matrix [4] is defined by

P:[pnk]:{ (”*07( ) ,(n,k € N)

and the inverse of Pascal’s matrix Py, = (p,j) is given by

There is some interesting properties of Pascal matrix. For example; we can form three types of matrices: symmetric, lower triangular, and
upper triangular, for any integer n > 0. The symmetric Pascal matrix of order n is defined by

Sn = (sif) = (“;j_; 2>,fori,j:1,2,..‘.,n, %))

we can define the lower triangular Pascal matrix of order n by
om0

and the upper triangular Pascal matrix of order n is defined by
Un = (uig) = { (= %0)7’ s @

We notice that Uy, = (Ly)7, for any positive integer n.

i. Let S), be the symmetric Pascal matrix of order n defined by (2), L, be the lower triangular Pascal matrix of order n defined by (3), and
Un, be the upper triangular Pascal matrix of order n defined by (4), then Sy, = LnUp and det(Sn) = 1 [5].

ii. Let A and B be n x n matrices. We say that A is similar to B if there is an invertible n x n matrix P such that

P 'AP = BJ6].

iii. Let Sy, be the symmetric Pascal matrix of order n defined by (2), then Sy, is similar to its inverse Sy, L5].

iv. Let Ly, be the lower triangular Pascal matrix of order n defined by (3), then Ly, ! = ((—1)*~J liz) [7].

Recently Polat [8] has defined the Pascal sequence spaces poo, pe and pg like as follows:

< oo} ,

n
n—=k
k=0
n
= = : lim n T}, eXists
Pec = IE—(Ik)EwnA)OO n_k k )
k=0
n
. n
poz{m:(a:k)ew:hm ( )xk:O}.
n—)ook:O n—k

In the present paper, we define Pascal difference sequence spaces poo (A(m)), De (A(m)) and pg (A(m)) which consist of all sequences

n

Poo = {x—(azk)ew:sup
and

whose m!" order differences are in the Pascal sequence spaces Poo, Pe and pg, respectively. Furthermore, the Schauder bases of the sequence
spaces pc (A(m)) and pg (A(m)), and the a-, 8- and - duals of the sequence spaces poo (A(m)), De (A(m)) and pg (A(m)) have been

determined. The last section of the article is devoted to the characterization of some matrix mappings on the sequence space pc (A(m)).

2 New Pascal difference sequence spaces of order m

The triangle matrix A(™) = (55:,?)) is defined by
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6(m) = (_1)71*]6 ((nTk)) ’ (max{07n - m} <k< ’I’L),
nk 0, (0 <k <max{0,n—m}orn>k),

for all k, n € N and for any fixed m € N. Using this matrix, we introduce the sequence spaces poo (A(m)) , Pe (A(m)) and pg (A(m)) as

the set of all sequences such that AU™)_transforms of them are in the Pascal sequence spaces poo, Pe and pg, respectively, that is,
Poo (A(m)) = {1: = (1) €Ew: AMg e poo} ,

and
Po (A(m)) = {x = (zp) €Ew: Az e po}.

Define the sequence y = {yy. }, which is frequently used, as the H- transform of a sequence x = (z,), i.e.,

yn = (He)n =3 <n ! k) PICOE <”Z> Thes )
=0

k=0

Sl ()

for each n, m € N. Here by H, we denote the matrix H = PA™) = (h,,;,) defined by

n( i _1yi—k(m n
B = { Z_Z:k(i—k)( DTRG™M), (0<k <n) (ke N
0, (k>n)

It can be easily shown that poo (A(m)> , Pe (A(m)) and pg (A(m)) are normed linear spaces by the following norm:

S|

eorem 1. esequence spaces pPoo , Pe and po are banacn spaces with the norm .
Th 1. Th Alm) A and py (A Banach ith th (©6)

(6)

lzlla = 1Hz|l = sup
n

Proof: Let {xz} be any Cauchy sequence in the space poo (A(m)), where {m” = {mz} = {xé, mil, } € Po (A(m)) foreachi € N.
k

Then, for a given ¢ > 0 there exists a positive integer No(e) such that ‘ T;

n
_Ii

A < eforall k,n > Ny(e). Hence
k n
‘H(xi —xl)‘ <e

for all k, n > No(e) and for each ¢ € N. Therefore, {(Hm)f} = {(H:v)? , (Hav)z1 , (H:E)ZQ , } is a Cauchy sequence of real numbers for
every fixed ¢ € N. Since the set of real numbers R is complete, it converges, say

lim (Hmi)k — (Hz)g

71— 00

for each k € N. So, we have
lim ’H(mf —m?)’ = ’H(mf —x;)

n— o0

<e

for each k > Ny(e). This implies that ka — mHA < efork > Ny(e), that is, z° — z as i — oco.

Now, we must show that z € poo (A(m)) . We have

n n .
i i—k[ m
Izl = |Hm|m:sup2{2<ik><—l>l (kﬂwk
™ lk=0 Li=k
< sup‘H(mZ—mk)‘—i—sup‘HmZ‘
n n
< Hzi—xHA—F’PA(m):rfc < oo

for all 4 € N. This implies that x = (z;) € peo (A(m)). Therefore poo (A(m)) is a Banach space. It can be shown that pc A and
Po (A(m)) are closed subspaces of peo (A(m)>, which leads us to the consequence that the spaces pc (A(m)) and pg (A(m)) are also

Banach spaces with the norm (6). Furthermore, since po (A(m)> is a Banach space with continuous coordinates, i.e.,

P(:rk - 93)”A —

0 implies ‘H(mf‘ —xy)

— 0 for all, it is a BK -space. (]
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3 The bases of sequence spaces p.(A™)) and p,(A™)

In this section, we shall give the Schauder bases for the spaces pc(A(m)) and po(A(m)). First we define the Schauder bases. A sequence

{b(k) }k in a normed sequence space X is called a Schauder bases (or briefly bases), if for every € X there is a unique sequence (A ) of
1S

scalars such that

lim ||z — (Aowo + A121 + ... + Anzn)|| = 0.
n—oo

Theorem 2. Define the sequence b(F) = {bglk)} N of the elements of the space py (A(m) ) for every fixed k € N by
ne

n—u

(k) i 10’ (me<h
= 8 S R, (2 R "

i=

Then, the following assertions are true:
i. The sequence {b(k) }k N is bases for the space pg (A(m)) and for any x € pg (A(m)) has a unique representation of the form
€

T = Z (Hz) k).

k

ii. The set {t, b(l), b(2), } is a basis for the space pc (A(m)) and for any x € pc (A(m)) has a unique representation of form

z=1t+ > [(Hz), — 1] 6%,
k

where t = {tn} = i Z”(i_ik)(—l)i_k ;%) (mneN), I = klim (Hzx)y, and H = PA™),
k=0i=k oo

Theorem 3. The sequence spaces poo (A(m)), Pe (A(m)> and pg (A(m)) are linearly isomorphic to the spaces l~o, ¢ and cq respectively,
i.e., Poo (A(m)) = oo, Pe (A(m)) ¢ and pg (A(m)) 2 ¢p.

Proof: To prove the fact pg (A(m)) 2 ¢p, we should show the existence of a linear bijection between the spaces pg (A) and cg. Consider the

transformation T defined, with the notation (5), from pg (A(m)) to cg by x — y = T'x. The linearity of T is clear. Further, it is trivial that
x = 0 whenever Tz = 0 and hence T is injective. Let y € ¢y and define the sequence z = {z, } by

=3 {Z (m o 1) (~1)ik (z ! kﬂ Ui ®

k=0 Li=k
for each m, n € N. Then,

n n .
_ 1 E v _qyi—k[ ™ — _
- nll>moo |: (Z — k) (1) (Z — k>:| Tk = nli>mooyn =0

k=0 Li=k
Thus, we have that x € pg (A(m)). Consequently, T is surjective and is norm preserving. Hence, T is a linear bijection which implies that the

spaces pg (A(m)) and cq are linearly isomorphic. In the same way, it can be shown that po (A(m)) and pc (A(m)) are linearly isomorphic
to Il and c, respectively, and so we omit the detail. O

4  The o, 5- and ~- duals of the sequence spaces p.. (A™), p. (A™) and p, (A™)

In this section, we state and prove the theorems determining the a-, 5- and ~- duals of Pascal difference sequence spaces poo (A(m)),

Pe (A(m)) and pg (A(m)). For the sequence spaces A and p , define the set S (A, u) by

S\ p) ={z=(z) €w:zz=(xRzg) € p forallz € A}. )
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The -, - and ~y- duals of a sequence space A, which are respectively denoted by A%, A and A7 are defined
A% =S (A1), N =5\ es) and A = S (\,bs).

We shall begin with some lemmas due to Stieglitz and Tietz [21] that are needed in proving (4)-(6).
Lemma 1. A € (cg : I1) if and only if

sup Z Z Ap| < 00 . (10)

KeF ™, keK

Lemma 2. A € (cg : ¢) if and only if

sup Y _ |ank| < oo, (11)
"ok
nh—{%oa”k —ap =0. 12)
Lemma 3. A € (cg : loo) if and only if
supz |ank| < oo. (13)
n
k

Theorem 4. Let a = (ag) € w and the matrix B = (byy,) by
. (ST ED T en @<k <)
vk = =
’ 0, (k>mn)

forall m, n € N. Then the - dual of the spaces poo (A(m)), De (A(m)) and pg (A(m)) is the set

D=<ca=(an) Ew: supz ank < 00

€F T kek

-1
Proof: Let a = (an) € w and consider the matrix B whose rows are the products of the rows of the matrix H 1= (PA(m)) =

(A(m))flel and sequence a = (an ). Bearing in mind the relation (5), we immediately derive that

n n n

m+n—1—1 i 7

anTn = Z |:Z< n—i )(—1)2 k (Z _ k) an:| Yk = Z bpryr = (By)n (14)
k=0 Li=k k=1

m,n € N, we therefore observe Lemma 1 and by (14) that ax = (anzn) € I3 whenever z € poo (A(m)),pc (A(m)) and po A if and

only if By € I3 whenever y = (yi) € lco, ¢ and cg. This means that a = (an) € [poo (A(m))]a, [pc (A(m))}a and [po (A(m)ﬂa

[e3

if and only if By € ([poo (A(m))]a 1), ([poo (A(m))]a :11) and ([ o0 (A(m))] :11) which yields the consequence that
T N A T :
Theorem 5. Let a = (ag) € w and the matrix C = (cpy) by

n

Z Zn(m+ii:jj_l)(_1)j_k(jzk) a4, (0 < k < n)
=k

R (k> n)
0, >n

and define the sets c1, co2, c3 and cyq by

C1

{a— (ar) €w:sup 3 Jensl < oo},
n

k

ca = a=(ap) €w: lUm cyy, exists foreach k € N,
n—o0

cg = {a = (ap) Ew: nll}mooz lenk| = Z ‘nli)moocnk‘} ,
k k
and
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cq = {a = (ap) Ew: nl;n;o;cnk extsts} .
CONK (m)\]” CONE :
Then [poc (A )} s [pc (A )] and [po (A )] is cg Ncs, 1 Nea Neyq and ¢ N ca, respectively.

Proof: We only give the proof the space pg (A(m)). Since the rest of the proof can be obtained by the same way for the spaces pc (A(m))
and peo (A(m)). Consider the equation

n k k . .
Zakl’k = ZZ Z (m —|—:_—]] - 1> (_1)1—2 <j]_z) aryi (15)
k=1 j=i

Il
N
N

/N
3

+

S e
I

S
|

—_

~
=
<

|

£

~—
<
S
e

~__—
&
<
=

Thus , we deduce from Lemma 2 and (15) that ax = (apz) € cs whenever x = (xy,) € hg (A(m)) if and only if Cy € ¢ whenever y =
B

(yx) € co. That is to say that a = (ag) € [po (A(m))] if and only if C' € (cg : ¢) which yields us [pg (A(m))]ﬁ = ¢1 N ¢2. The §- dual

of the sequence spaces [pc (A(m))] and [peo (A(m))] may be obtained in the similiar way, we omit their proofs. O

Theorem 6. The - dual of the spaces poo (A(m)), Pe (A(m)) and pg (A(m)) is the set cy.

Proof: This may be obtained in the similiar way used in the prof of Theorem (5) together with Lemma 3 instead of Lemma 2. So, we omit the
detail. O

5  Matrix transformations on the sequence space p. (A™)

‘We shall write throughout for brevity that

oo
- m+n—7j5—1 i j
G = E ( n—j )(_1)3 k(jik>anj,

=k

and

gnk = Z <m +nn__j B 1) (71)j7k <] i k) An 5

Jj=k
forall m,n, s € N.

In this section, we give the characterization of the classes (pc (A(m)
using standart methods, we omit the detail.

~—r~

: loo) and (hc (A(m)) : c). Following theorems can be proved

Theorem 7. A € (pc (A(m)) : loo> if and only if

sup Y |gnk| < oo, (16)

n

k

nlew %gnk exists for all m € N, a7
sup Z |ank| < oo, (n€N), (18)

neN 3

and
lim @, exists foralln € N. (19)
n—oo
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Theorem 8. A € (pc (A(m>) : c) if and only if (16)-(19) hold, and

n—oo

lim > " ang = a, (20)
k

lim (dnk) = Qy, (k S N) (21)

n— oo
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