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Abstract

The present study deals with some new properties for the Mittag-Leffler polynomials and the deformed Mittag-Leffler polynomials. The
results obtained here include various families of multilinear and multilateral generating functions, miscellaneous properties and also some
special cases for these polynomials.
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1. Introduction

The classical Mittag-Leffler polynomials g,(y) were introduced by Mittag-Leffler in an investigation of analytic representation of the
integrals and invariants of a linear homogeneous differential equation (see [2]). For the summary of basic properties of them, one may refer
to the paper of Bateman (see [3], [4]). They are given by ordinary generating function as

> 1+x)’
Y (¥ = <1_x) , (1.1)
n=0
with |x| < 1. The first few them are
g = 1,
ay) = 2
@) = 27
4 5 2

&) = 33

_ 2 4 4 2
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_ 4.5 45 2
gs(y) = 5 T3 Ty

In fact, the Mittag-Leffler polynomials can be expressed in terms of the Gauss hypergeometric function 2 F} as
gn(y) =2v2F1 (1—n,1-y:2;2),

for all n > 1. Following Roman, throughout this paper M, (x), also called Mittag-Leffler polynomials, are defined by the generating function
as

d X" 1+x\’
Y Mu(0)= = ( ) . (see, [6]). 1.2)
— n! 1—x
n=0
We note that the Mittag-Lefffler polynomials form the associated Sheffer sequence for
e —1
=51
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and have the following explicit expression

)= 3 (1) - a2,

where (x), is the falling factorial given by (x), =x(x—1)--(x—n+1), forn > 1, and (x)g = 1. Although they are known for a long time, a
few new papers considering them, appear recently (see, for example, [7] and [8]). They satisfy recurrence relations

en(y+1)—gn1(y+1)=gn(y) +8n100)s

(n+1)gn11(y) —2v8n(y) + (n— 1)gn-1(y) = 0.
In [5], it was defined deformed exponential function

en(x,y) = (1+hx)"/" (xe C—{—1/h},y €R).

Function e;,(x,y) keeps some of basic properties of exponential function. For y € R, the following holds:

ep(x,y) >0 (x<—1/h for h<0orx>—1/hforh>0),e,(0,y) =e,(x,0)=1.

If h exchanges the sign, we have

e_n(x,y) = en(—x,—y) (x # 1/h).

The additional property is kept only in regard to second variable:
en(x,y1)en(x,y2) = e (x,y1 +y2)-
Deformed exponential functions can be represented as expansions:

1
en(ey) = Y~y (] < 1),

n=0

=1
epxy)=Y Ex”y[”’h] (Jhx| < 1).
n=0""

Generating function of Mittag—Leffler polynomials can be recognized as

Gloy) = (1+x) (1 =) = ei(x,y)e-1(x.y).

For h € R\{0} we can define deformed Mittag-Leffler polynomials as coefficients in expansion [5],

oo

Galx) = enx)e-n(3) = 1 g 1) (1.3)
Hence, .
g (v) = % i (:1) ylmh)yln=mh]
m=0
Theorem 1.1. (see, [5]) The successive members of sequence {gi,h) (¥) }nen, satisfy the three-term recurrence relation
(n+ 18, ()~ 258 ()~ 12 (n—1)g, (5) =0 (n>2),
20 =1, g/" (=2
The first members of the sequence {gﬁlm (¥) }nen, are [5]:
8'0) = L,
a0 =
&0 = 27
&0 = D),
&) = %yz (O +21%),
ey = %y(2y4 + 10122 +3h%).
Theorem 1.2. (see, [5]) The polynomial gflh) (y) can be represented over hypergeometric function as
g () =2H' 1 F (1fn,lf%;2;2>, n>1. (1.4)
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2. Generating Functions For Deformed Mittag-Leffler Polynomials

Now, we give some special generating functions for the deformed Mittag-Leffler polynomials g,(lh) (y) given by (1.4).

Theorem 2.1. The following generating function for deformed Mittag-Leffler polynomials g,(lh) (y) holds true:

(M) o2 -1 Y § 1.h.n 2Xh
= —(1—xh Fil1—=,1,1;2;2
n;ogl‘l (y)x h( X) 1[ h7 9 Lo~y axh_l

where F is the Lauricella’s hypergeometric functions of three variables.

Proof. The polynomials 2 Fj [p — n, &; ¥;z] admit the following generating functions

< (A _ o

Y Mesklpmeydr =00t A [a,P,l;Y;z,m} IR @1
n=0 """

where we have used a special case of Lauricella function (see, for example, [1], p. 150). f weputA =1, p=1, o = 1— 7, Y=2,z=21in

the generating function (2.1) and using (1.4) we get

Yol = Yow! 2F1(1_”’1_%;2;2W
— n=0

_ ; 1= 2:2:2)(xh)"
2xh

h| <1,
Py , |xh| <

7
- %(1—xh) A 1—?17122

which completes the proof.

Theorem 2.2. The following generating function for deformed Mittag-Leffler polynomials gs,h) (y) holds true:

5 o ()" = 2 (1 —xh) R 1= 12—

Lognt ()" =3 (1) ofi 1= 3, 12—

where o Fy is Gaussian hypergeometric function.

Proof. The polynomials »F [p —n, ;A + p; z] admit the following generating functions

—n, 0, A +p;g)t" 2.2)

— XA . . Z
- (1 Z) (1 [) 2F av;{"l‘i’pv(l_z)(l_l) )

where we have used a special case of hypergeometric function (see, for example, [1], p. 151). f weputA =1,p=1,0 =1— / ,Z2=21in

the generating function (2.2) and using (1.4), we get
Zg<h> = You! 2F1(l—n71—%;2;2))d’
n=0
2y v y n
= = 32;2) (xh
b L Rl-n =22

2 ~1 Y i, 2
= (- oA {1 h71,2,1_xh},

which completes the proof.

Theorem 2.3. The following bilateral generating function for deformed Mittag-Leffler polynomials g,gh) (y) holds true:

i (y) FUhLmsr { —ns(eu) : (ap):(er); Z’t} >

z Vig;s (fi): (bq);(ds);
= 2}%( 1)~ I+ (l—xh)fl
@ [ Ti—=slew):i—:1=3:(ap)i(cr)s 2 z(xh) 1(xh)
XFS{ (A2 ()5 ) T xh— kA

where F() is the Srivastava’s general triple hypergeometric seies.
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Proof. The polynomials »F [p —n, ;A + p; @] admit the following bilateral generating functions

= (A), st [ () < (ap) s (er):
Filp—n,o;A+p;@ F". .5 NG P/ X" 2.3
n;() o 2 1 n P ] vigss (fv) . (bq);(ds); 31X (2.3)
- (1-@) *(1-x~*
< F®) Au—i(ew):i—:  o(ap)i(e): 0] > X
—u= ()= A+pi(bg):(ds); (1—@)(x—1) x—1"x—1
q
where we have used a special case of hypergeometric function (see, for example, [1], p. 151). f weputA =1, p=1, a=1— ,—4, O =2in
the generating function (2.3) and using (1.4), we get
o (h) o\ gt Lipir { —n,(eu) : (ap);(cr); } n
F . Z,t| x
r;)gn (y) vig;s (fv) . (bq) ;(ds);
= Z2yh" 12F1(17n1 22)Futh{;r|: - (P) ( Z7:|X
n=0 h ( )’( ?
2}7 o y utl:pr | — eu : ( ) Cr); n
= — Fi(l—n1—=2;2)F" .5 | (xh
h nzbz 1( n, n ) Vigis ( ( ) (dy); z,t| (xh)
2 .
- % (—1)" 5 (1 —xh)™!
FO [ TE (ew):—:1—=7%:(ap)s(cr); 2 z(xh) t(xh)
== () s—:2(bg)s(ds); 1—xh’ xh—1"xh—1]"
which completes the proof. O
Theorem 2.4. The following bilinear generating function for deformed Mittag—Leffler polynomials gﬁlh) (y) holds true:
o (h h
Y o ()™, (2)x"
n=0
4 y -1
- % (1)~ 1+ (1 —xh2)
y Z 2 2xh?
Fil1-=1--22——, ——|,
Xz{’ A i P
where F, is the Appell’s hypergeometric functions of two variables.
Proof. The polynomials ,F (p —n, o; B;x) admit the following bilinear generating functions
Z (B=p) py Pl 2R (p—n,0;B;x)2F (—n,y;8;)1" 2.4)
n=0

. X o
(I=x)(t—1)"t—1

where we have used a special case of hypergeometric function (see, for example, [1], p. 295). f weputx =2, p=1, B =2, a=1-7y,
Z

y=1-%, 6=2, y=2, t= xh? in the generating function (2.4) and using (1.4), we get

= (1-x)"%1-0PPR|B-p,a,y.p,8

Z g () g ()"

= Z 2yh”*1 2F1(1 —n,1— %;2;2)21}1" 2F1(—Il, 1—- %;2;2))6”
n=0
4yz v y z 2\"
= Y R —n1—2:2:2) oF (—n 1 - 55252 (h)
hngbm( 1= 232:2) oF1 (=m, 1= 3 2:2) (x
= BTy <1—xh2>7
h
y Z 2 2xh?
Bl l—21-222—— - == |
XZ[’ A A R
which completes the proof. O

Theorem 2.5. The following generating function for deformed Mittag—Leffler polynomials gg,h) (v) holds true:

S L) oy o[ 1-2101 . 2z
Yoo ()2 =5 (1=2h) Flrw{z:_”; — o)

where FII:S;;OI is generalized (Kampé de Fériet’s) hypergeometric function of two variables.
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Proof. The generalized hypergeometric polynomials 1 F, [—m—n, (a,); (bg) ;x| admit the following generating functions

< (A
T vty [ (ap): 0) ]2 @9
= (1-97* F;(:)l;é)l (E’é’q)) . 7":7): X, z)izl . 7l <1

where we have used a special case of generalized hypergeometric function (see, for example, [1], p. 268). If weput A =1, p=1, g=1,

m=—1, (ap) =1-1%, (by) =2, x=2in the generating function (2.5) and using (1.4), we get
= o B
Yoo = Yo 12F1(1—”71_%:2;2)z”
n=0 n=0
2y > y
= — Fi(1—n,1—=;2;2)(zh)"
h r;) 2 1( n, h )(Z )
_ Zy —1 L1 1*%,121; 2zh
= Z(I*Zh) Fo0 2. 27Zh—1
which completes the proof. .

3. Bilinear and Bilateral Generating Functions

In this section, we derive several bilinear and bilateral generating fuctions for the Mittag—Leffler polynomials g, (y) and deformed Mittag—

Leffler polynomials g,(,h) (v) which generated by (1.1) and given explicitly by (1.3) using the similar method considered in (see [9], [10],[11]).

Theorem 3.1. Let

5]

Ou.p (is1, 501 : Zakgn ok () Qg (s1,-00,7) CF. (€B))
If

N (51508937 1 Zak9u+(pk(slv o8) Tk

then, for every nonnegative integer [, we have

i)@uﬁq, (y;sl,...7s,;xip)x”: (1+x) /\“(p S1yeeeySp3M) - (3.2)
n—

Proof. 1f we denote the left-hand side of (3.2) by S and use (3.1),

B

S= Z Zbakgn—pk(Y)Qy+(pk(517-~-5r

)

xPk
Replacing n by n+ pk,

o oo &
n k
T=Y Y agn()Quigk(s1,-5r) x,jx"”

= Y ey Z ak Qs gk (51,-,5) M

1+x
/\u(p STy 8Sp3 1] )

which completes the proof. O

Theorem 3.2. Let

2]

h
Qﬁ@()’;ﬂwwsr;C) =Y akgf,,)pk () Qs gk (51,-557) . (3.3)
k=0
If
/\u,q) (851,00,8757T) ¢ ZakQu+(pk (8150 )Tk

then, for every nonnegative integer L, we have

) Oﬁw (y;sl,...,sr; xip)x” =G (x,9) Ao (51, -5:1) . (3.4)
n=0
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Proof. If we denote the left-hand side of (3.4) by T and use (3.3),

H k
T= Z Zakgn pk u+(pk(51a~-wsr))% xn‘
n=!

Replacing n by n+ pk,
nk
T = Z Z akgn Qu+(pk (s17 oS ) kxn+pk
n=0k= xP
h
= Y00 Y w5150
= k=0
= Gh(xvy)/\liv(P(317"-7sr;n)7
which completes the proof. O

4. Special Cases and Miscellaneous Properties

It is possible to give many applications of our theorems with help of appropriate choices of the multivariable functions Q1 ok (51,---,5r) ,
k € Ny, r € N. We first set

Qi gk (51,557) = DU (51,0057)

(o)

in Theorem 3.1, where the multivariable polynomials & " (pk(xl , .-, Xr) [9], generated by
Y O (1) = (1 —yz) el 0, @D
n=0

where |z < |x;| !
We are thus led to the following result which provides a class of bilateral generating functions for the Mittag—Leffler polynomials g, (v) and
the family of multivariable polynomials given explicitly by (4.1).

Corollary 1. If
Nio (S1500857) :kgakq);&oi(pk(sl’“"s’)fk

(dk?éo, .UKPG(C)

then, we have

- (L] » "y
,Eb kgoakgnfpk(y)q):j,(‘pk(sly ’Sr)xpk X"

k
n n+pk
= Z Zakgn + k(sl7"'asr)7x
n=0k= “ ¢ P

- Z&MWZ@ﬁmmmwmk

(1+x) /\M’sh ).

Remark 4.1. Using the generating relation (4.1) for the multivariable polynomials and getting a = 1, 0w =0, @ =1 in Corollary 1, we get

n=0k=0
= Y ama Y oW (s, sn*
=0 =0
1+x\” _a
_ 1— (s2+...4s)M
<17x) (I—sim) %e ;

(<1 i< o))
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If we set

Q“+(Pk(sl , ..,7sr) = hiLBJlr(DkﬁA) (Sl , ...,Sr)7

by
Z Iy, ﬁl,mﬂ, Zl , v-~,Zr)ln _ H { (1 _Zjlj>7ﬁl' } ’ 4.2)
=1

where |f] < min{|zlr17|zz|*1/2,...,|z,|*1/’}.
We are thus led to the following result which provides a class of bilateral generating functions for the deformed Mittag—Leffler polynomials

g,(f’) (v) and the family of multivariable polynomials given explicitly by (4.2).

Corollary 2. If

/\,Ll.(P (517"'757” Zakhﬂﬁ_‘]_}pk Yla 75r) Tk

(ar # 0, k € No)

and

2]

h I 2
9[_}11,(p (y§517~~-7sr;C) = kgoakgi,)pk (y) LBJlr(pkﬁ ! (Sl,...,sr) Ck

where p,q € N and, we have

i eﬁ,w (y;Sh.-.,sr;:—p)x"

n=0
- [3] "

_ (h) (ﬁ ,Bs) n

- ngo k:ZOakgn pk (y) u#l»(pk (517“'75)’) xpk-x
o o k

= X Y a0 (s1,sr)

0k=0

3
Il

= Zogﬁ xﬂzahf;;pk (51,050 ¥
= Gh(x7y /\,u.,(p S],...,Sr;n).
(h)

Remark 4.2. Using the relation (4.2) for the deformed Mittag—Leffler polynomials g, (y) and ary = 1, 4 =0, @ = 1 in Corollary 2, we
receive

Y e ) Y aPe P (st
n=0

= e {1 ")

J=1
il < min{fsi |~ o7 T = 120
If we set
—1,5 =sand Q =g
r » S1 s an /J+(Pk(s) g”+(pk(s)7

in Theorem 3.2. We are thus led to the following result which provides a class of bilinear generating functions for the deformed

Mittag-Leffler polynomials gEf” ().

Corollary 3. If

/\H(P 5:7) Zakguﬂok( )Tk

(ax #0, k € N)
and

H

ol ~X agll 1 ()84 o (5)CF
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where p,q € N and, we have

k

h h
a8\ () gLJ)r(,,k(S) )%f'

(g
=2
EN
/N
=

)
T|=
S~—

=%

|
D1
==

3
Il
<}
3
Il
S

0

k
akgl(lh) (y) gELhJ)r(pk (s) :?xﬂ+pk

I
s
s 7

= Yo x"k);()akgﬁhl¢k<s>nk

= Gy (x,y) /\p,,(p (Sin)'

Remark 4.3. For the deformed Mittag-Leffler polynomials g,<1h) (y)and ay =1, u =0, @ = 1 in Corollary 3, we receive

Y & 0t Y o s)n*
n=0 k=0

= Gi(xy)Gu(n,s).

Notice that, for every suitable choice of the coefficients a; (k € Ny), if the multivariable functions Q15 sYr), I € N, are expressed as
an appropriate product of several simpler relatively functions, the assertions of Theorem 3.1 and 3.2, can be applied to yield many different
families of multilinear and multilateral generating functions for the Mittag—Leffler polynomials g, (y) and the deformed Mittag—Leffler

polynomials gg,h) ().

Theorem 4.4. The Mittag-Leffler polynomials g, (y) have the following relationships [12]:

a)gn(y) = (%) M,_1(y—1;2;—1), where M,,(x; B, ¢) is Meixner polynomials.
b) My, (y) = n!gn(y), where My (y) is given by (1.2).

Theorem 4.5. The deformed Mittag—Leffler polynomials gSZh> (y) have the following relationships:

) . 1—n ,
Wt o) =2 () R [l-nl- i+ z2-y).

s ~\I-n 1-Z ’ _
be’m=2(2) () "Rli-j1-m2232,]

Proof. a) Using relations (1.4) and

2 F (a,b;b+b/;x_y) = ! —F {a,b,b,;b+b/;x,y] , (see, [1], p.164), 4.3)
=y (I-y)¢

we arrived the result.
b) Using relations (1.4), (4.3) and

P (a,b,b’;a,c/;x7y) =(1 —x)*bFl |:b”b7a — b id;:l , (see, [1], p.163),
we get the desired result. O
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