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SET OPERATORS AND ASSOCIATED FUNCTIONS

Shyamapada MODAK and Sk SELIM
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P.O. Mokdumpur, Malda 732 103, INDIA

ABSTRACT. The study of two operators local function and the set operator
1 on the ideal topological spaces are likely to be the same as the study of
closure and interior operator of the topological spaces. However, they are not
exactly equal to the interior and closure operator of the topological spaces.
In this context, we introduce two new set operators on the ideal topological
spaces. Detailed properties of these two operators are the part of this article.
Furthermore, the operators interior (resp. ¢) and closure (local function) obey
the relation Int(A) = X \ Cl(X \ A) (resp. Y(A) = X \ (X \ A)*). We search
the general method of these relations, through this manuscript.

1. INTRODUCTION AND PRELIMINARIES

Let X be a set and p(X) be the power set of X. A sub-collection Z of p(X) is said
to be an ideal @ on X if 7 has hereditary and finite additivity property. If Z is an
ideal on a set X and 7 is the topology on the same set X, then the triplicate (X, 7,7)
is said to be an ideal topological space . We, throughout the paper denoted, it
by G. Since G deals with two mathematical structures: ideal Z and topology T
simultaneously, thus the condition 7 NZ = {(}} has played important role for the
study of the ideal topological space. This condition termed as codense ideal [4] or
T-boundary or Hayashi-Samuel space . Common representation of various
types limit points like condensation point, accumulation point, w-accumulation
point of the topological space is the local function @Eﬂ of the ideal topological
space G. For a subset A of X, the local function is: A* = {z € X | UNA ¢ 1},
where U € 7(z) = {x € U | U € 7}. For the detail study of the local function,
Natkaniec had introduced another set operator which is called 1 operator.
This operator is defined as: for an ideal topological space G and for A C X,
PY(A) = X \ (X \ A)*. This relation is similar to the well know relation of the
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topological space (X, 7): Int(A) = X \ CI(X \ A), where A C X, and ‘Int’ and
‘Cl’ denoted as the interior and closure operator respectively of the topological
space. Note that the ‘local function’ is not a closure operator and the operator
¥ is not an interior operator. However, the operator I(4) = A U A* makes a
closure operator [6}(7,|9] and it induces a topology on X. This topology is called
*-topology [17,/19] on X and it is denoted as 7*(Z) [8,/10,/14,/16,20] (or simply 7*).
The closure operator of the *-topology is denoted as C1* and the interior operator
of the x-topology is denoted as Int*. Furthermore, Int*(A) = ANy (A) [25,/14416].

This present paper has divided into two parts: one part is some new type of
set operators on the ideal topological spaces and their relations. Characterizations
of the Hayashi-Samuel spaces is also included in this part. The another part of
this paper is related to the set-theory. Actually through this part we search the
generalization of the following relations: ¥(A) = X\ (X\ 4)*, Int(A) = X\ CI(X\
A) and A*M = X \ (X \ A) [13] etc.

Before starting main section we need following tools from the literature:

Proposition 1. [§] Let G be an ideal topological space. The followings are equiva-
lent.

1) X :
2) TﬂI {@}

3) If I €Z, then int(I) = 0;
4) For everyU € 7, U CU*.

(
(
(
(

Lemma 2. [14] Let G be a Hayashi-Samuel space. Then for A C X, (A) C A*.

Proposition 3. [5,8/ Let G be an ideal topological space, and A and B be two
subsets of X. Then the following properties hold:

(1) IfA C B, then A* C B*;

(2) A" =CI(A") € Cl(A),

(3) (A7) C A%,

(4) (AuB)* = A*U B*,

(5) IfI €T, then(AUI) =A* = (A\ I)*,

(6) If U € 7*, then U C 9(U).

Definition 4. A set-valued set function p : p(X) — p(X) is said to be grounded
(resp. idempotent) if p(0) = 0 (resp. p(p(A)) = p(A)), where A € p(X).

2. THE OPERATOR V;

We define the operator V; on an ideal topological space (X, 7,7) in the following
way: for a subset A of X, V1(A) = Y(A) N A(A), where Y(A) = ¢¥(A) \ A* and
ACA) = $(A) \ A,

For the ideal topological space G, if T = {0} (resp. Z = p(X)), then V(@) =0
(resp.yp(A) = X \ A for any subset A of X).
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Lemma 5. Let G be an ideal topological space and A be a subset of X. Then
Vi(4) =¢(A)\ (A" U A).

Proof. V1 (A) = (¥(A) \A") N (P(A)\ A) = [p(A) N (XN AN [ (A)N (XN A))] =
PA)N[(XN\AT) N XN\ A)] = P(A) N [X\ (AU A)] = 9(A) \ (A" U A). U

Theorem 6. Let G be an ideal topological space. Then following statements hold:

) forall A, BC X, (AU B) 2 V1(A)NV1(B).
forall AC X, V, P(A)\ (CI(A*) U A).
forall AC X, V, PY(A)\ (Cl(A) U A).

$(A)\ CI* (4).
for allU € 7, V; 0.

2) )=
3) )2
4) )=
5) )=
6) for allU € 1, V1(U)
7)
8)
9)

(A
(A
forall AC X, V(A
(U

= 0.
forall AC X, V(X \ A) = Y(A)NA(A), where A(A) = (A A*).
forall AC X, (V1(4)) = AU X*.
forall AC X, Vy(A) € 7*.

(1
(
(
(
(
(
(
(

(

Proof. 1. We know ¢ (A) \ A* C
then [(A) \ A" N [(A) \ A] C [
Vi(A4) C ¥ (AUB). Similarly V (B) P
ie, (AU B) D V(A )ﬂVl(

2. From Lemma [} Vi(4) = ¢(A4) \ (A* U A) and from Proposition [} A* =
Cl(A*). Therefore V1(A) = ¢(A)\ (A
(

P(AUB) \ A" and ¢(A)\ A C (AU B)\ A
P(AUB)\ A n[Y(AU B) \ A]. Therefore
C ¥ (AUB). Hence V1(A)NV1(B) C ¢ (AUB)

(CLA") U A).

3. From Lemmal[5] Vi(A4) = (A) \ (A* U A) and from Proposition [3] CI(A4*)
Cl(A). Therefore V(A )2 ( )\ (CI(A) U A).

4. From Lemma 2| Vi(A) = ¢¥(A) \ (A* U A). This implies that Vi(A) =

P(A)\ CT (A).

5. We have V1(U) = (¢ (U)\U*)N ((U)\U) and A(U) = ¢(U) \ U. Hence for
Uer*, Vi(U) CyU)\U=0,U Cy{U) [5.

7 V1 (X \A) = [B(X | A)\ (X \ A0 00X\ A)\ (X A)] = [(X ) A\ (X
APIN XN AN (XN A)] = ((A)\ A7) N (A A7) = Y(A) N A(A).

8. We have, ¢(Vi(4)) = X\ (X \ Vi(4))". Now X\ [{(4)\ CI*(4)] =
XA\ (XNA)NCF(A)] = X\ [X\CT(A) U (X N\ A)] = CTr(A) U (X \ A) =
AUA*U(X\NA)*=AUJ[AU(X\A)]*=AUX". O
Corollary 7. Let G be an ideal topological space. Then for any A C X, V1(A) C

P(V1i(4)).

Now we search the answer of the question that any *-open set can be expressed
as U = V1(A) for some A € p(X). The answer is negative and it is followed by the
following example.

Example 8. Let X = {a,b}, T ={0,{a}} and 7 ={0,X}. Then G = (X,7,7) is
an ideal topological space and 7 = {0, X, {b}}.
Vi(0) =9(@)\ Cl*(@) =X\ X*=0.
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V(X)) = $(X)\ CI*(X) = X \ 0\ X = 0.

Vi({a}) = ¢¥({a}) \ CI*({a}) = X\ {b}" \ {a} = X\ {a,b} \ {a} = 0.
Vi({b}) = »({b}) \ CI"({b}) = X \{a}"\ X = 0.

Therefore, the x-open set X can’t be expressed as V1(A) for some A € p(X).
The following example shows that the operator V; is not grounded:

Example 9. Let X = {a,b,c}, 7 = {0, X,{a,b},{c}} and T = {0,{a}, {c},{a,c}}.
Then v(0) = X \ X* = X \ {a,b} = {c}, 0* = 0. Hence, V1(0) = {c}. Therefore
V1 is not grounded.

The following example shows that the operator V1 operator is not an idempotent
operator.

Example 10. Let X = {a,b,c}, 7 = {0, X, {a,b},{c}} and T = {0,{a}, {c}, {a,c}}.
Let A = {b}. Then ¥(A) = X \ {a,c}* = X\ 0 = X, and A* = {b}* = {a,b}.
Thus, Vi(A) = ¢(A)\ (AU A") = X\ ({b} U{a,b}) = X\ {a,b} = {c}.
Now p({c}) = X \{a,b}* = X\ {a,b} = {c}, {c}" = 0. Yo, Vi(Vi(4)) =
P({e)\({e}U{e}) = {c\(0U{c}) = {c}\{c} = 0 and hence V1(V1(A)) # Vi(4).

If we consider the collection Z,, = {A € p(X) | Int(CI(A)) = 0} for a topological
space (X, 1), then Z,, is an ideal on X and this ideal is called the ideal of nowhere
dense sets.

Remark 11. Let G be an ideal topological space, where T =T,. Then V1(A) = 0.

However, V1(A) = () is not true always and it is followed by the following exam-
ple:

Example 12. In Ezample[10, we consider A = {b}. Then (A) = X \ {a,c}* =
X\0=X, and A* = {b}* = {a,b}. Thus, V1(4) =¢¥(A)\ (AU A*) = X\ ({b} U
{a,b}) = X\ {a,b} = {c}.

Theorem 13. Let G be a Hayashi-Samuel space. Then for A C X, V1(A) = 0.

Proof. We have, V1(A) = (¥(A)\ A*)N(¢(A)\A). Also from Lemmal[2] 1(A) C A*.
Therefore V1(A4) C (A*\ A*) N (A*\ A) C . Thus V1(A) = 0. O

For converse of the theorem we have following:

Theorem 14. Let G be an ideal topological space. If V1(A) =0, for all A € p(X),
then the space G is Hayashi-Samuel.

Proof. Given that V1(X) = 0. Then ¥(X)\CI*(X) = 0. So, (X)) C XUX* C X.

Again, X C¢(X) C XUX* C X, since X is open. Thus, X = X U X*. Therefore,
X = X*. Thus from Proposition [I} the space G is Hayashi-Samuel. (]

Corollary 15. An ideal topological space G is Hayashi-Samuel if and only if, for
each A € p(X), V1(A) = 0.



460 S. MODAK, S. SELIM

Vi(A) = 0, for all A € p(X) is true only when the ideal topological space is
Hayashi-Samuel and it is justified by the Example
More simplified Characterization of the Hayashi-Samuel space is:

Theorem 16. An ideal topological space G is Hayashi-Samuel if and only if V1(0) =
0.

Proof. Let (X, 7,7) be a Hayashi-Samuel space. Then Z N7 = {@}. Now V() =
(P(M\DHN(LD\D) = (X\X*)N(X\X*) = X\ X*. Therefore, V1(f) = X\X* =0
(by Proposition [1).

Again, if V1(0) = 0, then X \ X* = () implies X C X* and hence X = X*. Thus
the ideal topological space G is Hayashi-Samuel. (]

Theorem 17. Let G be an ideal topological space. Then for any A € p(X), X \
Vi(4) = A\ X*.

Proof. Given that V1(A4) = (¢(A) \ A*) N (¢(A) \ A). Therefore, Vi(X \ A) =
(VXAANXAA))N (XA (X\A)) = [(X\AT)\(X\A)]A[(X\A")\ (X\A)]

(XA (AUX\ AN (ANAT) = (X\X7)N(ANAT) = (A\AT)\ X" = A\ (AUX)" =
A\ X O
Remark 18. Given that V1(A) is open for any A € p(X). But the collection

{V1i(A4) | A € p(X)} does not form a basis for a topology on X. It is justified by
the Example[§

3. THE OPERATOR V3

We define the operator V5 on an ideal topological space (X, 7,7) in the following
way: for a subset A of X, V3(A4) = ¥Y(A4) N A(A), where Y(A) = ¢(A) \ A* and
AA) = AN\ A~
Lemma 19. Let G be an ideal topological space. Then Vo(A) = (Y(A) N A) \ A*
for every A € p(X).

Proof. Vy(A) = [p(A) \ A7 N (AN A7) = (¢(A) N (X \ A7) N (AN (X\ A7) =
(P(A)NA) N (X\A) = (p(A) N A)\ A"

For the ideal topological space G, if T = {0} (resp. Z = p(X)), then V(@) =0

(resp. Va(A) = A, for any subset A of X).

Theorem 20. Let G be an ideal topological space. Then followings hold:

(1) for any A € p(X), Va(A) = Int*(A) \ A*.

(2) for any A € p(X), Va(A) = Int*(A) \ A* is open in T*.
(3) Va(X) = V(X).

(4) if U € 7, then Vo(U) = U\ U* = A(U).

(5) if for any A C X, V(4) C Y(A),

(6) for any A € p(X), Va(X \ A) = V4(A).

(7) for any A € p(X), V2(A) = Vi(X \ A).
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(8) X\ Va(X \ A) = X \ V4 (A).
(9) X\ Va(X \ A) = A\ X*.

Proof. 1. From Lemma [19] V3(4) = (¢(A) N A)\ A*. As Int*(A) = ¢(A) N A,
Va(A) = Int*(A) \ A*.

2. Va(A) = Int*(A)\ A* is open in 7*, since Int*(A) is open in 7* and C1*(A*) =
A*UA™ CA*UA* = A* is closed in 7*.

3. Va(X) = (4(X) N X) | X* = $(X)\ X* = V(X).

4. Vao(U) = (p(U)NU)\U* = U\ U*, since U C (V)
Y(A) = p(A)\ A" 2 ((A) N A)\ A" = V3(A). Thus V,(A) C Y(A).
6 V(X \ A) = [p(X\ A\ (XN A)TA[X\ A\ (X A)T] = [(X\ A7)\ (X
AP @A)\ A) = @A)\ A7) N ((A)\ A) = Vi(A). O

-

Corollary 21. Let G be an ideal topological space. Then for any A C X, V5(A)
$(Va(4)).

We have for any A € p(X), Va(A) is #-open, but it is not true that for any
x-open set U, there is some A € p(X) such that Vo(A) = U. It is justified by the
following example:

Example 22. Consider Ezample[§
Va(0) =0, Va(X) =0, Va({a}) =0 and Vo({b}) = 0. Thus for X € 7*, there
is no A € p(X) such that Vo(A) = X.

Theorem 23. Let G be an ideal topological space. Then for any subset A of X,

X\Va(4)=X*U[X\AUA*.

Proof. We have ((A4) \ A*) N (A\ A*). Now X \ [(¥(A)\ A*)n (A \ A%)] =

(XN (AN A UIX\ (AN A7)] = [X (X (X \A)"\ AU X\ AUAT] = [X\

(X\(X\A)*UAMU[X\AUA*] = [(X\A)UAJ*U[X\AUA*] = X*U[X\AuA*]. O

Theorem 24. Let G be an ideal topological space. Then for any A € p(X), V(X \
A)=X\AUX*

Proof. Given that Va(A) = (¥ (A)\ A*)N(A\ A*). Now V(X \ A) = [0(X \ A)\
(XN A)TA[XN\A)\N(XNA)T=[(X\A)\ (XN A)TN[X\A)\ (X N\ A)] =
XA\ (AU (XN A N[XN A\ (XN A)] = (X\A)\(X\A)\ (A" U(X\A)) =
(XNAUXN\ A\ ((X\AUA) = X\ (AU(X\A))\ X = XNAU(X\A)"UX™ =
X\VAUXUX\A))*"=X\AUX*. O
Corollary 25. Let G be an ideal topological space. Then for any subset A of X,

Va(A) = A\ X*.

Proof. From above theorem, V3(A) = X\ (X\A)UX* = (X \(X\A4)N(X\X*) =
AN(X\X*)=A\ X~ O

Corollary 26. Let G be an ideal topological space. Then for any member A of
p(X), V2(A) = X\ Va(X \ 4).
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Proof. Obvious from Theorem [20[9) and Corollary O

Note that the operator V5 is grounded as Vo(@)) = (). But it is interesting that
this is an idempotent operator.

Corollary 27. Let G be an ideal topological space. Then for any member A of
p(X), Va(Va(A)) = V(A).

Proof. From Corollary Va(A) = A\ X*. Then (V3(V2(A)) = Vo (A\ X*) =
(AN X\ X*=A\ (X UX)*=A4A\ X*=Vy(A). (]

If we consider Z = T, for the ideal topological space G, then V5(A) = 0 for every
A € p(X). Tt is not true that Va(A) = 0 for any ideal Z on the topological space
(X, 7).
Example 28. Let X = {a,b,c}, T ={0,{a}} and 7 = {0, X,{a}}. Then G is an
ideal topological space. Let A = {a}. Then ¥(A) = X \ {b,c}* = X\ {b,¢} = {a},
and A* ={a}* = 0. Thus, Va(A) = (P(A)NA)\ A7) = ({a} n{a}) \0 = {a} \0 =
{a}.

General rule for V(A) = 0 is:
Theorem 29. Let G be a Hayashi-Samuel space. Then for A € p(X), Va(A) = 0.

Proof. We have, Va(A) = (¢¥(A) \ A*)N(A\ A*). Also from Lemma[2]1)(A4) C A*.
Therefore, Va(A) C (A*\ A*) N (A\ A*) C (. Thus Va(A) = 0. O

For converse of this theorem we have following:

Theorem 30. Let G be an ideal topological space. If Vo(X) = 0, for each A €
p(X), then the space G is Hayashi-Samueel.

Proof. Given that Va(X) = 0. Then (X)NX \ X* =0. So, ¥(X)\ X* =0 and
hence X \ X* = (). That is X = X*. Thus, from Proposition [I} the space G is
Hayashi-Samuel. O

Corollary 31. An ideal topological space G is Hayashi-Samuel if and only if Vo(A) =
0 for all A € p(X).

More specific characterization of the Hayashi-Samuel space is:

Corollary 32. An ideal topological space G is Hayashi-Samuel if and only if Vo(X) =
0.

Proof. Suppose that the space G is Hayashi-Samuel. Then V5(X) = (X)) N X \
X*=X\X =0.
Converse part is obvious from Theorem [30] ([

Remark 33. Given that V4(A) is open in 7* for each A € p(X). But the collection
{Va(A) | A€ p(X)} does not form a basis for a topology on X. It is justified by

the Example[23.
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4. ASSOCIATED FUNCTIONS

In this section we shall give a general method for the relation Int(A) = X \
Cl(X\ A).

Definition 34. A set-valued set function [ : p(X) — p(X) is said to be associated
with a set-valued set function g : p(X) — p(X) if f(A) = X \ g(X \ A), for each
A€ p(X).

Suppose a set-valued set function f : p(X) — p(X) is associated with a set-
valued set function g : p(X) — p(X), then we called it by f is associated with g
on X and it is denoted as f ~%X g.

Example 35. (i) For a topological (resp. metrizable) space (X, 1), the set operator
interior is associated with the set operator closure.

(ii) For an ideal topological space (X, 7,T), the local function ()* is associated
with the set operator 1.

(iii) For a m-space (X, M), the interior operator mInt is associated with closure
operator mC1 [15].

(iv) For a grill m-space the operator ¢ is associated with the operator 1., (11|

(v) Let F be a filter on X. Then F-Int(A) is associated with F-Cl [12].

(vi) For a grill minimal space (X, M,G1), the operator ()*™ is associated with
the operator ¢, (15].

(vii) Let p be a Generalized Topology in X and H a hereditary class on X. Then
the operator vy, is associated with ()° [1].

Theorem 36. Let f ~~ g and f ~X h. Then g = h.

Proof. Given that for each A € p(X), f(A) = X\g(X\A4) and f(A) = X\h(X\A).
Thus, g(X \ A) = h(X \ A), for all A € p(X). Therefore, g(A) = h(A) and hence
g=h. ]

Theorem 37. Let f ~X g. Then g ~~ f.

Proof. Given that for any A € p(X), f(A) = X\ g(X\ A). Then g(A) = X\ f(X\
A). Therefore, g ~X f. O

Theorem 38. If f ~X g, then fog ~X gof.

Proof. Given that for any A € p(A), f(A) = X \ g(X \ A). Then go f(A) =
g(f(4)) = g(X \ g(X\ 4) = X\ f(X\ (X \g(X\A)) =X\ fog(X\A).
Therefore, go f ~X fog and hence fog~%X go f. O

Theorem 39. Suppose a set-valued set function f : p(X) — ©(X) is defined as
f(A) = A, for all A€ p(X). Then f ~* f.

Proof. Given that f(A) = A= X\ f(X \ A). Thus, f ~~ f. O
Theorem 40. If f ~X g, then fo f~X gog.
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Proof. fo f(A) = f(X \g(X\A4) = X\g(g(X\A4) =X\gog(X\A). So,
fof~¥gog. 0
Theorem 41. If f ~X g and f(A) = A for all A € p(X). Then g(A) = A, for all
A€ p(X).

Proof. Given that f(A) = X \ g(X \ A). This implies that A = X \ g(X \ 4). Thus,
g9(A) = A. O
Theorem 42. If f ~X g and f(A) = X for all A € p(X). Then g(A) =0, for all
A € p(X).

Proof. Given that f(A) = X\ g(X \ A). This implies that X = X\ g(X \ A). Thus,
g(X \ A) = 0. Therefore, for all A € p(X), g(4) = 0. O
Theorem 43. If f ~X g and g ~X h, then f = h.

Proof. Given that for any S € p(X), f(5) = X\ g(X\95) and ¢g(5) = X\ h(X\9).
Thus g(X \ S) = X \ h(S) and hence f(S) = X \ (X \ h(S)) = h(S). Therefore,
f=h ]

Theorem 44. Let f ~% g and f(S1 U S2) = f(S1) U f(Ss), for all S1, S5 € p(X).
Then g(S1 N S2) = g(S1) N g(Se), for all 51,52 € p(X).

Proof. g(S10182) = X\ X\ (81152)] = X\ F((X\81) U(X\ S2)) = X\ (X \
SUF(X N\ S2) = [X\ (X \SDIN X\ S\ S2)] = g(51) N g(S52). O
)

Corollary 45. Let f ~X g and g(Ty UTy) = g(T1) U g(T), for all Ty, Ty € p(X).
Then f(Ty NTz) = f(T1) N f(T2), for all Ty, T € p(X).

Theorem 46. Let f ~X g and f(AU B) = f(A) N f(B), for all A,B € p(X).
Then g(AN B) = g(A) U g(B), for all A, B € p(X).

Proof. Given that g(ANB) =X\ f(X\ANB) =X\ f(X\4) U (X
XAENANFXAB)] = [X\fF(X\AUX N X\ B)] =g(4) Ug(
Corollary 47. Let f ~% g. If f(ANB) = f(A)Uf(B), then g(AUB) = g(A)Ng(B
Corollary 48. Let f ~X g. If g(ANB) = g(A)Ug(B), then f(AUB) = f(A)Nf(B
Theorem 49. If f ~X g, then fogo f~X go fog.

Proof. Given that f(4) = X \ g(X \ A) Then ¢(f(A))

= g(X
X\ f(g(X\ A)). Therefore f(g(f(A))) = F(X\f(g(X\A4))) = X\
Thus, fogo f~X gofog.

Theorem 50. Let f ~~ g. Then for A € o(X), fog(A) = 0 if and only if
go f(X\A) =

\ B)) =
B). ([l
Ng(B).
)

\g(X\ 4) =
9(f(g (X\A)))~

Proof. Given that ) = fog(A) = X\ go f(X \ A). This implies go f(X \ A) = X.
Conversely suppose that go f(X \ A) = X. Then X \ go f(X \ A) = 0. Hence,
fog(A)=0. O
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Let f ~% g. Then the collection {A C X | fog(A) =0} is denoted as Zso,.

Theorem 51. Let f ~X g. If BC A € Iyo,, then B € Tyo,.

Proof. Suppose B C A € Tfo4. Then fog(B) C fog(A) =X \go f(X\A) =
X \ X (by Theorem [50)= 0. Therefore, B € Zyog. O

Theorem 52. Let f ~X g and f(I; N 1y) = f(I1) U f(I3), for all I, Is € p(X).
Then for I1,1> € Ttog, 11 U Iy € Tfoq.

Proof. Let I, Iy € Zfoq. Then fog(l1Uly) = X\ go f(X\[1Ul)) =X \g(f(X\
L)N(X\ 1)) = X\g(f(X\[)Uf(X\D))=X\[go f(X\1)Ngo f(X\]2)] =
[X\go f(X\I1)]U[X\go f(X\I2)]. Hence by Theorem [0} Iy Ul € Zyoy. O

Remark 53. Let f ~* g and f(I, N I3) = f(I,) U f(Iz), for all I}, I, € p(X).
Then T¢oq forms an ideal on X.

Corollary 54. Let f ~% g and g(AN B) = g(A) Ug(B), YA, B € p(X). Then
Zyof forms an ideal on X.

Corollary 55. (i) Let f ~* g and f(ANB) = f(A)U f(B), for all A, B € p(X).
Then {AC X | X\ A€ETIpoq} forms a filter on X, when X ¢ Loq.

(ii) Let f ~* g and g(AN B) = g(A) U g(B), for all A, B € p(X). Then
{ACX | X\A€TIyys} forms a filter on X, when X ¢ Tyor

Remark 56. (i) Above Remark gives a method for obtaining an ideal on a partic-
ular set. But this not the only one method for obtaining an ideal on a particular set.
As for example: We consider the interior and closure operators of the topological
space (X, ), then {A C X | Int(CI(A)) =0} forms an ideal. Note that Int ~* CI,
but neither Int(AN B) = Int(A) U Int(B) nor CI(AN B) = Cl(A) UCI(B).

(i) Further more for an ideal topological space (X, T,T), the operator ()* and v
obey followings:

For ABCX,

(a) (AUB) = (A)* U (B)".

(b) H(AN B) = ¢(4) N(B).

(c) ()% ~X 4.

But the collection {A C X | ()* op(A) = 0} (resp. {AC X | o ()*(A) =0} )
does not form an ideal on X. It is followed by the following examples.
Example 57. Let X = {a,b,c,d}, 7 = {0,{a}, X} and T = {0,{a}}. Then
Yo ()*(0) =p0) =4(0) = X\ X* = X \{b,c,d} ={a} #0. Thus {AC X |
Yo ()*(A) =0} does not form an ideal on X.

Example 58. Let X = R be the set of reals. Suppose R,, is the usual topology on X
and I = {0} is the ideal on X. Consider A=Q and B =R\ Q. Then AUB =R.
Now ¢(4) = (@) = R\ (R\ Q)" = R\R = and $(B) = $(R\ Q) = R\ Q" =
R\R = . Thus, ((A))" = 0 = ($(B))". Again ($(AUB))* = (4(R))* = R* — R,
Thus {AC X | )* op(A) = 0} does not form an ideal on X.
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