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Abstract

A simple graph G = (V, E) admits an H-covering if every edge in E belongs to at least
one subgraph of G isomorphic to a given graph H. The graph G admitting an H-covering
is (a, d)-H-antimagic if there exists a bijection f: VUE — {1,2,...,|V|+|E|} such that,
for all subgraphs H' of G isomorphic to H, the H'-weights, wtf(H') = 3 ,cypry f(v) +
ZeeE(H/) f(e), form an arithmetic progression with the initial term a and the common
difference d. Such a labeling is called super if the smallest possible labels appear on the
vertices. In this paper we prove the existence of super (a, d)-H-antimagic labelings of fan
graphs and ladders for H isomorphic to a cycle.
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1. Introduction

Let G = (V, E) be a finite simple graph. An edge-covering of G is a family of subgraphs
Hq,Hs, ..., H; such that each edge of F belongs to at least one of the subgraphs H;,
i=1,2,...,t. Then it is said that G admits an (Hy, Ha, ..., Hy)-(edge) covering. If every
subgraph H; is isomorphic to a given graph H, then the graph G admits an H -covering.
A bijective function f: VUE — {1,2,...,|V| 4+ |E|} is an (a,d)-H -antimagic labeling of
a graph G admitting an H-covering whenever, for all subgraphs H’ isomorphic to H, the

H'-weights
wtp(H) = > flo)+ > f(e)

veV (H') ccE(H')
form an arithmetic progression a,a+d,a+2d,...,a+ (t —1)d, where a > 0 and d > 0 are
two integers, and t is the number of all subgraphs of G isomorphic to H. Such a labeling
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is called super if the smallest possible labels appear on the vertices. A graph that admits
a (super) (a,d)-H-antimagic labeling is called (super) (a,d)-H-antimagic. For d = 0 it is
called H-magic and H-supermagic, respectively.

The H-supermagic graphs were first studied by Gutiérrez and Lladé [10] as an extension
of the edge-magic and super edge-magic graphs introduced by Kotzig and Rosa [14] and
Enomoto et al. [9], respectively. Lladé and Moragas [15] studied the cycle-(super)magic
behavior of several classes of connected graphs. Further results on H-supermagic labelings
are available in [18-21].

The (a,d)-H-antimagic labeling was introduced by Inayah et al. [11]. In [12] the super
(a,d)-H-antimagic labeling for some shackles of a connected graph H was investigated.
In [22] it was proved that wheels W,,, n > 3 are super (a,d)-Ci-antimagic for every
k=3,4,....n—1,n+1and d=0,1,2.

The (super) (a, d)-H-antimagic labeling is related to a super d-antimagic labeling of type
(1,1,0) of a plane graph, that is the generalization of a face-magic labeling introduced by
Lih [16]. A labeling of type (1,1,0), that is a total labeling, of a plane graph is said
to be d-antimagic if for every positive integer s the set of weights of all s-sided faces is
We={as,as + d,as + 2d,...,as + (fs — 1)d} for some integers as and d > 0, where fs is
the number of the s-sided faces. Note that, we allow different sets Wy for different s. The
weight of a face under a labeling of type (1,1,0) is the sum of labels of all the edges and
vertices surrounding that face. If d = 0 then Lih called such labeling as magic [16] and
described magic (0-antimagic) labelings of type (1,1,0) for wheels, friendship graphs and
prisms. For further information on super d-antimagic labelings, we refer to [1, 3, 6].

For H = K>, a (super) (a,d)-H-antimagic labeling is also called a (super) (a, d)-edge-
antimagic total labeling, introduced in [23] and further studied in [5,17]. The vertex
version of these labelings for generalized pyramid graphs is given in [2].

The existence of super (a,d)-H-antimagic labelings for disconnected graphs is studied
in [7]. In [4] it is shown that the disjoint union of multiple copies of a (super) (a, 1)-tree-
antimagic graph is also a (super) (b, 1)-tree-antimagic. This leads to a natural question.
Whether the similar result holds also for other differences and other H-antimagic graphs.

A fan graph F,,, n > 2, is a graph obtained by joining all the vertices of the path P, to
a further vertex, called the centre. The vertices on the path are called path vertices, the
edges adjacent to the central vertex are called spokes and the remaining edges are called
path edges. Thus F,, contains n + 1 vertices, say, vi,ve,...,Un4+1, and 2n — 1 edges, say,
Up+1vi, 1 <0 < n,and v;vi41, 1 <i<n—1.

A ladder P,0OP,, n > 2, is a Cartesian product of a path on n vertices and a path on
2 vertices. The ladder P,,0P, contains 2n vertices, say, v1,v2, ..., Up, U1, U2, . . ., Uy, and
3n — 2 edges vivitr1, 1 <i<n—1, wuirr, 1 <i<n—1and vu;, 1 <7< n.

In this paper we investigate the super (a,d)-H-antimagic labelings of fan graphs and
ladders for H isomorphic to a cycle. We also prove some results on the existence of super
(a, d)-cycle-antimagic labelings of fan graphs for several values of parameter d.

In [8] Baca et al. proved the following:

Proposition 1.1 ([8]). The fan F,, n > 3, admits a super (a,d)-Cj-antimagic labeling
fork=34,... |2 +2andd € {1,3,k—7,k+1,2k — 5,2k — 1,3k — 9,3k — 1}

They showed that for a fan graph F,,, n > 4, there exists a super (a, d)-Cs-antimagic la-
beling for d = 0, 1,2, 3,4, 5,6, 8 and a super (a, d)-Cy-antimagic labeling for d = 0,1, 2, 3,4,
5,6,7,11 and they proposed the following open problem.

Open Problem 1 ([8]). Find a super (a,d)-Ci-antimagic labeling of the fan graph F),
ford #1,3,k—7,k+ 1,2k — 5,2k — 1,3k — 9,3k — 1.

In [13] the following proposition was proved.
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Proposition 1.2 ([13]). The fan graph F,, n > 3, admits a super (a,d)-Cy-antimagic
labelingfork::?),ll,...,L%J +2andde {1,2,k—5k—4,....k+2,2k —5,2k — 1}.

In this paper we prove that the fan graphs are super (a,d)-Ci-antimagic for d €

{0,4,5,7}, k = 3,4,..., [%J + 2. Further we use the known results for fan graphs to
obtain super cycle-antimagic labelings of ladders.

2. Fan graphs

Let n, r be positive integers, 2 <r <n—1. Let n = (¢t — 1)r + s, where 2 <r <n-—1
and 0 < s <r. Thus t = [%]. The set of integers {1, 2,...,n}, n > 2, can be arranged as
a sequence {a;"}"_; such that the i'! element a,", i =ar+3,0<a<t—-1,1<p<r,
is defined as follows

r,n_{(ﬁ—l)t+a+1, fo<a<t—1,1<8<s,

i B-1Dt-1)+s+a+l, if0<a<t—2,s+1<B<r
That is
{a;" iy = (2.1)
{1, t+1, ..., (s=1t+1,st+1, (s+1)t, ...,(r—=1Dt—r+s+2,
2, t+2, ..., (s—1t+2,st+2, (s+1t+1,...,(r—=Dt—r+s+3,
t—1,2t—1,...,st—1, (s+1)t—1,(s+2)t—2,...,n,
t, 2t, ..., st}

In [13] it was proved that the sequence {a;"}! ; has the property that the sum of
any r consecutive members of this sequence differs by 1 from the sum of the foregoing r
consecutive members of this sequence.

Proposition 2.1 ([13]). Let n, r be positive integers, 2 < r < n — 1. The elements of

{1,2,...,n} can be arranged as a sequence {a;" }?*_; such that Z;JFZH ;fr Z”T Laghm —
1for1<i<n-—r+1.
We immediately obtain that for i =1,2,...,n —r+1
i+r i+r—1
1= > a7l — > ai" =a), —a", (2.2)
Jj=i+1 J=t
i+r—1
r(st+n—t+3)—s(n+1 )
§" o Hosr)
j=i

Next theorem shows that the fan graph admits super cycle-antimagic labelings for dif-
ferences d = 0,4,5 and d = 7.

Theorem 2.2. Let n > 3 be a positive integer and 3 < k < | 5] +2. Then the fan graph
F,, admits a super (a,d)-Cy-antimagic labeling for d = 0,4,5,7.

Proof. Let n > 3 be a positive integer and 3 < k < [%J + 2. We consider the total
labelings f,, m = 0,4,5,7, of F,, defined in the following way. The vertices are labeled
with the numbers 1,2,...,n + 1 such that

fm(vi) = af_l’”, fori=1,2,...,nand m =0,4,7,
f5(vs) :n—i—l—af_l’", fori=1,2,...,n,
fm(ps1) =n+1, for m =0,4,5,7,
k—1

no. k—1mn
where a; is an element of the sequence {a; 2., see (2.1).
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For f,,, m =0,4,5,7, we assign numbers n + 2,n + 3,...,3n to the edges of F;, in the
following way:

—2n—1

fm(viviﬂ):a +n+1, fori=1,2,...,n—1and m = 0,4,
fm(vivig1) :2 —2n-1 +n+1, fori=1,2,....,n—1and m =5,7,
fo(vivp41) :3n+1 — 1, fori=1,2,...,n,

fa(vivp41) = 2n + 4, fori=1,2,...,n,

fm(vivp41) = n + 24, fori=1,2,...,nand m = 5,7,

where a¥ 72" is an element of the sequence {a} >""!

that fp,, m =0,4,5,7, is a bijection.

Every cycle C on k vertices in a fan graph F, is of the form C}Z = VjVj41Vj42 .- -
Vjth—2Un41Vj, Where j = 1,2,....n —k+2. As k =3,4,...,[5| 4+ 2 every edge of F),
belongs at least to one cycle C’,Z.

For the Cy-weight of the cycle Ci;, j=1,2,...,n—k+ 2 under a total labeling f,,
m =0,4,5,7, we get.

wtfm C] Z Jm(v) + Z fm(e)

nol see (2.1). Tt is easy to see

vEV(C]) eEE(C’]i)
k=2 k—3

- Z fm(vj+8) + fm(”n+1) + Z fm(vj+svj+s+1)
s=0 s=0

+ fm(Uj+k—20n+1) + fm(UjUn+1).
We consider the difference of weights of cycles C’i“ and C,Z forj=1,2,....n—k+1

wty, (CL) —wty, (CF) = fu(vish-1) + fin(Vjsh—2Vj5—1)
+ fm(vj+1vn+1) + fm(vj—i-k—l'UnJrl) - fm(vj)
— fm(Vjvj11) = fin(Vjvns1) = fn(Vjtk—20n41)- (2.3)

Using (2.2) and (2.3) we obtain the following:

+1 j k 1, k—2,n—1
wt (Ci ) —wig, (Cljc) Atk nl + ( j—‘rk—n2 +n+ 1)

+GBnA1-G+D)+ Bn+1-(G+k—1)—a""
— (" 1) = Bn+1-j) - Bnt+1-(j+k—2)
= 0.

Thus under the labeling fy all the Ci-weights are the same.

j j k—1,n k—2,n— .
wt g, (CF) —wty, (CF) = afy ™ + (af 07 +n 1) + 20+ ( + 1)

+@2n+(+k—1) —a] " = (] 0+ )

- (2n+j) - (2n+(]—|—k—2)) =4.

Thus, under the labeling f; the Ci-weights form the arithmetic sequence with the difference
4.
For f5 we obtain

j j k—1n k—2mn
wt g (CF) —wt g (CF) = (n+1 - ajy ™) + (2055075 +n+ 1)
+(n+2(+1D))+n+20+k—1) - (n+1-a ")
— (257" b+ 1) = (n+2)) — (n+2( + k- 2) =5,

which means that the Ci-weights form the arithmetic sequence with the difference 5.



Ladders and fan graphs are cycle-antimagic 1097

For the labeling f7 we get
j+1 j k—1n k—2n—1 .
Wtf7(cljf+ ) —wtp (C}) = a1t (2%'+k—2 +n+1)+ (n+2( +1))
+(n+2(j+k—1) —a " — (2af72
—(n+2))—(n+2(j+k—-2) =7

The Cy-weights under the total labeling f7 form the arithmetic sequence with the difference
7. This concludes the proof. O

+n+1)

Figures 1 to 4 give a super (a, d)-Cs-antimagic labeling of the fan Fy for d = 0,4,5 and
d=71.

Figure 4. A super (83,7)-Cs-antimagic labeling of the fan Fg.

Immediately from Propositions 1.1, 1.2 and Theorem 2.2 we obtain the following result
for cycle-antimagicness of fan graphs.
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Theorem 2.3. The fan graph F,,, n > 3, admits a super (a,d) Ck antimagic labeling for

(a,
k=34, |2 +2andd e {0,1,2,3,4,5,7,k — T,k — 5,k —4,....k + 2,2k — 5,2k —

1,3k — 9,3k — 1}

We note that from the constructions of the given labelings described in the proofs of
Propositions 1.1, 1.2 and Theorem 2.2, each of such labelings has the property, that the
centre of the fan graph F,, (the vertex v,1) is labeled with the number n + 1.

3. Ladders

In this section we deal with the super cycle-antimagicness of Cartesian product F,0P.
We construct the required labelings from super cycle-antimagic labelings of fans.

Theorem 3.1. The ladder P,0P;, n > 3, admits a super (a,d)-Cy,_1)-antimagic labeling
fork=3,4,..., L%J +2andde {1,2,3,4,5,6,8,k —8,k—6,k—5,...,k+3,2k — 6,2k —
4,2k — 2,2k, 3k — 10,3k — 8,3k — 2, 3k}.

Proof. According to Theorem 2.2 and the results proved in [8] and [13] there exists
a super (agq,d)-Ci-antimagic labeling fy of fan F, for k = 3,4,...,|%| + 2 and d €
(0,2,3, 4,7,k — T,k — 4,k — 3,k — 2.k k + 1,k + 2,2 — 5,2k — 1,3k — 9. 3k — 1} having
the following properties:

(P1) the vertex v,y is labeled with the number n + 1; '
(P2) it is possible to denote all subgraphs of F, isomorphic to Cj by the symbols €},
1=1,2,...,n—k+ 2, such that

wty,(CL) = aq + (i — 1)d;
(P3) and the weight of the cycle Cj containing the vertex vy of F), is the smallest one,
that is, v1 € V(C}).
We define the total labelings g; and g2 of the P,0P, such that
gm(vi) = fa(vy), fori=1,2,...,nand m=1,2,
g1(u;) =n+1i, fori=1,2....n—k+2
and v; € V(CL),
Cl, = VVi41 - - - Viph—2Un 410,
g2(u;) =2n+1 —1, fori=1,2,....n—k+2
and v; € V(CL),

Cl = ViVit1 ... Vigk—2Uny1i,

g1(u;)) =n+ fori=n—k+3,n—k+4,...,n,
g2(u;) = 2n —1—1—2 fori=n—k+3,n—k+4,...,n,
Im(Vivit1) = fa(vivizr) +n —1, fori=1,2,...,n—1and m=1,2,
gm(Viw;) = fa(vivps1) +n—1, fori=1,2,...,nand m = 1,2,
gl(uzul+1) 6n — gl(u1+1) for i = 1,2,...,71- 1a
g2(uiuip1) = 6n — 1 — go(uiy1), fori=1,2,...,n—1
According to Properties (P1) and (P3) the labeling g,,,, m = 1,2, is a bijective mapping
from the set {1,2,...,5n — 2} and the smallest possible numbers are used to label the
vertices of P,0P;.
We denote the Cy;_1) cycle vjvji1 ... Vjpp—2Ujpk—2Ujrk—3 ... UV, j = 1,2, ... .on —

k+ 2, in P,0P, by the symbol Cg(k—l) if Gi, = VjVj41Vj42 - - - Vj+k—2Un+10; is the cycle in
F,.
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For the Cy(;,_1)-weight of the cycle C%(k—l)? i=12,...,n—k+2 in P,0P, under a
total labeling g,,,, m = 1,2, we get

W Cu) = X @t X o

veV(Cyp_1y) e€B(Cys 1))

k—2 k—2 k—3
= Z Im(Vj+s) + Z gm(ujts) + Z Im(Vj1sVjtst1)

s=0 s=0 s=0
k-3

) gm(Ujstijrst) + Gm (Vi) + G (Vjph—2Ujth—2)-
s=0

Using Property (P2) we obtain

k-2 k—2 k—3
th(cg(k_n) = Z 91(vj4s) + Z 91(ujys) + Z 91 (Vj45Vj+s+1))

s=0 s=0 s=0
k-3

+ > g1(ujystjrsr1) + 91(v5u5) + 91 (V)4 k—2Uj g r—2)
s=0

k-2 k—2

=3 fa(virs) + > g1(ujts)

s=0 s=0
k=3 k-3

+ Z(fd(vj+svj+s+1) +n—1)+ Z(Gn — 91(Ujrs+1))
s=0 s=0

+ (fa(vjony1) +n = 1) + (fa(vjir—2vnt1) +n —1)

k-2 k-3

=3 fa(virs) + 91(ug) + > g1(ujie11)

s=0 s=0
k—3

£ falwjsvieorn) + (= 2)(n — 1) + (k - 2)6n
s=0
k—3

- Z 91(Ujs41) + fa(vjvng1) + fa(Vjpr—2Unt1)
s=0

+2n—2

k—2 k-3
= < > fawjrs) + > fa(vjpsvjvsrt) + fa(vjvns1)

s=0 s=0
+ fd(vj+k271n+1)> + g1(uj) +n(7k —12) — k
= (wts,(€]) — (n+1)) + g1 (uy) + n(7h —12) —

=(ag+ (G —1)d)+ (n+j)+n(Tk—13) -k —1
=aqg+n(Tk—12) -k —1—d+j(d+1).
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For the Cy(;_1)-weights under the labeling g2 we get

k—2 k—2 k-3
whg (Co_ry) = D_ 92(Vivs) + 3 02(jis) + 3 92(vjysvjsst)

s=0 s=0 s=0
k-3

+ > g2(ujystijrar1) + 92(vju;) + ga(vjgr—2ujyr—2)
s=0

k-2 k-2

=D fa(virs) + Y ga(ujes)

s=0 s=0
k-3

+ Z(fd(vj-i-svj-i—s—&-l) +n—1)
s=0
k-3

+ > (6n—1—ga(ujrst1))
s=0

+ (fa(vjont1) + 0 — 1) + (fa(vj1k—2vn41) + 1 — 1)

k—2 k-3

= fa(vjes) + g2(us) + Y ga(ujystr)

s=0 s=0
k-3

£ favgsavieas) + (k= 2)(n— 1)+ (k- 2)(6n — 1)
s=0
k—3

= @2(tjpst1) + fa(jvnt1) + fa(Vj4k—2Unt1)
s=0

+2n—2

k—2 k-3
= ( D fa(virs) + > fa(vitsvirss) + fa(vjoni)

s=0 s=0
+ fd(vj+k2vn+1)> + gg(Uj) + n(?k — 12) —2k+2

= (wtg, (€)= (n+1)) + ga(w;) + n(Th — 12) — 2k + 2

=(ag+ (G —-1)d)+2n+1-j)+n(7Tk—13) -2k +1

=aqg+n(Tk—11) —2k+2—d+j(d—1).
Asd € {0,2,3,4,7, k=7, k—5,k—4,k—3,k—2,k, k+1,k+2,2k—5,2k—1,3k—9,3k—1}, we
immediately obtain that the ladder P,0P, n > 3, admits a super (a, d*)-Cy(;,_1)-antimagic
labeling for k = 3,4,...,[5|+2and d* € {1,2,3,4,5,6,8,k—8,k—6,k—5,...,k+3,2k—
6,2k — 4,2k — 2,2k, 3k — 10,3k — 8,3k — 2, 3k}. g

Figure 5 illustrates a super (218, 1)-Cs-antimagic labeling of the ladder PsOP; obtained
from (85, 0)-Cs-antimagic labeling of the fan Fg, (see Figure 1), by using the construction
described in the previous theorem.
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13 ~ 15 ~ 17 ~ 14 ~ 16
()—)—(6)—)—

23 22 21 20 19 18

8 9 10 11 12
28 ~ 27 ~ 26 ~ 25 7 24
Figure 5. A super (218,1)-Cs-antimagic labeling of the ladder PsOP;.

The following theorems show that the ladder also admits super cycle-antimagic labelings
with differences d = 0,10, 12, 14, 16.

Theorem 3.2. Let n > 3 be a positive integer and 2 < k < L%J + 1. Then the ladder
P,0OP, admits a super Cor-magic labeling.

Proof. Let n > 3 be a positive integer and 2 < k < [%J + 1. We consider the total
labeling f of ladder P,,0P, defined in the following way.

flv) =1, fori=1,2,...,n,

fluy) =n+1, fori=1,2,...,n,
fvvip1) = 3n — 1, fori=1,2,...,n—1,
fluuipr) =4n — 1 — 4, fori=1,2,...,n—1,

flojuy) =5n—1—1, fori=1,2,...,n.

It is easy to see that the labeling f is a bijection and the vertices are labeled with numbers
1,2,...,2n. .

Every cycle Cy, on 2k vertices in P,,0PF, is of the form C’%k = VjVj410Vj42 -+ - Vjpk—1
Ujph—1Ujpk—2 - - - UV, where j = 1,2,... .n—k+1. Ask=2,3,...,|5] + 1 every edge
of P,0P, belongs at least to one cycle C3,.

For the Cop-weight of the cycle C3,, j =1,2,...,n — k + 1, under the total labeling f
we get.

wtp(Ch) = > f)+ Y fle)

veV(CY,) e€E(CI,)

k—1 k—1 k—2
= Z f(vjes) + Z flujrs) + Z f(Vj+svj1s41)
s=0 s=0 s=0

k—2
+ D flujpstyrsir) + F0j k-1t k1) + f(0ju).
s=0
We consider the difference of weights of cycles C’g:l and Cgk forj=1,2,...,.n—k

wit p(Cop? ™) — wtp(Ch) = Fvjen) + F(ujsn) + F(Vjsh-10j4%)
+ flujrr—1wirr) + fojr1u41) + f(vjpuspr) — f(0;)
— f(u;) = f(vjvjp1) — flujuje) — f(ojug) — f(Ujpp—1uj1p-1)
=(J+k)+n+j+k)+Bn—(G+k-1))
+(dn—-1-G+k-1)+0GBrn—-1-(+1))
+(Gn—1-(G+k)—j—(+7)—Bn—7)—(4n—1-j)
—bn—-1-j)—Gn-1-(G+k-1)) =0.

Thus the Co-weights are the same. This means that the labeling f is super Cor-magic.
This concludes the proof. ]
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Figure 6 depicts a super Cg-magic labeling of the ladder PsOP;.

17 ~ 16 ~ 15 ~ 14 ~ 13
D—2)—)—(1)—6)>—(6

28 27 26 25 24 23

8 9 10 11 12
22 ~ 91 ~ 29 ~ 19 7 18

Figure 6. A super Cg-magic labeling of the ladder PsOPs.

Theorem 3.3. Let n > 3 be a positive integer and 2 < k < L%J + 1. Then the ladder
P,0OP, admits a super (a,10)-Caox-antimagic labeling.

Proof. Let n > 3 be a positive integer and 2 < k < [%J 4+ 1. We consider the total
labeling f of ladder P,,0P; defined in the following way. The vertices are labeled with
numbers 1,2, ...,2n such that

f(vi):2af’n, fori=1,2,...,n,

flug) = 2a8™ — 1, fori=1,2,...,n,
where " is an element of the sequence {a¥"}7_ | see (2.1).

The labeling f assigns numbers 2n+1,2n+ 2,...,5n — 2 to the edges of P,0PF, in the
following way:
flovigr) = 2@@—1,71—1 + 2n, fori=1,2,....,n—1,

k—1,n—1

fujwiyr) = 2a; +2n — 1, fori=1,2,...,n—1,
flojuy) = 4n — 2 44, fori=1,2,...,n,
where ak L=l is an element of the sequence {ak =1 nol see (2.1). Tt is easy to see

that the labeling f is a bijection.
As in the proof of the previous theorem we consider the difference of weights of cycles
C’%,;H and Cj, for j =1,2,...,n —k and we use (2.2)
wt f(Cop? ) — wtf(C’%k) = 2%+k + (Qaffk -1)+ (2@2?;,1111_1 + 2n)
+ a2 = 1) + (dn -2+ (+ 1)
+(dn =2+ (j + k) —2aP" — (205" — 1) — (2a57V" 7 4 2n)
— (27" 2= 1) — (dn—2+4j) — (4n—2+ (j + k- 1))

=10.
The Cyp-weights under the total labeling f form the arithmetic sequence with the difference
10. This concludes the proof. O

Figure 7 illustrates a super (210, 10)-Cg-antimagic labeling of the ladder PsOPs.
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14~ 18 ~ 22 ~ 16 ~ 20
(6 )—10)—(12)—1)—8

23 24 25 26 27 28

1 5 9 11 3
13~ 17 ~ 21 Y 15 19

Figure 7. A super (210, 10)-Cs-antimagic labeling of the ladder PsOPs.

Theorem 3.4. Let n > 3 be a positive integer and 2 < k < L J + 1. Then the ladder
P,0OP, admits a super (a,d)-Cox-antimagic labeling for d = 12,14,16.

Proof. Let n > 3 be a positive integer and 2 < k < [%J + 1. We consider the total
labeling f,,,, m = 12,14, 16, of ladder P,0P, defined in the following way. The vertices

are labeled with numbers 1,2,...,2n such that
Fm(vi) = a™, fori=1,2,...,n and m = 12, 14,
fio(vi) = 2aP™, fori=1,2,...,n,
f12(ui):2n+1—af’”, fori=1,2,...,n,
fra(u;) = a4 n, fori=1,2,...,n,
flﬁ(ui)ZQGf’n—l, fori=1,2,...,n,

where a" is an element of the sequence {a¥"}7 | see (2.1).
The labeling f,, assigns numbers 2n + 1,2n + 2,...,5n — 2 to the edges of P,0P;, in
the following way

fm(Ui’Ui+1)—3ak T fori=1,2,....,n—1
and m = 12, 14, 16,
fm(uitit1) :3af_1’n_1+2n—1, fori=1,2,...,n—1
and m = 12,14, 16,
fm(viu;) = 2n — 2 + 31, fori=1,2,...,n and m = 12,14, 16,
where af_l’n_l is an element of the sequence {a’C Ln—1 nol see (2.1). Tt is easy to see

that the labeling f,, is a bijection. ‘ A

Again, we consider the difference of weights of cycles C%,;H and Cj, forj =1,2,..
under the labelings f,,, m = 12,14, 16.

For m = 12 we get

.,n—k,

+1 j k, k—1 1
wt g, (Ch2 )——uwfm(Cgk)::ajl2—%(2n—%1 j+k)+'G3]+kn1 + 2n)

+(Ba T 2 — 1) + @n—2+30+1»
+(2n—243(+k) —a" — (2041t
(3a bl on) — (3ak Ln— 1+2n—1)
—2n—-243j)—-2n—-2+3(F +k—1)) =12.

The Cyp-weights under the total labeling fio form the arithmetic sequence with the dif-
ference 12.
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If m = 14 then
i+1 j k, k, k—1,n—1
wtfm(cglj ) —wty, (Cy) = a’jfk + (%fk +n) + (3aj+kf1 +2n)
+(Baf " 2 — 1) + (20— 2+ 3(j +1))

+(2n—243(+k)) — a?’n — (a;?’" +n)

- (3(1?_1’”_1 +2n) — (3a§_1’"_1 +2n —1)
—(2n—243j)— (2n—-243(j +k—1)) = 14.

The Cyi-weights under the total labeling fi4 form the arithmetic sequence with the dif-
ference 14.
Finally, for the labeling fi we obtain
j+1 j k, k, k—1n—1
wtfm(cgij ) —wtf,s(Cyp) = 2“jfk + (2ajfk - 1)+ (3aj+k—n1 +2n)
+(Ba " 2 — 1) + (20— 2+ 3(j + 1))

+(2n—243(j+k)) — 2a§’n - (2&?’” —1)

— (3a571" 4 2n) — (a5 20— 1)

—(2n—2+3j)— (2n—2+3(j +k—1)) = 16.
Thus the Co-weights under the total labeling fi form the arithmetic sequence with the
difference 16. This concludes the proof. ]

Figures 8, 9 and 10 give a super (a,d)-Cg-antimagic labeling of the ladder PsOP; for
d=12,14 and d = 16.

15 21 27 18 24
N L OO0
19

13 16 22 I
12 10 8 7
1

2 1
25 28
LO——8)— A\ D)— L} 9
14 20 2% 7 23

Figure 8. A super (210, 12)-Cs-antimagic labeling of the ladder PsOP;.

15 21 —~ 27T ~ 18 ~ 2
D—3)>—0G)—(6)—)>—@

13 16 19 29 25 28
7 9 11 12 8 10
14 ~ 20 ~ 96 7 17 ~ 23

Figure 9. A super (212, 14)-Cs-antimagic labeling of the ladder PsOPs.
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15~ 21 ~ 27 ~ 18 ~ 24
(6 )—10)—(12D)—1)—(8

13 16 19 22 25 28

1

5 9 11 3
14~ 20 ~ 96 ~ 17 7 23

Figure 10. A super (214, 16)-Cg-antimagic labeling of the ladder PsOP;.

4. Conclusion

In this paper we prove the existence of super (a,d)-cycle-antimagic labelings of fan
graphs and ladders. Combining the results obtained in this paper and in [8,13] we get that
the fan graph F),, n > 3, admits a super (a, d)-Cy-antimagic labeling for k = 3,4,..., |} |+
2andd € {0,1,2,3,4,5,7,k—7,k—5,k—4, ..., k+2,2k—5,2k—1,3k—9,3k—1}. Further,
we prove that the ladder P,0P, n > 3, admits a super (a, d)-Cy(;_1)-antimagic labeling
for k=3,4,..., |5 +2and d € {0,1,2,3,4,5,6,8,10,12,14,16,k — 8,k — 6,k —5, ... k+
3,2k — 6,2k — 4,2k — 2,2k, 3k — 10,3k — 8,3k — 2, 3k}.

Though there are results on super (a,d)-cycle-antimagic labelings of fan graphs and
ladders for various differences d, still some values of d for which the problem of existence

of the corresponding labelings is not solved is a scope for further research.
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