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ON SOME PROPERTIES OF GENERALIZED STRUVE
FUNCTION

İBRAHİM AKTAŞ, HALİT ORHAN, AND DORINA RǍDUCANU

Abstract. The main purpose of this investigation is to present some monotonic
and log-concavity properties of the generalized Struve function. By using
Hadamard product representation of the generalized Struve function, we in-
vestigate the sign of this function on some sets. Also, we determine an interval
such that the generalized Struve function is decreasing in this interval. More-
over, we show that generalized Struve function is strictly logaritmically concave
on some intervals. In addition, we prove that a function related to generalized
Struve function is increasing function on R.

1. Introduction and Preliminaries

In the last three decades many geometric and monotonic properties of some spe-
cial functions like Bessel, Struve, Lommel, Mittag-Leffl er, Wright functions and
their generalizations were investigated by many authors. In general, by using the
properties of zeros of the special functions many mathematicians studied about uni-
valence, starlikeness, convexity and close-to-convexity of the mentioned functions.
In addition, some authors focused on the monotonicity and log-convexity proper-
ties of the special functions by using their integral representations and some earlier
results on analytic functions. For more information about these investigations the
readers are referred to the papers [1, 2, 3, 4, 5, 8, 9, 10, 11] and references therein.
Some inequalities which were obtained via above special functions and monotonic
properties of these functions are intensively used in engineering sciences, mathe-
matical physics, probability and statistics, and economics. Especially, it is known
that the logarithmic concavity and logarithmic convexity properties have an impor-
tant role in economics. Information on the logarithmic concavity and logarithmic
convexity in the economic can be found in [7] and its references, comprehensively.
In this study, motivated by the some earlier studies, our main goal is to give some
monotonic and log-concavity properties of the generalized Struve functions.

Received by the editors: July 23, 2019; Accepted: November 01, 2019.
2010 Mathematics Subject Classification. Primary 33E50; Secondary 26A48.
Key words and phrases. Gamma function, generalized Struve function, monotonicity, log-

concavity.

c©2020 Ankara University
Communications Facu lty of Sciences University of Ankara-Series A1 Mathematics and Statistics

347
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It is well-known that many special functions can be defined by using familiar
gamma function. That is why, we want to remember the definition of gamma
function. The Euler’s gamma or classical gamma function Γ is defined by the
following improper integral, for x > 0:

Γ(x) =

∫ ∞
0

tx−1e−tdt.

On the other hand, the definition of logarithmic concavity of a function can be
given as follow:

Definition 1 ([7]). A function f is said to be log-concave on interval (a, b) if the
function log f is a concave function on (a, b).

The log-concavity of the function f on the interval (a, b) can be shown by using
one of the following two conditions:
i. f ′

f monotone decreasing on (a, b).
ii. log f ′′ < 0.
Also the following lemma due to Biernacki and Krzyż (see [6]) will be used in

order to prove some monotonic properties of the mentioned functions.

Lemma 2. Consider the power series f(x) =
∑
n≥0 anx

n and g(x) =
∑
n≥0 bnx

n,
where an ∈ R and bn > 0 for all n ∈ {0, 1, . . . }, and suppose that both converge on
(−r, r), r > 0. If the sequence {anbn }n≥0 is increasing(decreasing), then the function
x 7→

(
f(x)
g(x)

)
is also increasing(decreasing) on (0, r).

It is important to note that the above result remains true for the even or odd
functions.

2. Main Results

In this section, we are going to discuss some properties like monotonicity and
log-concavity of the generalized Struve function by using its product representa-
tion which is known as Hadamard product or Weierstrassian decomposition. The
generalized Struve function has the following series representation (see [12]):

Sqp,b,c,δ(x) =
∞∑
n=0

(−c)n

n!Γ(qn+ p
δ + b+2

2 )

(x
2

)2n+p+1
(1)

for q ∈ N, p, b, c ∈ C and δ > 0. The author studied some geometric properties
such as starlikeness and convexity of generalized Struve function in [12]. Also, the
author showed that the zeros of the generalized Struve function are all real. In the
same paper, by using Hadamard’s theorem an infinite product representation of the
generalized Struve function was given as follow (see [12, Lemma 2.1]):

Sqp,b,c,δ(x) =

(
x
2

)p+1
Γ
(
p
δ + b+2

2

) ∏
n≥1

(
1− x2

qx2p,b,c,δ,n

)
, (2)
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where qxp,b,c,δ,n denotes the n-th positive zero of the generalized Struve function
Sqp,b,c,δ(x).

Theorem 3. Let b, c, δ, q are positive real numbers , p > −1 and qxp,b,c,δ,n denote
the nth positive zero of the generalized Struve function Sqp,b,c,δ(x). In addition,
consider the following sets:

∆1 =
⋃
n≥1

(qxp,b,c,δ,2n−1,q xp,b,c,δ,2n) ,∆2 =
⋃
n≥1

(qxp,b,c,δ,2n,q xp,b,c,δ,2n+1)

and
∆3 = [0,q xp,b,c,δ,1) ∪∆2.

Then, the generalized Struve function

Ψq
p,b,c,δ(x) =

(
2

x

)p+1
Γ

(
p

δ
+
b+ 2

2

)
Sqp,b,c,δ(x) =

∞∑
n=0

Γ
(
p
δ + b+2

2

)
(−c)n

n!Γ
(
nq + p

δ + b+2
2

) (x
2

)2n
(3)

satisfies the next properties:
a. the function x 7→ Ψq

p,b,c,δ(x) is negative on ∆1 and positive on ∆3,

b. the function x 7→ Ψq
p,b,c,δ(x) is decreasing on [0,q xp,b,c,δ,1),

c. the function x 7→ Ψq
p,b,c,δ(x) is strictly log-concave on ∆3.

Proof. a. By considering the infinite product representation of the generalized
Struve function Sqp,b,c,δ(x) which is given by (2), we can easily see that the function
Ψq
p,b,c,δ(x) can be written as the following product representation:

Ψq
p,b,c,δ(x) =

∏
n≥1

(
1− x2

qx2p,b,c,δ,n

)
. (4)

In order to determine the sign of the function x 7→ Ψq
p,b,c,δ(x) on the mentioned

sets, we rewrite the function x 7→ Ψq
p,b,c,δ(x) as

Ψq
p,b,c,δ(x) = χnτn,

where
χn =

∏
n≥1

qxp,b,c,δ,n + x

qx2p,b,c,δ,n
and τn =

∏
n≥1

(qxp,b,c,δ,n − x) .

It can be easily seen that χn > 0 for all x ∈ [0,∞) . On the other hand, since

0 <q xp,b,c,δ,1 <q xp,b,c,δ,2 < · · · <q xp,b,c,δ,n < · · ·
it can be said that, if x ∈ (qxp,b,c,δ,2n−1,q xp,b,c,δ,2n), then the first (2n − 1) terms
of τn are strictly negative and remained terms are strictly positive. Also, if x ∈
(qxp,b,c,δ,2n,q xp,b,c,δ,2n+1), then the first 2n terms of τn are strictly negative and
the rest is strictly positive. In addition, for x ∈ [0,q xp,b,c,δ,1) all the terms of τn
are strictly positive. As a consequence, the function x 7→ Ψq

p,b,c,δ(x) is negative on
∆1 and it is positive on ∆3.
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b. We know from the previous part of this theorem that the function x 7→ Ψq
p,b,c,δ(x)

is positive on the interval [0,q xp,b,c,δ,1). Now, taking logarithmic derivative of (4)
implies that

d

dx

[
log Ψq

p,b,c,δ(x)
]

=

(
Ψq
p,b,c,δ(x)

)′
Ψq
p,b,c,δ(x)

=
d

dx

log
∏
n≥1

(
1− x2

qx2p,b,c,δ,n

)
=

∞∑
n=1

2x

x2 −q x2p,b,c,δ,n
.

As a result, we get(
Ψq
p,b,c,δ(x)

)′
= Ψq

p,b,c,δ(x)

∞∑
n=1

2x

x2 −q x2p,b,c,δ,n
< 0

for all x ∈ [0,q xp,b,c,δ,1). So, the function x 7→ Ψq
p,b,c,δ(x) is decreasing on [0,q xp,b,c,δ,1) .

c. To show the log-concavity of the function x 7→ Ψq
p,b,c,δ(x), it is enough that

d2

dx2

[
log Ψq

p,b,c,δ(x)
]
< 0

for all x ∈ ∆3. Now, by using the Hadamard product representation of the function
Ψq
p,b,c,δ(x) which is given by (4) we deduce

d2

dx2

[
log Ψq

p,b,c,δ(x)
]

=
d2

dx2

log
∏
n≥1

(
1− x2

qx2p,b,c,δ,n

)
=

d

dx

[
d

dx

∞∑
n=1

log

(
1− x2

qx2p,b,c,δ,n

)]

=
d

dx

∞∑
n=1

−2x

qx2p,b,c,δ,n − x2

= −2

∞∑
n=1

qx
2
p,b,c,δ,n + x2(

qx2p,b,c,δ,n − x2
)2

< 0

for x ∈ ∆3. So, the conclusion follows. �
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Theorem 4. Let b, c, δ, q are positive real numbers , p > −1 and qxp,b,c,δ,n denote
the nth positive zero of the generalized Struve function Sqp,b,c,δ(x). Then, the func-
tion x 7→ Sqp,b,c,δ(x) is strictly log-concave on (0,q xp,b,c,δ,1) ∪∆2.

Proof. By using the fact that the product of two strictly log-concave function is
also strictly log-concave, it is possible to prove the log-concavity of the general-
ized Struve function Sqp,b,c,δ(x) on ∆3. Because of this, we consider the function
Sqp,b,c,δ(x) in the following form:

Sqp,b,c,δ(x) =
1

Γ
(
p
δ + b+2

2

) (x
2

)p+1
Ψq
p,b,c,δ(x).

We known from part c. of Theorem 3 that the generalized Struve functionΨq
p,b,c,δ(x)

is strictly log-concave on ∆3. In addition, since

d2

dx2

(
log
(x

2

)p+1)
=

d2

dx2

(
(p+ 1) log

(x
2

))
= −p+ 1

x2
< 0

for p > −1, the function x 7→
(
x
2

)p+1
is strictly log-concave on (−∞, 0) ∪ (0,∞).

As a result, the function Sqp,b,c,δ(x) is strictly log-concave on (0,q xp,b,c,δ,1) ∪∆2 as
a product of two strictly log-concave functions. �

Now, let define the function x 7→ hqp,b,δ(x) by putting c = −1 in (3). It is easily
seen that the function hqp,b,δ(x) has the following infinite sum representation:

hqp,b,δ(x) =

∞∑
n=0

Γ
(
p
δ + b+2

2

)
n!4nΓ

(
nq + p

δ + b+2
2

)x2n. (5)

By using the Lemma 2 we have the following:

Theorem 5. The function

x 7→
x
(
hqp,b,δ(x)

)′
hqp,b,δ(x)

is increasing on (0,∞) for p, b, δ, q ∈ R+.

Proof. By using the infinite sum representation of the function hqp,b,δ(x) which is
given by (5), it can be written that

x
(
hqp,b,δ(x)

)′
hqp,b,δ(x)

=

∑∞
n=0Anx

2n∑∞
n=0Bnx

2n
,

where

An =
2nΓ(pδ + b+2

2 )

n!4nΓ(nq + p
δ + b+2

2 )
and Bn =

Γ(pδ + b+2
2 )

n!4nΓ(nq + p
δ + b+2

2 )
.
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Cauchy-Hadamard theorem for power series implies that the both series
∑∞
n=0Anx

2n

and
∑∞
n=0Bnx

2n are convergent for all x ∈ R, since

lim
n→∞

∣∣∣∣ AnAn+1

∣∣∣∣ = lim
n→∞

∣∣∣∣ BnBn+1

∣∣∣∣ =∞.

Moreover, we can say that An ∈ R and Bn > 0 for all n = 0, 1, 2, . . . . On the other
hand, if we consider the sequence

Hn =
An
Bn

= 2n,

then we deduce
Hn+1
Hn

=
n+ 1

n
> 1.

So the sequence {Hn}n≥0 is increasing. As a result, by applying the Lemma 2 to
the function x 7→ x(hqp,b,δ(x))

′

hqp,b,δ(x)
the proof is completed. �
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