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Abstract

In this paper we prove the boundedness of certain convolution operator
in a weighted Lebesgue space with kernel satisfying the generalized
Hormander’s condition. The sufficient conditions for the pair of general
weights ensuring the validity of two-weight inequalities of a strong type
and of a weak type for convolution operator with kernel satisfying the
generalized Hérmander’s condition are found.
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1. Introduction.

Let R™ be n-dimensional Euclidean spaces of points © = (z1,...,%xs), where n € N
and Ry = R™ \ {0}. Suppose that w is a non-negative, Lebesgue measurable and real
function defined on R", i.e., w is a weight function defined on R™. By L, ., (R") we
denote the weighted Lebesgue space of measurable functions f on R™ such that

1/p

12y, oy = 1 fllpw = /If(w)lpw(w) dx < oo, 1<p<oo.

In the case p = oo, the norm on the space Lo, (R™) is defined as
Lo w@n) = [ flleo = ess sup |f(2)].

For w = 1 we obtain the nonweighted L, spaces, i.e., || fllz, ;&) = [|fllz, @& = [ fll»-
Our aim in this paper is to show the boundedness of certain convolution operator in
a weighted Lebesgue space with kernel satisfying the generalized Hérmander’s condition.
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The sufficient conditions for the pair of general weights ensuring the validity of two-
weight inequalities of a strong type and of a weak type for convolution operator with
kernel satisfying the generalized Hérmander’s condition are found. In particular, is given
a class B(u,v) of weight pair which is generalized earlier obtained results (see below).
Also, in this paper we give a weight pairs which satisfy the condition of obtain results.

Now we give a chronological development of earlier results. Let K : Rf — R, K €
L'°¢ (R}) is a function satisfy following conditions:

1) K(tz) = K (tx1,...,txn) =t" " K(z) for all t > 0 and = € Rg;

2) d

K(§)do(§) = 0;
[¢]=1
1
3) /w dt < oo, where w(t) = sup |K(§) — K(n)| for || =|n| =1.
T le—nl<t

We consider the following singular integral

(11)  Af(x) = lim /'I«x—mf@ww:pu/ﬁqx—wfwmy
IR’VL

where f € C§° (R™) and last integral is understood in the sense of principal value.
The following Calderon-Zygmund Theorem is valid.

1.1. Theorem. [3, 4] Let 1 < p < 0o and A be a singular integral operator with kernel
K satisfying conditions 1)-8). Then singular integral Af is exist for almost every (a.e.)
x € R" and the inequality

1T fll» < ClI.f [l
holds, where a constant C > 0 is independent of f € L, (R™).

Further development of this theory is closely related the boundedness of Calderon-
Zygmund singular integral operator in the weighted Lebesgue space with power weights.
Namely, in the paper [13] Stein proved the following Theorem.

1.2. Theorem. [13] Let 1 < p < 0o, —n < a < n(p — 1) and A be singular integral
operator (1.1) with kernel K satisfying conditions 1)-8). Then singular integral Af is
ezist for a.e. x € R" and the inequality

1T fllp, 1212 < ClIfllp, 121
holds, where a constant C > 0 is independent on f € Ly |z« (R™).

Further Hérmander in the paper [9] replacing the condition 3) weaker condition proved
the following Theorem.

1.3. Theorem. [9] Let 1 < p < co and A be singular integral operator (1.1) with kernel
K satisfying conditions 1), 2) and
a2 [ K-y - K@l <0

|zl >21y|

where C1 > 0 doesn’t depend on y € RG. Then singular integral Af is exist for a.e.
x € R" and the inequality

[Aflle < ClIflp
holds, where a constant C > 0 is independent of f € L, (R™).
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On the other hand, the convolution operators whose kernels do not satisfy Héorman-
der’s condition (1.2) have been widely considered (for example, oscillatory and other
singular integral) (see [5]).

Now we formulated the known results connected with generalized Hérmander’s con-
dition.

1.4. Definition. [7] A positive measurable and locally integrable function g is said to
satisfy the reverse Holder RH, condition or g € RHoo (R™) if

0 < sup g(z /
z€B ‘B|

where B is an arbitrary ball centered at the origin and C > 0 is a constant independent
of B.

Let K € Lo (R™) is a function satisfy the following conditions:

W |7, <e

(b) thereooexist functions Aq,..., Ay and ® = {¢1,...,m} such that p; € Lo (R™)
and |det [@; (y:)]|> € RHoo (R™), y; €R™, 4,5 =1,...,m;

(c) for a fixed v > 0 and for any |z| > 2|y| > 0 the inequality

m

K —y) =Y Ai@)pi(y)| dz < C

1=1

|z|>2]y]

is valid;
C
(d) [K(z)] < P
It is obvious that condition (c) is a generalization the condition (1.2) for m = 1,
Ai(z) = K(z) and ¢1(z) = 1.
For f € C§° (R™) we define the convolution operator associated to the kernel K by

(13)  THa) = [ Kz =) f0)d.
IRn
1.5. Theorem. [7] Let 1 < p < oo and T be a convolution operator with kernel K
satisfying (a)-(c). Then the inequality
IT£ll» < Clifll

holds, where a constant C depend only on p, n and the constant in the RH-condition
for the functions ;.
For p =1 there exists a constant C' such that

o ITf@ |>A}|<—/|f )| da,

for every smooth function f with compact support and A > 0.

Note that Theorem 1.3 is particular case of Theorem 1.5 for m = 1, Ai(x) = K(z)
and ¢ (z) = 1.
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2. Preliminaries
2.1. Remark. It is clear that from condition RH~ implies the well known reverse Holder
inequality

=

|7§| Js@r+as)  <c ﬁ [otwras).

B B

where € > 0. It is well known that the reverse Holder condition be characterized the
condition A, (R™) (see [5]).

2.2. Example. Let m = 2, K(z) = ,x € R\ {0}, Ai(z) = 2€ix Az(z) = —
©1(y) = e and pa(y) = €. Then the conditions (a)-(d) hold (see [2]).

sin x

2ix

We will also need the following theorem.

2.3. Theorem. [12] Let 1 < ¢ < p < oo and u(t) and v(t) be positive functions on
(0, ). Suppose that F : (0, c0) — R be a Lebesgue measurable function.
1. For the validity of the inequality

1/q 1/p

7u(t) /F(T)dfth e ]O|F(t)|pv(t)dt

it s necessary and sufficient that

oo oo t q—1 P—q
/ / u(r) dr / o' (1) dr v P (8) dt < o0,
0 t 0

where C1 > 0 is independent of F.
2. For the validity of the inequality

7u(t) /OOF(T) dr q dt " <Oy 7|F(t)|pv(t) dt v

it 1s mecessary and sufficient that

[e'e] t oo q—1 P—a
/ / u(r) dr / o' (1) dr v P (8) dt < o0,
0 0 t

where Co > 0 is independent of F.
For ¢ = 1 the following Lemma is valid.

2.4. Lemma. [11] Let p > 1 and u(t) and v(t) be positive functions on (0, 00).
1. If a pair (u,v) satisfies the condition

/

o] oo P
/ /u(T) dr | v P () dt < oo,
0 t

then there exists a positive constant Cv such that for an arbitrary function F : (0, co) — R
the inequality
1/p

/Oou(t) /tF(T) dr| dt < ¢y /OO|F(t)pv(t) dt
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holds.
2. If a pair (u,v) satisfies the condition
) t »
/ /u(T) dr | v P () dt < oo,
0 \0

then there exists a positive constant Ca such that for an arbitrary function F : (0, co) — R
the inequality

1/p

]Ou(t) ]OF(T)dT dt < Cs ]O|F(t)pv(t)dt

holds.

2.5. Theorem. [10] Let 1 < ¢ < p < o0 and u(z) and v(z) be weight functions on R™.
Then the condition

(2.1) A:/[u(m)]ﬁ (@) 77 de < oo
R7L
is necessary and sufficient for the validity of the inequality

1/q 1/p

e2) | [U@ru@d | <4 ([P e d

=

3. Main results
Let Z = {0,4+1,+2,...,}. By By, we denote the pair (u, v) satisfy the condition

1/p

1/q
o (X sw [ gere| <ol [P

2k <|z|<2k+1
kez 2k < |z|<2k+1

where the constant C independent of k € Z.
3.1. Remark. Let (u, v) € By, It is clear that
1/q 1/q

[f@)| u(z)de | =D £ (@)|* u(x) de
/ /

kezZ,

IN

2k <|z|<2k+1
1/q
<> sup u(a) / |f ()| dx <C /|f(m)|pv(x)dx

kez 2k <|z|<2k+1

1/p

2k <|z|<2k+1

Therefore, the weight pair (u, v) satisfies the condition (2.1).

3.2. Lemma. Let 1 < g < p < oo and u(z) and v(z) be weight functions on R™. Let
there exists a constant M such that for any k € Z the inequality

sup  u(z) <M inf u(x)
2k <|z|<2k+1 2k <|z|<2k+1

holds. Then the conditions (2.2) and (3.1) is equivalent.
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Proof. (2.2) = (3.1). We have
1/q

wp @) [ @) s

2k <|z|<2k+1
kez 2k < || <2k +1

1/q

= wp @) [ @) @) ) do

ez 2k <|z|<2k+1 N

sup () 1/q
2k <|x| <2k +1

< - = q
< oEEEE [ @l

kEZ 2k < || <2k+1 2k < || <2k+1

1/q
<My |f ()| u(z) dx
RELyk ¢ |a]<2k+1
11
=M 1 fllg,w < MYt AT 1 llp, v-
The fact (3.1) = (2.2) automatically implies from Remark 2. O

3.3. Lemma. Let 1 < q < p < oo, u(z) and v(z) be weight functions on R"™ and
v € L1 (R™). Let there exists a constant My such that for any k € Z the inequality

sup  u(z) < M inf v(z)
2k <|z|<2k+1 2k <|z|<2k+1

holds. Then the inequality
1/q
wp @) [ @] <

2k <|z|<2k+1
kez 2k <|z|<2k+1

Q-
o=

< | [o@de] 1l

n

is valid.

Proof. Indeed, we have
1/q

sip () / F@)de | <

2k <|z|<2k+1
kez 2k < || <2k+1

1/q
< pMY/a : q —
<ulr |0 e @) [ @

kez 2k < |z <2k+1

1/q
_ asl/a q :

2k <|z|<2k+1
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1/

<M |3 / F@) o) de | = Mo / £ (@)[" o(z) de

K€Lk ¢ || <oh+1

1_1
a P

< M}/ / o(@ydz| ||

n

p,v:
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1/q

IA

d

The sufficient condition for pair of general weights guaranteeing the two-weight in-
equalities of a strong type (p, ¢) for convolution operator (1.3) are proved in the following

Theorem.

3.4. Theorem. Let1 < g < p < 0o and the kernel of convolution operator (1.3) satisfies
the conditions (a)-(d). Let w and w1 be weight functions on R™. Suppose that the weight

pair (wi,w) satisfy the following conditions:

- q—17

1)/ / wi(y) g, / W' (y) dy W' (z) dz < oo;

ly|ma
Bn | \y/>lal vI<la|

2)/ /wl(y)dy / mdw mdm<oo;

[yl ||’

R | \yl<|z]| y|> x|

3) there exists a constantd > 0 such that for any f € Ly, . (R™) the inequality

1/q

sup  wi(w) |f(@)|* d <
k—1 k
kez 2 i<l l<at T 2k =1 < |o|<2k+2

d / (@) w(z) da

holds. Then
32) M7 g w, @) S ClflLy, we@m),
where the constant C > 0 is independent of f.
Proof. Estimate the left-hand side of inequality (3.2). We have
1/q 1/q

/ Ti@) w(@de | =3 / Tf @) on(a)de | =

RE€Lok ¢ || <2b+1

1/p

= Z / ‘T (f . X{w\gzk—l}) () +T (f . X{gk—1<‘y‘§2k+2}) (z)+

kLo < || <oh+1

T (f ' X{\y\>2k+2}) (l’)‘q w1 () da;)l/q <
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1/q
<4V T( !
< > FXqyicar-1y ) (@) wilz)de +
K€Lk ¢ || <ob+1
1/q
1/q' a
+4 3 ’T (f : X{qu@m}) (@) wi(@)de | +
REZok < || <2k+1
1/q
1/q' 4 _
+4 Z ’T (f . x{‘y‘>2k+2}) ()] wi(z)dx =
REZok £ |2 <2k+1
=49 (A + Ay + As5).
Now we estimate A;. If 2F < |z| < 2¥*% and |y| < 2871, then |y| < 28 7' < |x?| < |z| and
x x
|z —y| > |z| = |y| > |z] — ‘2*| = % We have
q 1/q
A= / L/ K(@ = y) J(0) X{jz1<on-11 () dy | wn(2) dz <
k622k<\z\§2k+1 "
q 1/q
lf ()]
<C / LA wi(z) dz <
;Z [z —y|"
2k <Jz|<2k+l \jy|<2k-1
q 1/q
wi(x
<o (3 [ sl w| -
RCZok <o <oh+1 y|<|z|
q 1/q
=C wl(x) _
\3" y|<l|z|
[ |l 4 1/q
—oo | [ [t [useonas ) as| an] =
R K gl=1 |
oo t q 1/q
=Cs /t"“—‘”—l / w1 (tn) dn /s”_l / If(s€)|de | ds| dt
0 nl=1 0 £l=1
Taking
t) = ¢t tn)dn |, F(t) =¢"" t¢)| d
uf(t) wi(tn)dn |, F(t) |f(tE)]dE |
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1-p
/
o(t) = ¢ (nHE=D / W' TP (t€) de and using the Theorem 2.3 (part one), we

£l=1
get

i P 1-p 1/p
A1 < Cy (/#"”P(/ If(tE)IdS) (/ wlp'(ts)ds) (=D =1 dt) =
0 gl=1 gi=1
oo 1-p 1/p
e (/ " 1(/ |f<ts)ds) (/ uﬂ”'(ts)ds) dt) :
0 gl=1 gi=1

Applying the Holder’s inequality, we have

o P 1—p 1/p
(/t“(/ f(t@d&) (/ w1P’<ts>d§) dt) =
0 £l=1 &l=1
P 1—p 1/p
n—1 1 -1 Co1—p/
—( ¢ (/ [|f(ts)|w(ts>] w p(ts)ds) ( w P(t&)d&) dt) <
=1 £l=1

p/p’ 1-p 1/p
< < £ (t€)[P w(t€) de (/ 5 e ) (/ wlp’ug)dé) dt
3 =1 &l=1
_(7tnl(
0 £l

1 )
p—1 1-p 1/p
f(ts)"w(ts)ds) (/ - ”(t&)ds) (/ wlp'as)de) dt)
1 =1 £l=1

oo ) . 1/p
—(/t"l [ 1rcer wie ae ) (R |f(ac>”w<x>dw) :
0 gl=1 n

Therefore 41 < Cs /|f(ac)|pw(ac) dx and by condition 1) of Theorem 3.4

0\8

n—1

t

D\g
I~~~

oo /oo ¢ 917 5og
/ /“(T) dr /vlfp/(T) dr vlfp'(t) dt =
0 t 0
q—1 ﬁ
- / / w1(nyq) dy / Wlip/(y) dy wlfp/(m) dx < oo.
R y|>|z| i yl<|z|
Now we estimate Az. Note that if 2% < |z| < 287! and |y| > 2"%2, then |z| < |y| and
ool 2yl = el 2 ol = 2 = 1 we et
. 1/q
As=| > /K(xfy)f(y) X{z15on2} (W) dy| - wi(z) dz <

k€Z2k<\z\§2k’+1 "

q 1/q

1f(v)] wi () de
<c % / /‘%mndy 1(x)d <

2k<‘x‘§2k+1 y|>2k+2
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q 1/q

<Ci Z wi(z) |J|cy(ﬁ)| dy | dx =

FEZok < |a]<2k+1 y|>|z|

q 1/q

=(Cs /wl (33) / |']|;§iqi)| dy dx =

R y|>|z|

(o) o q 1/q
=Cy /t"_l / wi(tn) dn /5—1 / |f(s&)|de | ds | dt

0 ni=1 ¢ gl=1

Further, using the Theorem 2.3 (part two) by condition 2) of Theorem 3.4 we get
1/p

A3 < Cs /|f(a:)|p w(x)dx

Finally, we estimate Az. By Theorem 1.5 and by condition 3) of Theorem 3.4 we get

1/q
q

A= / ‘T (/ Xporrcpyrcaray) @) wr@)de | <

kEZQk<\z\g2k+1

1/q
q
< Z sup  wi(x) /‘T (f . X{2k_1<‘y‘<2k+2}) ()| wi(z)dx <
kez 2P <|z|<2h 1 En -
1/q

<C Z sup w1 (z) |f(2)|? wi(x)dz <

kez 2P 1< |z|<2k+2 Dot (o] <2k +2

1/p
<o | [1r@r e
This completes the proof of Theorem 3.4. O

3.5. Corollary. Let 1 < g < p < oo and the kernel of convolution operator (1.3)
satisfies the conditions (a)-(d). Let w(t) and wi(t) be positive increasing functions on
(0,00) satisfying condition 1) of Theorem 3.4. Then the inequality (3.2) holds.

3.6. Corollary. Let 1 < g < p < oo and the kernel of convolution operator (1.3)
satisfies the conditions (a)-(d). Let w(t) and wi(t) be positive decreasing functions on
(0,00) satisfying condition 2) of Theorem 3.4. Then the inequality (3.2) holds.

3.7. Example. Let

1971 In? % for t< =
wl(t) = p(A—g+1) B 2 __p_
e pa (f) t" for t>e Pa,
p—q
t?~ 1 In” % for t< e Poa

e pP—q

w(t) = p(p—p+1)
(3%

Y __P
p) th for t>e p-a,
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—1
wherep71<7<%,/5'<%('y+1)fq71,ﬁ7é71,0§>\<%(p+1)71 and
4 4 < p < p — 1. Then the pair (w, w1) satisfies the condition of Theorem 3.4 for n = 1.
p

The sufficient condition for pair of general weights guaranteeing the two-weight in-
equalities of a weak (p, 1) type for convolution operator (1.3) are formulate in the following
Theorem.

3.8. Theorem. Let 1 < p < oo and the kernel of convolution operator (1.3) satisfies the
conditions (a)-(d). Let w and wi be positive functions on R™. Suppose that the weight
pair (wi,w) satisfy the following conditions:

/

P
1) / / wll(lg) dy w7 (z) dz < oo
Y
R™  \y|>|z|
p/
/ d wlipl(l') d
2") wi(y) dy T 2z < 00.
R™ \yl<|=|
3') there exists a constant di > 0 such that for any f € L, o (R™) the inequality

1/p

wp w@ [ f@lde<d | [If@F e ds
kez 2k~ 1<|z|<2k+2
2k71<‘z|§2k+2 n
holds. Then there exists a constant C' > 0 such that for any f € Ly o, (R") and A > 0
the inequality
1/p
¢ P
(3.3) wi(z)dr < 5y |f(@)]P w(zx)dz
{z€R™: |Tf(x)|>\} "

is valid.

3.9. Corollary. Let1l < g < p < oo and the kernel of convolution operator (1.3) satisfies
the conditions (a)-(d). Let wi(t) be increasing and w(t) be forall positive functions on
(0,00) satisfying condition 1°) of Theorem 8.8. Then the inequality (3.3) holds.

3.10. Corollary. Let 1 < g < p < oo and the kernel of convolution operator (1.3) satis-
fies the conditions (a)-(d). Let wi(t) be decreasing and w(t) be forall positive functions
on (0,00) satisfying condition 2°) of Theorem 3.8. Then the inequality (3.3) holds.

The Theorems 3.4 and 3.8 are pioneering results in the case 1 < ¢ < p < o0.

3.11. Example. Let

B % In? % for t<e?f
w(t) =1 280041 (=2B8)%t*  for t>e2”,
1 1 28
1t for t<e
wi(t) = { o-2B(H+1) (=2B8)7t*  for t>eP,

where p > p(A+1)—1, -1 <A <0, 8< —1and v > p(8+2)+ 1. Then the pair (w,w1)
satisfies the condition of Theorem 3.8.

3.12. Remark. Note that for p = g of the special weights the Theorem 3.4 was proved
in [1] (see also [2, 11]). Some others results for p = ¢ was proved in [8].
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