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Abstract

In this paper we define a correspondence between the set of all fuzzy h-
ideals of a I'-hemiring S and the set of all fuzzy h-ideals of the operator
hemirings of that I'-hemiring. We deduce that the lattice of all fuzzy h-
ideals of a I’-hemiring is isomorphic to the lattice of all fuzzy h-ideals of
the operator hemirings of that I'-hemiring. Finally, the cartesian prod-
uct of corresponding fuzzy h-ideals is defined and a characterization is
obtained.
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1. Introduction

There are many concepts of universal algebra generalizing an associative ring (R, +, -).
Some of them - in particular semirings - have been found very useful for solving problems
in different areas of applied mathematics and the information sciences, since the structure
of a semiring provides an algebraic framework for modeling and studying the key factors
in these applied areas. Ideals of semirings play a central role in the structure theory and
are useful for many purposes. However they do not in general coincide with the usual
ring ideals and for this reason, their use is somewhat limited in trying to obtain analogues
of ring theorems for semirings.

To solve this problem, Henriksen [5] defined a more restricted class of ideals, which
are called k-ideals. A still more restricted class of ideals in hemirings was given by lizuka
[6], which are called h-ideals. LaTorre [9], investigated h-ideals and k-ideals in hemirings
in an effort to obtain analogues of ring theorems for hemirings and to amend the gap
between ring ideals and semiring ideals.

The theory of I'-semirings was introduced by Rao[12]. The theory of I'-semirings has
been enriched by the introduction of operator semirings of a I'-semiring by Dutta and

*Department of Mathematics, Raja Peary Mohan College, Uttarpara, Hooghly-712258, India.
E-mail: debumndl@gmail.com



450 D. Mandal

Sardar [3]. To make operator semirings effective in the study of I-semirings, Dutta et al.
[3] established a correspondence between the ideals of a I'-semiring S and the ideals of
the operator semirings of S.

The concept of fuzzy set was introduced by Zadeh[16] and has been applied to many
branches of mathematics. Jun and Lee[7] applied the concept to the theory of I'-rings.
The theory of fuzzy h-ideals in hemiring has been studied by many authors, for example
[2, 8,10, 11, 17]. As a continuation of this Sardar et al.[13] studied those properties in I'-
hemirings in terms of fuzzy h-ideals. Recently Ma et al. [10] investigated some properties
of fuzzy h-ideals in I'-hemirings. In this paper we establish various correspondences
between the fuzzy h-ideals of a I'-hemiring S and the fuzzy h-ideals of the operator
hemirings of S.

2. Preliminaries

A hemiring (respectively semiring) [4] is a nonempty set S on which operations of
addition and multiplication have been defined such that (S, +) is a commutative monoid
with identity Og, (S,-) is a semigroup (respectively monoid with identity 1s), multipli-
cation distributes over addition from either side, 1g # 0 and 0ss = 0s = s0g for all
seS.

Let S and I' be two additive commutative semigroups with zero. According to [13],
S is called a I'-hemiring if there exists a mapping S x I' x S — S by (a, @, b) — aab
satisfying the following conditions:

(1) (a+ b)ac = aac + bac,
(2) aa(b+ c) = aab+ aac,
(3) a(a+ B)b = aab+ apfb,
(4) aa(bBe) = (aab)de,
(5) Osaa = 0s = aalg,
(6) aOrb = OS = bOrCL7
for all a,b,c € S and for all o, 8 € T

For simplicity we write 0 instead of Os and Or.

Let S be the set of all m x n matrices over Zg (the set of all non-positive integers)
and I the set of all n x m matrices over Z,. Then S forms a I'-hemiring with the usual
addition and multiplication of matrices.

Now, we recall the following definitions from [3].

Let S be a I'-hemiring and F' the free additive commutative semigroup generated by
S x I'. We define a relation p on F' as follows:

m

Z(xi,ai) Z(yj,ﬂj) if and only if lea a= Zyjﬁj

=1 Jj=1
for all a € S (m,n € Z+). Then p is a congruence relation on F. We denote the con-

gruence class containing Z Zi, ;) by Z Zi, ;). Then F/p is an additive commutative
i=1 i=1
semigroup. Now, F'/p forms a hemiring with the multiplication defined by

<Z[%ai]> <Z[yj,,3j]> = Z[xiaiyj76j]-

We denote this hemiring by L and call it the left operator hemiring of the I'-hemiring S.
Dually we define the right operator hemiring R of the I'-hemiring S.
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Let S be a I'-hemiring, L the left operator hemiring and R the right one. If there exists
an element Z[ehéi] erL (resp. Z[’Yj7fj] € R) such that Zeiéia =a (respectively7
j=1

i=1 =1

Z ay; fj = a) for all @ € S, then S is said to have the left unity Z[e“ i) (respectively7
j=1 i=1
the right unity Z[’Yj7 fj])
j=1
Throughout this paper, unless otherwise mentioned, for different elements of L (re-

spectively, R) we take the same index say ‘¢’ whose range is finite, that is from 1 to n,
for some positive integer n.

Let S be a I'-hemiring, L the left operator hemiring and R the right one. If there
exists an element [e,d] € L ( respectively, [y, f] € R) such that eda = a (respectively,
ayf = a) for all @ € S, then S is said to have the strong left unity [e, ] (respectively,
strong right unity [y, f]) [12].

Let S be a I'-hemiring, L the left operator hemiring and R the right one. Let P C L
(C R). According to [3], we define
Pt ={a€S:[a,I']C P} (respectively, P* = {a € S : [I',a] C P})
and for Q C 5,

QJr/ = {i[:c“az] eL: <i([$z7az]>s c Q}7

i=1 i=1

where <Z[:cl, ai]> S denotes the set of all finite sums inaisk, sk € S and

i=1 ik

Q*/ = {Z[ahxi] ER: S<Z([ai7l’i]> - Q} ;

i=1

where S(Z[xi, ai]> denotes the set of all finite sums Zskaixi, s, €S.
i=1 ik
A fuzzy subset p of a non-empty set S is a function p : S — [0,1]. Let u be a

non-empty fuzzy subset of a I-hemiring S (i.e., u(z) # 0 for some z € S). Then p is
called a fuzzy left ideal (respectively, fuzzy right ideal) of S [13] if

(1) p(z +y) = min{pu(z), u(y)},

(2) p(zyy) = p(y) (respectively, u(zyy) > p(z)),
for all z,y € S and v € I'. A fuzzy ideal of a I'-hemiring S is a non-empty fuzzy subset of
S which is a fuzzy left ideal as well as a fuzzy right ideal of S. Note that if p is a fuzzy
left or right ideal of a I'-hemiring S, then p(0) > p(z) for all x € S.

A left ideal A of a I'-hemiring S is called a left h-ideal if for any x,z € S and a,b € A,
r+a+z=b+z = z €A

A right h-ideal is defined analogously. A fuzzy left ideal p of a I'-hemiring S is called a
fuzzy left h-ideal if for all a,b,xz,z € S,

r+a+z=b+z = p(r) > min{u(a), u(b)}.

A fuzzy right h-ideal is defined similarly. By a fuzzy h-ideal p, we mean that p is both a
fuzzy left and a fuzzy right h-ideal.
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For example, let S be the additive commutative semigroup of all non-positive integers
and I' the additive commutative semigroup of all non-positive even integers. Then S is
a I'-hemiring if ayb denotes the usual multiplication of integers a,~, b where a,b € S and
v €T'. Let u be a fuzzy subset of S, defined as follows

1 if z =0,
u(z) = ¢ 0.7 if x is even,
0.1 if xis odd,

The fuzzy subset p of S is both a fuzzy ideal and a fuzzy h-ideal of S.

Let S be a I'-hemiring and p1, p2 two fuzzy subsets of S . Then the sum p; ® ps2 is
defined as follows:

SUp, s {min i (w), pa(0)} : w,v € S,
o) =
(k1 © pa) (@) { 0 ifforallu,v €S, u+v#ux.

Let 1 and 6 be two fuzzy subsets of a I'-hemiring S. We define the generalized h-product
of u and 6 by

sup {min{min{u(a:), pu(c:), 0(bs), 0(ds) }}
pon 0(x) = cr YT acyibi + 2 =300 cibidi + 2}
0 if x cannot be expressed as above,
where x, z,a;,b;,¢i,d; € S and v;,6, € T, for i =1,...,n.
Ma et al. [10] also defined a simple h-product by

sup{min{u(a), u(c),0(b),0(d)} : x + ayb+ z = céd + =},
0 if x cannot be expressed as above,

plhb(z) = {

where z,z,a,,c,d € S and 7,6 € T.
We now recall the following two definitions from [10]

A fuzzy left(right) h-ideal ¢ of a I'—hemiring S is said to be prime if { is a non-constant
function and for any two fuzzy left (right) h-ideals g and v of S, ul'v C ¢ implies u C ¢
or v C (.

Similarly we can define a semiprime fuzzy h-ideal.

A fuzzy subset p of a I'-hemiring S is called a fuzzy h-bi-ideal if for all z,y, z,a,b € S
and a, 8 € I' we have

(1) w(z+y) = min{u(z), u(y)},

(2) p(zay) = min{u(z), u(y)},

(3) ulwaypfz) = min{u(z), u(2)},

4) z4+a+z2z=b+2z = u(x) > min{u(a), u(b)}.
A fuzzy subset p of a I'-hemiring S is called a fuzzy h-quasi-ideal if for all z,y, z,a,b € S
we have

(1) (e +y) = min{u(z), p(y)},

(2) (wonxs)N(xsonp) S p

(3) z+a+z=b+2z = p(z) > min{u(a), u(d)}.
For more preliminaries on semirings (hemirings) and I-semirings we refer to [4] and|[3],
respectively. Also, for more results on fuzzy h-ideals in I-hemirings we refer to [13].

Throughout this paper, unless otherwise mentioned, S denotes a I'-hemiring with left

unity and right unity and FLh-I(S), FRh-1(S) and Fh-I1(S) denote respectively the
set of all fuzzy left h-ideals, the set of all fuzzy right h-ideals and the set of all fuzzy h-
ideals of the I'-hemiring S. The meaning of FLh-I(L), FLh-I(R), FRh-I(L), FRh-I(R),
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Fh-I1(L), Fh-I(R), where L and R are respectively the left operator and right operator
hemirings of the I'-hemiring S are defined similarly.

Also, we assume that (0) = 1 for a fuzzy left h-ideal (respectively, fuzzy right h-ideal,
fuzzy h-ideal) p of a I'-hemiring S. Similarly, we assume that u(0r) = 1 (respectively,
1(0r) = 1) for a fuzzy left h-ideal (respectively, fuzzy right h-ideal, fuzzy h-ideal) p of
the left operator hemiring (respectively, right operator hemiring R) of a I'-hemiring S.

3. Corresponding fuzzy h-ideals

Throughout this section S denotes a I'-hemiring, R denotes the right operator hemiring
and L denotes the left operator hemiring of the I'-hemiring S.

3.1. Definition. Let i be a fuzzy subset of L. We define a fuzzy subset p of S by
p(z) = inf p([z,~]) where z € S.
y€eT

If o is a fuzzy subset of S, we define a fuzzy subset ot of L by

J+,(Z[xi,ai]) = 2220(2%%5) where Z[xi,ai] e L.

3.2. Definition. If § be a fuzzy subset of R, we define a fuzzy subset §* of S by
0" (z) = inf §([y, z]) where z € S.
~eET

If  be a fuzzy subset of S, we define a fuzzy subset 1+’ of R by

77*' (Z[om:m]) = 322”(280&5&') where Z[ai’xi] c R.

+

3.3. Lemma. If{y; : i € I'} is a collection of fuzzy subsets of L then (| pf = ( N ui) .
iel i€l

O

3.4. Proposition. If u € Fh-I(L) then u* € Fh-I(S).
Proof. Let € Fh-I(L). Then p(0r) = 1.
Now pt(0s) = in%{p([os,w])} =1 [Since for all v € T, [0g,7] is the zero element of
veE
L). So, u" is non empty and put(0s) = 1.
Let z,y € S and a € I. Now
pH(@ +y) = inf {u([z +y,7)} = inf {u(lz, 7] + [y,7])}
yel’ ~el
> inf {min{u([z,]), u(ly,7])}} = min{inf {u([z,7])}, nf {x([y,7])}}
yerl’ ~er ~er

= min{u" (z), 1" (y)}-
Therefore pu (z +y) > min{u*(z), " (y)}. Again

u' (zay) = inf {u(lway, 7))} = inf {u(le, olly, 7))} = infuly, 7] = 1" (v)

and
pt(zay) = inf {p([zay, 7D} = inf {u([z, ally, M} = wulz, o)
> inf (u([e, 5)} = 1" ).

Hence pt is a fuzzy ideal of S.
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Now for an h-ideal, suppose z + a + z = b + z, where z,a,b,z € S. Therefore
u' (@) = inf {p(fe, )} = inf minfu(la, 7)), u(lb,7])}
= min { inf {p((a, 7))}, inf {n(b.7)} } = min{pr* (@), 1" ().
Hence p is a fuzzy h-ideal of S. |

3.5. Proposition. If ¢ € Fh-I(S) [resp. FRh-I(S), FLh-I(S)] then ot € Fh-I(L)
[resp. FRh-I(L), FLh-I(L)].

Proof. Let 0 € Fh-I(S). Then o(0s) = 1.
Now o'([05,7]) = inf[o(0s7s)] = inf[o(0s)] = 1, Vy € T.

+is non empty and a'*l(OL) =1 as [0g,7] is the zero element of L.

Let ;[maiL ;[ymjl € L. Then
' >ies i + 3l 61)
= inf gzzxiaiwzwﬂjs)}
> bt i fo (L)oo )}
- () it (S}
= min {0 (Z vi,0]) 0 (Z[ym )}

Therefore o

Again

o (Pl ] Ylus 51)
o7 (S ) = (o)
> i (i {o (S o). o Sin) o (S o).}
> i fo (Vo) (S o) o Vo) .
> o (o S} = (She).
Similarly we can show that o ( Ej:[yj, 5] Z[:c o) > cr*’(}j:[yj, 81).

Thus ot is a fuzzy ideal of L.

Now for an h-ideal suppose

Z[xi, ei] + Z[ai, ] + Z[z 5] = Z[b“ Bi] + Z[z 5]
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where Z[$i76i]7 Z[ai7ai]7 Z[zi76i]7 Z[buﬂi] € L. Then
o (Soee) = fo( S}
> inf mm{ (Z:aiaﬁ),d(zbiﬁis)}}
= min (it {o(3 ows) b it {o(3o0s) }}
= min {O’+/ (Z[au Oéi]) ) U+/ (Z[buﬂz])}

Therefore o is a fuzzy h-ideal of L. O

Similarly we can prove the following propositions.

3.6. Proposition. If § € Fh-I(R) [resp. FRh-I(R),FLh-I(R)] then 6" € Fh-I1(S)
[resp. FRh-I(S), FLh-I(S)]. O

3.7. Proposition. If 7 € Fh-I(S) [resp. FRh-1(S), FLh-I(S)] then n* € Fh-I(R)
[resp. FRh-I(R), FLh-I(R)). O

3.8. Theorem. The lattices of all fuzzy h-ideals of S and L are isomorphic via the
inclusion preserving bijection o v+ o, where o € Fh-I(S) and ot € Fh-I(L).

Proof. First we shall show that (U+/)+ = o, where 0 € Fh-I(S). Let € S. Then
((0+l)+)( )= mf {O’ ([z,~]) } = 1nf { 1nf{0 :cys)}}
> nf (ittt} =
So o C (a+,)+.

Let Z[%, fi] be the right unity of S. Then Z:c%fi =g for all zx € S. Now

= U(Z»’C%‘fi) > min{o(zy1.f1),0(xy2f2), ...}

/

> inf { 1nf{a’ (zys)}} = (oF )+(x)

yerl’

Therefore ((;r+l)+ C ¢ and hence (or+l)7L =o0.

Next let u € Fh-I(L). Then
() (o) = o (S )} = o s )}
-t e}
» (o)) = ()

Sopn C (u+)+/.
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Let Z[eh 8:] be the left unity of S. Then
;(Z[xj,aﬂ) = (Xl 5] Y lew8])
J >minj{u(2[:c;agnel 1)), M(Z[% aylez, 82]), - }
2 o (oS} = ) ()

Therefore (u+)+/ C pu, and so (;fr)+

= p. Thus the correspondence o +— ot is a
bijection.

Now let 01,02 € Fh-I(S) be such that o1 C o2. Then
+ 1) — ; v
o () - i o ()
< o (Sm)) o ()

for all Z[:ci7o¢¢] € L. Thus, Uf/ C a';/.
Similarly we can deduce that if g1 C 2 where pa, po € Fh-I(L) then pf C puf.

We shall now show that (o1 ® 02)+, = O';r, & O';r,
Let Z[ai,ai] € L. Then

(o1 @ 02)* (Z[a o))
= inf (o @Ug)(ii:aiocis)
= o (s [ oS (Sme)
2; a;0s = Z; TOks + 2; y]ﬂjs}}
s i { oS s ()}
— sup { min {o7" ( > Lo o)), ( Z[yj 6i1)}H
= (o @ od) (Elew o) ]

Thus (o1 @® 02)+/ = U;r, fast 02 + . Again

(o1 No2) (Z[a ;i ) = ggg{(m ﬂag)(;aiais)}
- () o S
it (S 0) o )

’ ’ ’
and (01ﬂ02)+ :O';r 00;.
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:min{gfl(Z[ahai]) +’(zi:[ai7om‘])}
= afr Noy ) (Z[ahal)

So (o1 N 02)+/ = Uf, N a;'. Hence the mapping o + o™ + s a lattice isomorphism. [0
Similarly we can obtain the following theorem.

3.9. Theorem. The lattices of all fuzzy h-ideals of S and R are isomorphic via the
inclusion preserving bijection o — o* , where o € Fh-1(S) and 0* € Fh-I(R). O

3.10. Corollary. FLh-I(L) [resp. FRh-I(L), FLh-I(R), FRh-I(R)] is a complete
lattice.

Proof. The corollary follows from the above theorems and the fact that F'Lh-I(S) [resp.
FRh-I(S), Fh-1(S)] is a complete lattice [13]. O

By routine verification the following Lemmas can be obtained.

3.11. Lemma. Let I be an h-ideal (left h-ideal, mght h-ideal) of a T'-hemiring S and let
Ar be the characteristic function of I. Then ()\1) = )‘(1 ) O

3.12. Lemma. Let I be an h-ideal (left h-ideal, right h-ideal) of the left operator hemiring
L of a T'-hemiring S and let A1 be the characteristic function of I. Then ()\1)+ =
)‘(H) .
3.13. Lemma. Let I be an h-ideal (left h-ideal, right h-ideal) of a I'-hemiring S and let
A1 be the characteristic function of I. Then ()\1)*, = )\(I*,). O

3.14. Lemma. Let I be an h-ideal (left h-ideal, right h-ideal) of the right operator
hemiring R of a I'-hemiring S and let A1 be the characteristic function of I. Then
()‘I)* :)‘(1*)' g

3.15. Theorem. The lattices of all h-ideals of S and L are isomorphic via the mapping
I~ I*l, where I denotes an h-ideal of S.

Proof. First we shall show that the mapping I — It is one-one. Let I, and I> be two
h-ideals of S such that I; # I>. Then A;; and Aj, are fuzzy h-ideals of S where A\;; and
A1, are the characteristic functions of I; and I» respectively. Evidently, A;; # Ar,. Then
by Theorem 3.8, )\fll # )\g. Hence by Lemma 3.11, )‘If' # )‘12*/ whence Ifl # I;I.

Consequently the mapping I — I is one-one.

Next let J be an h-ideal of L. Then \; is a fuzzy h-ideal of L. By Proposition 3.4
and Theorem 3.8, )\}r is a fuzzy h-ideal of S. Now by Lemma 3.12, )\j = A+ and
consequently, JT is an h-ideal of S. Hence the mapping is onto.

Let I, Iz be two h-ideals of S such that I1 C I>. Then A;; C A, and by Theorem 3.8,
)\+ - )\+ and by Lemma 3.11, A ' C A 1’ and consequently IJr - I2 . Thus the

mapping is inclusion preserving. Henee the theorem O
Similarly we can prove the following theorem:

3.16. Theorem. The lattices of all h-ideals of S and R are isomorphic via the mapping
I~ I*,, where I denotes an h-ideal of S. a
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3.17. Proposition. For any two fuzzy h-ideals p and v of S,
(o)™ = (" on )*).
Proof. Let
Sl e, (Slas,adl) , Sletnil, (Slbis 1) 5 (Slewl) (Sl 6]) € L

i i i i 7 i

be such that

Sl e + X (o i) (Shets )+ Sleioni]

= S (Solbs, 1) (Sl o))+ Sl
Then
() on ") (Slasved])

(3

= sup {min{ ()" ((Zlav aa]) ). )7 ((Shevs ) ). " (e 51]) ).

i J i i

0 ((SHe82) )} ¢ Sloved + (Do o) (Slev ),

+ Xlem] = S(Slb A1) (Sl 6) + Sleoil}

J 1 7

oo {100 (D) ) B0 ((527) ).
ot ((Zeieis) ). imt((Sdidis) ) }
- o {0 (So). 0 (50)). 00 ()
() (zi;(diais)j)} - Swieis + ;(;aiais)jyj (;cms)j
+ Yeimis = Z(;biﬂis)jéj (zd m)j + zzns}}

J
= suelg(’u op V) (;xieis)

(1 on V)Jr, (;[av“ez]) |

3.18. Remark. Similarly we can show that for any two fuzzy h-ideals p and v of S,
(thu)+, =yt Tt

3.19. Proposition. If ¢ is a prime [semiprime] fuzzy h-ideal of S then (Jr/(resp. C*/)
is a prime [semiprime] fuzzy h-ideal of L (resp. R).

Proof. Suppose ( is a prime fuzzy h-ideal of S and let u+,7 vt be fuzzy h-ideals of L
such that pﬁ,thﬁu C §+,. Then from Remark 3.18 we have (uF;ﬂ/)*l C <+/ which
implies (ul',v) C ¢, that is 4 C ¢ or v C ¢ [since ¢ is a prime fuzzy h-ideal of S]. Hence
,Lﬁl - C*l or vt - §+,. Therefore C*l is a prime fuzzy h-ideal of L.

Similarly we can prove the result for R.

Now for semiprime fuzzy h-ideal, the proof is very similar. O
3.20. Proposition. If ¢ is a prime [semiprime] fuzzy h-ideal of L (resp. R), then (T
(resp. C*) is a prime [semiprime] fuzzy h-ideal of S.
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Proof. The proof follows from a routine verification. ]

3.21. Proposition. If p is a fuzzy h-bi-ideal of S. Then pﬁ, (resp. u*l) is a fuzzy
h-bi-ideal of L (resp. R).

Proof. Suppose p is a fuzzy h-bi-ideal of S and Z[xhaiLZ[yi7ﬂi]72[zi7’)’i] € L.

Then from Proposition 3.5 we have
(i) + (Sl ) 2 i (o) (Sl )}
and

(i) (S0 2 i () (i)

Now suppose Z Zi, €, Z ai, o), Z[Z“ i, Z[b“ Bi] € L are such that

D lwi e + 3 o oi] + 3 [e 6 = D (b Bil + Y[ )
Since pt’ Zis a fuzzy h-lideal of L, Z Z l
i (Ylwise) > min {u* (Ylaad). w* (b 8) }.
Now Z Z J
pt ((Z i, i ) (Z[yz, Bi ) (Z[zv])) =ut (Z[x ai]z:[yigizi,%])
(Ml el).

i

Y

Similarly,

lﬁ/ ((zl: Ti, O ) (Z[y“ Bi ) (Z[Zu’)’z )) = (Z[mu Oéz‘yiﬂi]zi:[ziﬂi])

i

' (Z[Zu %‘]) -

7

AV

Therefore we have,

o () (1) ()
> min {u (Z[:Cu Oéi])7 pt (Z[Z“%])}
Hence u+/ is a fuzzy h-bi-ideal of L.

Similarly we can prove the result for R. O

3.22. Proposition. If u is a fuzzy h-bi-ideal of L (resp. R), then ut (resp. p*) is also
a fuzzy h-bi-ideal of S. |

3.23. Proposition. If p is a fuzzy h-quasi-ideal of S then ;1,+, (resp. u*,) is a fuzzy
h-quasi-ideal of L (resp. R).
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(3

Proof. Suppose p is a fuzzy h-quasi-ideal of S and z:[:tc27 ail, Z[yi7 Bil, Z[z“ vi] € L.

Then by Proposition 3.5 we obtain

i (Yl el + > Iy g1) = min {u*" (Dlwsail), wt (Yl 81)

i i i
and if

Dolwned + D lai i + Y [a 6 = 3 bis Al + D[z 8]

i

for Z[xheiL Z[ai7o¢¢]7 Z[zhéiL Z[buﬂz] € L, then

' (leied) = min [ (Pl o). 1t (3l 51) |
i j F]
Let xs be the characteristic function of S. Then by using Proposition 3.17 and Theo-
rem 3.8 we deduce that

+/

Fonxt ) 0 (xE onit) = (wonxs)™ N (xsonp)”

(n
= ((monxs) N (xsonw)™ Cp*
[since u is a fuzzy h-quasi ideal]. Hence ,Lﬁl is an h-quasi-ideal of L.

Similarly we can prove the result for R. |

3.24. Proposition. If u is a fuzzy h-quasi-ideal of L (resp. R), then u* (resp. p*) is
also a fuzzy h-quasi-ideal of S. O

4. Cartesian product of corresponding fuzzy h-ideals

Let {Si}icr be a family of I-hemirings. Now if we define addition (+) and multipli-
cation on the Cartesian product IT;c;S; as follows:

(xi)ier + (yi)ier = (@i + yi)ier and (zi)icro(ys)ier = (Tiay:)ier
for all (xs)ier, (yi)ier € IierS; and for all € T, then IT;¢7S; becomes a I'-hemiring.

4.1. Definition. [1] Let x4 and o be two fuzzy subsets of a set X. Then the Cartesian
product of 1 and o is defined by (1 X o)(z,y) = min{u(z),o(y)} Vz,y € X.

4.2. Definition. Let p x o be the Cartesian product of two fuzzy subsets p and o of R.
Then the corresponding cartesian product (u X o)* of S x S is defined by

(nx0)(z,y) = (nx o)([a, z], [B,y]) where z,y € 5.

inf
a,BeT
4.3. Definition. Let pu x o be the Cartesian product of two fuzzy subsets p and o of S.
Then the corresponding cartesian product (1 X 0)* of R x R is defined by

(1 0)" (Mlow o, Y 1B u) = inf (ux o) (Dsicwan, Y5853 ),
1 j=1 o i=1 j=1

1=

where Y “[o, wi], Y [85,u5] € R.
i=1 J=1
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4.4. Definition. Let p x o be the cartesian product of two fuzzy subsets p and o of L.
Then the corresponding Cartesian product (u x o)™ of S x S is defined by

(1 o) (@9) = it (% ) ([, [y, B),
where x,y € S.

4.5. Definition. Let pu x o be the Cartesian product of two fuzzy subsets 1 and o of S.
Then the corresponding Cartesian product (u x o)™ of L x L is defined by

(nxo) (Z[x“al] Z Y, Bl ) = inf (uxo) (Zl’iaisuzyﬂjsy‘)
©nd i=1 j=1

where Z[m,ai], > lwiBilel
i=1

j=1
4.6. Proposition. Let pu,u’, v,V are four fuzzy h-ideals of S. Then
(,u X ,u/)Fh (1/ X u') = (thu) X (u'Fhu').
Proof. Let (z,y) € SxS besuch that (z,y)+(a,c)y(a’, ) +(z,2") = (b,d)s (b, d")+(z, '),
where a, ¢, a’, ¢, z, 2/, b, d, V', d € Sand v, § € . Then (x,y)+ (aya’,cyc )+ (2,2') =
(b6b', déd’) + (z, 2"), which implies that (z + aya' +z,y+cyc +2') = (bOb' + z,déd’ +2').
Now
(b x @ )lh(v x V') (2, y)
= sup{min{(x x 1')(a,c), (i x p')(b,d), (v x V')(a', ), (v x V) (¥, d)} -
(z,9) + (a,0)y(a’,¢) + (2,2) = (b, )3V, d') + (2,2)}
= sup{min{min{su(a), u'(c)}, min{p(b), ' (d) }, min{v(a’), (")},
min{v(b'), v (d')}}}
= min{sup{min{u(a), u(b),v(a’),v(b))} : x+ aya' + z = bdb' + z},
sup{min{u’(c), 1’ (d),v' (), v (d)} : y+cyd +2' =ddd + 2'}}
= min { (u'nv)(z), (W'Thv') (y)}
— ((uTa) x (6Tw)) (o)
Hence the proof. a

In this section we prove the results for the I'-hemiring S and its right operator hemiring
R. Similar results hold for the I'-hemiring S and its left operator hemiring L.

4.7. Proposition. Let p and o be two fuzzy subsets of R (L) [the right (left) operator
hemiring of the T'-hemiring S]. Then (u x o)* = u* x o* (resp. (ux o)™ =put xo™).
Proof. Let xz,y € S. Then
* — . f — . f .
(ux o) (z,y) = inf (uxo)(leal,[By]) = inf min{u((a, z]),o((5,y])}
— . . f . f — . * *
min { inf u([e, 2]), info([8,y])} = min {x" (x),0"(y) }

— (4" x0") @),
Consequently, (1 X 0)* = p* x ¢*. Similarly, we can show that (ux o)t = p* xo™. O
4.8. Proposition. Let p and o be two fuzzy subsets of S. Then
)+/ +/)‘

(wxo) =p" xo" (uxo)” =u xo
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Proof. Let Z[ai7$i]7z[/@j7yj] € R. Then

i=1 j=1

o (o jﬁ_njle, wl) = int (ux0) (isz'amug:lsjﬁjyj)

g o {i( ). ots0)
= min { (3 i), ;.%fs”i“fﬂj%)}
=i {u (o)) o (S2101))
(" x o) (Z[a“m ij,y])

yWo=ut xet. O

Consequently, (ux 0)*, = u*l xo*. Similarly we can show that (uxo

4.9. Proposition. Suppose i and o are two fuzzy h-ideals of R (resp. L). Then pu* x o*
(resp. u" x o) is a fuzzy h-ideal of S X S.

Proof. Since p, o are fuzzy h-ideals of R, by Proposition 3.6, u*, o™ are fuzzy h-ideals
of S and so from [13, Theorem 35] we have that p* x o* is a fuzzy h-ideal of S x S.

In similar way we can prove the result for L. O

4.10. Proposition. Let p and o be two prime (semiprime) fuzzy h-ideals of R (L).
Then p* x o* (resp. p* x o¥) is a prime (semiprime) fuzzy h-ideal of S x S.

Proof. Since p and o are two prime fuzzy h-ideals of R, by Proposition 4.9 we see
that pu* x o* is a fuzzy h-ideal of S x S. To show that u* X ¢* is prime, suppose
0,0',n,m € Fh-1(S) are such that (§ x0")T'(nxn') C u* x c* Then from Proposition 4.6
we obtain (0Tyn) x (0'Trn") C p* x o*. Therefore (0T',n) C p* and (0'Tyrn’) C o*. Hence
OCpu ornCpu*and @ Co*orny Co*,thatis@ x 0 Cpu*xo*ornxn Cu*xo*.
So, u* X o* is a prime fuzzy h-ideal of S x S.

Similarly we can prove the result for semiprime fuzzy h-ideals and the left operator
hemiring L. |

By suitable modification of the above argument we obtain the following result.

4.11. Proposition. Let u and o be two fuzzy h-ideals (prime fuzzy h-ideals, semiprime
fuzzy h-ideals) of S. Then u*/ x o* [resp. ;fr/ X a'+/] is a fuzzy h-ideal (resp. prime
fuzzy h-ideal, semiprime fuzzy h-ideal) of R X R [resp. L x L]. d

4.12. Theorem. Let S be a I'-hemiring with unities and let R be its right operator
hemiring. Then there exists an inclusion preserving bijection p X o — u*, x o* between
the set of all Cartesian products of fuzzy h-ideals (prime fuzzy h-ideals, semiprime fuzzy
h-ideals) of S and the set of all Cartesian products of fuzzy h-ideals (prime fuzzy h-ideals,
semiprime fuzzy h-ideals) of R, where u and o are fuzzy h-ideals (prime fuzzy h-ideals,
semiprime fuzzy h-ideals) of S.
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Proof. Let p and o are fuzzy h-ideals of S and x,y € S. Then
(" xo™) (@,y) = inf (0" x 0" )([o, 2], [8,9])
= inf min {1 (lo 2)), o™ (8, 9))}
= min { inf " ([ov 2]), inf o™ ([8.4])}
= min {ggsllnefsu(slax)’ érelgsgnefsa(szﬂy)}
> min{u(z),o(y)}( since u and o are fuzzy ideals)
= (nxo)(z,y).

Therefore p x o C (u*l X 0*,)*. Let [e, 0] be the strong left unity of S. Then edz = x
and edy = y for all z,y € S. Now,

(1 X 0)(@,5) = min{u(z), o (4)} = min{ju(ede), o(edy)}
> min{ 12? iI}:_fS/J,(S1Oé$)7 éréfr“ inEfSU(SQﬂy)}

min{iréfr“*/([o‘7x])7 Ligrga*/([@ v}

= min { ()" (@), (¢*)" ()}
= ()" x (™)) (@)

= (1 x o) (@)

Sopuxo2 (u*l X O'*l)*. Hence pp x 0 = (,u*, X O'*l)*.
Now let 1 and o be two fuzzy h-ideals of R. Then

(1w x a° (z[am Zwﬁm)
—int (" x o’ (Zsla 2, Zsjﬂyyj)
= it {1 (Somie. " (L)
=i { i (Somee. ko’ (Som0m)
=i { it ngo( [ Soen] ). ot (5. o] )
=i { (b ol ). ot (0 53005 )
> min {1 (3 fow ), o—(fjle,yj])}

1=

=(uxo) (z": [as, 4], zm:ﬂwyj])'
i=1 j=1
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P
Thus we obtain (p* x U*)*/ Dpuxo. Let th’ fx] be the right unity of S. Then
k=1

(1w x o) (Z 0527371] Z ﬂwyj )
:min{u( [o, x4]) (Z[ijy] )}

= min {u(i[ah mim £, U(i[ﬂw yﬂim £d)}

> min {;Iéfsgelfu(i[au mih, ), inf info (_fjwj, yj]_fjw, si)) }
> min{(u*)*,(zn:[a“:cz]) (i (85, y5]) }

i=1

= ()" % (0)7) (Lo zwj,yj)

= (M* X U*)*,<Z[Oéi7fci]7 Z[ﬁjﬂ/j])‘

’ */
Hence (u* X a'*)* C p x 0. Consequently, (u* X a*) = i X 0. Thus we see that the
correspondence p X o —> p,*/ X o is a bijection.

Now let p1, p2, 01,02 be fuzzy h-ideals of S such that g1 X 01 C 2 X 2. Then:

(,uf, X O'Tl) (Z[Oﬁ,fﬂi]y Z[ijyj])
i=1 j=1
= inf (u1 X o1) (Zslazm“ Zsaﬂaya)

54,55 €

=1 j=1

= 1Snf mm{ul (Zsla Zi), oli gjﬁjyj)}
ey 2

<t g s (L. o3}

— min{ inf N2 (Zslazml) 1nf 0'2 (Zm:sjﬂjyj)}

Jj=1

min {,ug/ (f:l[ai, wz]), 05/ (Z[ij ZJJ’])}

;1,2/ X 0'2 (Z[Omxz] Z[ﬂj/é/ﬂ )

’ ’ ’ ’ ’, . . )
Hence pi X of C pu5 X o5 . Therefore, y X o — ,u* X ¢ is an inclusion preserving
bijection.

Similarly, we can prove the results for prime fuzzy h-ideals and semiprime fuzzy h-
ideals. ]
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