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Abstract

Fuzzy set theory has been widely used in various fields of statistics in
recent years. The correlation between fuzzy random variables can be
measured by a fuzzy correlation coefficient. When the correlation of the
fuzzy random variables has being calculated, mathematical program-
ming and fuzzy arithmetic operations have been used in the literature.
In this study, to calculate the fuzzy correlation coefficient, a new ap-
proach based on simulation is proposed. It is not necessary to employ
mathematical programming or fuzzy arithmetic operations when the
proposed method is used. The proposed approach is applied to fats
and oils data to show the applicability of the method.
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1. Introduction

In statistical theory, the correlation coefficient is a measure for the linear relationship
between two random variables. Given a sample of n independent pairs of observations
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(X1, Y1), (X2, Y2), . . . , (Xn, Yn), the sample correlation coefficient rX,Y between X and
Y is calculated as

(1.1) rX,Y =

∑n
i=1

(Xi −X)(Yi − Y )
√

∑n
i=1

(Xi −X)
2 ∑n

i=1
(Yi − Y )

2

,

where X =
∑n

i=1
Xi/n and Y =

∑n
i=1

Yi/n are the sample means of X and Y , respec-
tively. The formula given in ((??)) is used when the variables have crisp values. However,
in real world applications, the observations are sometimes described using linguistic terms
such as excellent, good, or bad; or are only approximately known, rather than known
with certainty (Hong [6]).

Various methods have been proposed to calculate a correlation coefficient which is crisp
for fuzzy observations. Some of these methods were proposed by Bustince and Burillo [2],
Chiang and Lin [3], Gerstenkorn and Manko [4], Hong and Hwang [5], and Yu [8]. On the
other hand, Liu and Kao [7], and Hong [6] calculated the correlation coefficient as a fuzzy
number for a sample of n independent pairs of fuzzy observations by utilizing fuzzy sets,
Zadeh [9]. Mathematical programming is used in the method proposed by Liu and Kao
[7], while an extension principle based on TW (the weakest t-norm) is employed in Hong’s
[6] method to calculate the fuzzy correlation coefficient. Although Hong’s [6] method does
not require mathematical programming or computer calculations, the possible value of
the calculated fuzzy correlation coefficient can be greater than 1 for some α cut values
in this approach. However, a correlation coefficient always lies between -1 and 1 since it
is a standard measure for variation.

In this study, when the observations are fuzzy, a new approach based on simulation
is proposed to calculate the correlation coefficient which is also fuzzy. In the proposed
method, crisp data are derived from the fuzzy observations by simulation and a sample
of correlation coefficients calculated from these crisp values is obtained. Then, an esti-
mator of the fuzzy correlation coefficient is calculated by using the obtained sample for
the correlation coefficient. The proposed approach does not require mathematical pro-
gramming or fuzzy arithmetic operations. In addition, possible values of the calculated
fuzzy correlation coefficient are in the interval [-1,1] for all α cut values.

The proposed approach is introduced in Section 2. The proposed method is applied
to the data used by Hong [6] and the obtained results are given in Section 3. Section 4
concludes the paper.

2. The proposed method

Let X̃j = (xj , γj) j = 1, 2, . . . , n and Ỹj = (yj , δj) j = 1, 2, . . . , n are random samples

for the random variables X and Y , respectively. X̃j and Ỹj are symmetric triangular

fuzzy numbers. In another words, the left and the right hand side values for X̃j and Ỹj

are represented by γj and δj , respectively while xj and yj represent the center values of

X̃j and Ỹj , respectively. The proposed algorithm is given below.

Step 1. The iteration bound N is specified.

Step 2. α is generated using a Uniform (0,1) distribution.

Step 3. According to the determined α generated in the previous step, for fuzzy
observations, α-cuts are calculated as follows:

X̃j [α] =
[

(xj − γj) + (γj ∗ α), (xj + γj)−(γj ∗ α)
]

, j = 1, 2, . . . , n,(2.1)

Ỹj [α] =
[

(yj − δj) + (δj ∗ α), (yj + δj)−(δj ∗ α)
]

, j = 1, 2, . . . , n,(2.2)
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where n is the number of fuzzy observations.

Step 4. Taking the right and left hand side values of the α-cuts as the parameters
of the Uniform distribution, samples (X1, X2, . . . , Xn) and (Y1, Y2, . . . , Yn) are sampled
from the Uniform distributions given as follows:

Xj ∼ Uniform((xj − γj) + (γj ∗ α), (xj + γj)−(γj ∗ α))(2.3)

Yj ∼ Uniform((yj − δj) + (δj ∗ α), (yj + δj)−(δj ∗ α)),(2.4)

where j = 1, 2, . . . , n. Then, the crisp correlation coefficient rX,Y is calculated by using
((??)).

Step 5. By turning back to Step 2, similar operations are made for N times. After
N repetitions, the sample (r1, r2, . . . , rN ) is obtained.

Step 6. For the mean value of the sample of (r1, r2, . . . , rN ) obtained in the previous
stage, confidence intervals (1− α)100% are calculated as follows (Buckley [1]):

(2.5)
[

r − tα/2

(

s/
√
n
)

, r + tα/2 (s/
√
n)

]

,

where tα/2 is defined from the (Student’s) t distributions, with n− 1 degrees of freedom,
so that the probability of exceeding it is α/2, s is the standard deviation of the sample of
correlation coefficients. The confidence interval obtained can be considered as an α-cut
of the fuzzy correlation coefficient. According to the central limit theorem, the mean
value of the correlation coefficients has a normal distribution since the sample size is
big enough. Thus, the confidence interval given in ((??)) can be calculated. Then, the
fuzzy correlation coefficient can be obtained from the confidence intervals calculated for
different α values lying between 0.01 and 1, like in Buckley [1].

3. The implementation

The proposed method is applied to the fats and oils data which was also used in
[6]. The fats and oils data is presented in Table 1. The correlation coefficient, which is a
triangular shaped fuzzy number, calculated by using the proposed method and computed
α cut values are given in Figure 1 and Table 2, respectively.

Table 1. The fuzzy fats and oils data

Fats and Oils Specific gravity Freezing Point Lodine value Soponificaion

Lenseed oil [0.930,0.935] [-27,-18] [170,204] [118,196]

Perilla oil [0.930,0.937] [-5,-4] [192,208] [188,197]

Table 2. The α-cuts of the fuzzy correlation coefficient between lenseed oil

and perilla oil

α 0.1 0.2 0.3 0.4 0.5

Lower 0.99342 0.99343 0.99345 0.99346 0.993470

Upper 0.99359 0.99357 0.99355 0.99354 0.993540

α 0.7 0.8 0.9 1 0.6

Lower 0.99348 0.99349 0.99349 0.99350 0.993478

Upper 0.99352 0.99351 0.99351 0.99350 0.993532
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Figure 1. Fuzzy correlation for fats and oils data set for 0.01 ≤ α ≤ 1.
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4. Conclusion

In this study, a new method is proposed for calculating a correlation coefficient for
variables consisting of fuzzy observations. The proposed method produces a correla-
tion coefficient which is a triangular fuzzy number. Liu and Kao [7] and Hong [6] also
suggested some approaches to calculating a fuzzy correlation coefficient for fuzzy obser-
vations. While Liu and Kao’s [7] method employs mathematical programming, Hong’s
[6] method is based on fuzzy arithmetic operations. On the other hand, the proposed
method is simpler than these methods available in the literature since it does not require
mathematical programming or fuzzy arithmetic operations. Besides, in the Hong’s [6]
method, the calculated correlation coefficient can take values greater than 1 although the
correlation coefficient value must be in the interval [-1 1]. However, the method proposed
by us is always give a fuzzy correlation coefficient which is in the interval [-1 1]. In addi-
tion, the proposed method has produced much narrower fuzziness than Hong’s method
[6] for the fats and oils data. Therefore, for the analyzed data, it can be said that the
fuzzy correlation coefficient calculated by the proposed method include less uncertainty
than the correlation coefficient obtained from Hong’s [6] method.
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