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Abstract

In this paper, using the idea of quasi-coincidence of a fuzzy point
with a fuzzy set, the concept of (∈,∈ ∨q)- fuzzy interior ideals in
a Γ-semigroup has been introduced and some of their important re-
lated properties have been investigated. Characterizations of regular Γ-
semigroups, intra-regular Γ-semigroups, and semisimple Γ-semigroups
in terms of (∈,∈ ∨q)-fuzzy interior ideals have also been obtained.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [36]. Since then many researchers
have explored generalizations of fuzzy sets. Many papers on fuzzy sets have appeared
showing the importance of the concept and its application to logic, set theory, group
theory, semigroup theory, real analysis, measure theory, topology etc. It was first applied
to the theory of groups by A. Rosenfeld [20]. In [34], Yuan et al. introduced the definition
of fuzzy subgroup with thresholds, which is a generalization of Rosenfeld’s fuzzy subgroup
and Bhakat and Das’s fuzzy subgroup. Murali [18] proposed a definition of fuzzy point
belonging to a fuzzy subset under a natural equivalence on a fuzzy subset. The idea of
quasi coincidence of a fuzzy point with a fuzzy set, which is mentioned in [19], played a
vital role in generating some different types of fuzzy subgroup. Bhakat and Das [2, 3]
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gave the concept of (α, β)-fuzzy subgroups by using the belong to relation (∈) and quasi-

coincidence with relation (q) between a fuzzy point and a fuzzy subgroup, and introduced
the concept of an (∈,∈ ∨q)-fuzzy subgroup. In particular, the (∈,∈ ∨q)-fuzzy subgroup
is an important and useful generalization of Rosenfeld’s fuzzy subgroup. We see the
fuzzification of different concepts of semigroups in [15, 16, 17]. Yunqiang Yin and Dehua
Xu [35] introduced the concepts of (∈,∈ ∨q)-fuzzy subsemigroup and (∈,∈ ∨q)-fuzzy
ideals in semigroups. In [14], Y.B. Jun and S. Z. Song introduced the notion of generalized
fuzzy interior ideals in semigroups. X. Huang and Y. Yin [13] introduced the notions of
(∈,∈ ∨q)-fuzzy prime ideals and (∈,∈ ∨q)-fuzzy maximal ideals in a semigroup. Sen and
Saha in [31] defined the concepts of Γ-semigroups as a generalization of semigroups and
ternary semigroups.

Γ-semigroups have been analyzed by many mathematicians, for instance Chattopad-
hay [4, 5, 29], Dutta and Adhikari [7, 8], Hila [11, 12], Chinram [6], Saha [21, 30] and Seth
[32]. Sardar and Majumder[22, 24, 28] characterized subsemigroups, bi-ideals, interior
ideals (along with B. Davvaz [25]), quasi ideals, ideals, prime (along with D. Mandal [23])
and semiprime ideals, ideal extensions (along with T.K. Dutta [9, 10]) of a Γ-semigroup
in terms of fuzzy subsets. They also studied their different properties directly and via op-
erator semigroups of a Γ-semigroup. In [26, 27], S.K. Sardar, B. Davvaz, S.K. Majumder
and S. Kayal introduced the concept of generalized fuzzy subsemigroup and generalized
fuzzy bi-ideal, generalized fuzzy ideals in a Γ-semigroup. The purpose of this paper is as
stated in the abstract.

2. Preliminaries

In this section we discuss some elementary definitions which will be used in the sequel.

A function µ from a non-empty set X to the unit interval [0, 1] is called a fuzzy subset

[36] of X.

Let S = {x, y, z, . . .} and Γ = {α, β, γ, . . .} be two non-empty sets. Then S is called
a Γ-semigroup [31] if there exists a mapping S × Γ × S → S (images to be denoted by
aαb) satisfying

(1) xγy ∈ S,
(2) (xβy)γz = xβ(yγz), for all x, y, z ∈ S and for all β, γ ∈ Γ.

2.1. Example. [25] Let Γ = {5, 7}. For any x, y ∈ N and γ ∈ Γ, define xγy = x · γ · y
where · is the usual multiplication on N . Then N is a Γ-semigroup.

A non-empty subset A of a Γ-semigroup S is called a subsemigroup [28] of S if AΓA ⊆
A.

A non-empty subset A of a Γ-semigroup S is called a left (right) ideal [22] of S if
SΓA ⊆ A (AΓS ⊆ A). A non-empty subset A of a Γ-semigroup S is called an ideal (two
sided ideal) [22] of S if it is both a left ideal and right ideal of S.

A subsemigroup A of a Γ-semigroup S is called an interior ideal [25] of S if SΓAΓS ⊆
A.

A Γ-semigroup S is called regular [7], if for each a ∈ S, there exist x ∈ S and α, β ∈ Γ
such that a = aαxβa.

A Γ-semigroup S is called intra-regular [7], if for each a ∈ S, there exist x, y ∈ S and
α, β, γ ∈ Γ such that a = xαaβaγy.

A Γ-semigroup S is called right (left) zero [33] if xγy = y (resp. xγy = x) ∀ x, y ∈
S, ∀ γ ∈ Γ.

A Γ-semigroup S is called semisimple [33] if for each a ∈ S there exist x, y, z ∈
S, α, β, γ, δ ∈ Γ such that a = xαaβyγaδz.
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2.2. Definition. [18] A fuzzy subset µ of a set X of the form

µ(y) =

{

t( 6= 0) if y = x,

0 if y 6= x,

is said to be a fuzzy point with support x and value t, and is denoted by xt.

2.3. Definition. [28] A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy

subsemigroup of S if µ(xγy) ≥ min{µ(x), µ(y)}∀x, y ∈ S, ∀γ ∈ Γ.

2.4. Definition. [25] A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy

interior ideal of S if

(I1) µ(xγy) ≥min{µ(x), µ(y)} ∀x, y ∈ S, γ ∈ Γ.
(I2) µ(xαaβy) ≥ µ(a) ∀ a, x, y ∈ S, ∀α, β ∈ Γ.

2.5. Definition. [22] A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy

left ideal of S if µ(xγy) ≥ µ(y) ∀ x, y ∈ S, ∀ γ ∈ Γ.

2.6. Definition. [22] A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy

right ideal of S if µ(xγy) ≥ µ(x) ∀x, y ∈ S, ∀ γ ∈ Γ.

2.7. Definition. [22] A non-empty fuzzy subset µ of a Γ-semigroup S is called a fuzzy

ideal or fuzzy two-sided ideal of S if it is both a fuzzy left ideal and a fuzzy right ideal of
S.

2.8. Definition. [35] A fuzzy point xt is said to belong to (be quasi coincident with) a
fuzzy subset µ, written as xt ∈ µ(resp. xtqµ) if µ(x) ≥ t (resp. µ(x) + t > 1).

xt ∈ µ or xtqµ will be denoted by xt ∈ ∨qµ, xt ∈ µ and xtqµ will be denoted by
xt ∈ ∧qµ. Also, xt∈µ, xt∈ ∨qµ and xt∈ ∧qµ will respectively mean xt /∈ µ, xt /∈ ∨qµ
and xt /∈ ∧qµ.

2.9. Definition. [13] Let X be a non-empty set and µ a fuzzy subset of X. Then for
any t ∈ (0, 1], the sets µt = {x ∈ X : µ(x) ≥ t} and Supp(µ) = {x ∈ X : µ(x) > 0} are
respectively called the t-level set and supporting set of µ, respectively. The t-level subset
µt of µ is also denoted by U(µ; t).

3. Main Results

3.1. Definition. [26] A non-empty fuzzy subset µ of a Γ-semigroup S is called an
(∈,∈ ∨q)-fuzzy subsemigroup of S if ∀x, y ∈ S, ∀ γ ∈ Γ, t, r ∈ (0, 1], xt, yr ∈ µ =⇒
(xγy)min(t,r) ∈ ∨qµ.

3.2. Definition. An (∈,∈ ∨q)-fuzzy subsemigroup µ of a Γ-semigroup S is called an
(∈,∈ ∨q)-fuzzy interior ideal of S, if ∀ a, x, y ∈ S, ∀α, β ∈ Γ, ∀ t ∈ (0, 1], at ∈ µ =⇒
(xαaβy)t ∈ ∨qµ.

3.3. Theorem. Let µ be a fuzzy subset of a Γ-semigroup S. Then µt is an interior ideal

of S for all t ∈ (0.5, 1], provided µt is non-empty, if and only if µ satisfies the following

conditions:

(1) max{µ(xγy), 0.5} ≥ min{µ(x), µ(y)}, ∀ x, y ∈ S, ∀ γ ∈ Γ,
(2) max{µ(xαaβy), 0.5} ≥ µ(a), ∀ a, x, y ∈ S, ∀α, β ∈ Γ.

Proof. Let us suppose that µt is an interior ideal of S for all t ∈ (0.5, 1]. Then by defini-
tion, µt is a subsemigroup of S. Let x, y ∈ S, γ ∈ Γ. If possible, let max{µ(xγy), 0.5} <
min{µ(x), µ(y)}. Let min{µ(x), µ(y)} = s. Then µ(x) ≥ s, µ(y) ≥ s, s > 0.5 and
µ(xγy) < s. Thus x, y ∈ µs but xγy /∈ µs- a contradiction. Hence the condition (1) is
valid. Now if possible, let there exist a, x, y ∈ S, α, β ∈ Γ such that max{µ(xαaβy), 0.5} <
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µ(a). Let µ(a) = r. Then a ∈ µr. Also r > 0.5 and µ(xαaβy) < r. Since a ∈ µr and
µr is an interior ideal of S, xαaβy ∈ µr, which implies µ(xαaβy) ≥ r, a contradiction.
Hence the condition (2) is valid.

Conversely, let us suppose that the fuzzy subset µ satisfies the conditions (1) and (2)
such that µt is non-empty for t ∈ (0.5, 1]. Let x, y ∈ µt, γ ∈ Γ. Then µ(x) ≥ t, µ(y) ≥ t.
Then by condition (1), max{µ(xγy), 0.5} ≥ min{µ(x), µ(y)} =⇒ max{µ(xγy), 0.5} ≥ t
and t > 0.5 =⇒ µ(xγy) ≥ t. Consequently, xγy ∈ µt. Hence µt is a subsemigroup of S.

Now let x, y ∈ S, α, β ∈ Γ and a ∈ µt. Then µ(a) ≥ t. Then by condition (2),
max{µ(xαaβy), 0.5} ≥ µ(a) ≥ t and t > 0.5 =⇒ µ(xαaβy) ≥ t. Consequently,
xαaβy ∈ µt. Hence µt is an interior ideal of S. �

The following theorem is a characterization of (∈,∈ ∨q)-fuzzy interior ideals.

3.4. Theorem. Let µ be any (∈,∈ ∨q)-fuzzy subsemigroup of a Γ-semigroup S.Then the

following statements are equivalent:

(1) µ is an (∈,∈ ∨q)-fuzzy interior ideal of S,
(2) for any x, y ∈ S, a ∈ Supp(µ), α, β ∈ Γ, µ(xαaβy) ≥ min{µ(a), 0.5},
(3) ∀r ∈ (0, 0.5], if µr is non-empty, then µr is an interior ideal of S.

Proof. (1) =⇒ (2) Suppose µ is an (∈,∈ ∨q)-fuzzy interior ideal of S. Let x, y ∈ S, a ∈
Supp(µ) and α, β ∈ Γ. Then µ(a) > 0. If possible, suppose µ(xαaβy) < min{µ(a), 0.5}.
Let min{µ(a), 0.5} = t. Then µ(a) ≥ t, t ≤ 0.5 and µ(xαaβy) < t. Hence at ∈ µ and
µ(xαaβy)+ t < 1. But by (1), at ∈ µ =⇒ µ(xαaβy) ≥ t or µ(xαaβy) + t > 1. Thus we
get a contradiction. Hence (2) follows.

(2) =⇒ (3) Let us suppose that (2) holds. Let r ∈ (0, 0.5] be such that µr is non-
empty. Since µ is a (∈,∈ ∨q)-fuzzy subsemigroup of S, then µr is a subsemigroup of S
[26]. Let a ∈ µr, x, y ∈ S and α, β ∈ Γ. Then µ(a) ≥ r, whence a ∈ Supp(µ). Then
by (2) we obtain µ(xαaβy) ≥ min{µ(a), 0.5} ≥ min{r, 0.5} = r. Hence xαaβy ∈ µr.
Consequently, µr is an interior ideal of S. Hence (3) follows.

(3) =⇒ (1) Suppose (3) holds. Let a, x, y ∈ S, α, β ∈ Γ, t ∈ (0, 1] be such that at ∈ µ.
Then µ(a) ≥ t, whence a ∈ µt.

Case (i) Suppose t < 0.5. Then by (3), xαaβy ∈ µt. Hence µ(xαaβy) ≥ t =⇒
(xαaβy)t ∈ ∨qµ.

Case (ii) Suppose t ≥ 0.5. If possible, suppose (xαaβy)t∈ ∨qµ. Then µ(xαaβy) < t
and µ(xαaβy)+t ≤ 1. Since t ≥ 0.5, µ(xαaβy) < 0.5. Let s be such that µ(xαaβy) < s <
0.5. Then µ(a) ≥ s, whence a ∈ µs. Hence by (3), xαaβy ∈ µs whence µ(xαaβy) ≥ s, a
contradiction. Consequently, (1) follows. �

3.5. Proposition. If µ is an (∈,∈ ∨q)-fuzzy interior ideal of a Γ-semigroup S, then

Supp(µ) is an interior ideal of S.

Proof. Let µ be an (∈,∈ ∨q)-fuzzy interior ideal of a Γ-semigroup S. Then Supp(µ) is an
fuzzy subsemigroup [26]. Let x, y ∈ S, a ∈ Supp(µ), α, β ∈ Γ. Then µ(a) > 0. Since µ is
an (∈,∈ ∨q)-fuzzy interior ideal of S, by Theorem 3.4 µ(xαaβy) ≥ min{µ(a), 0.5} > 0,
whence xαaβy ∈ Supp(µ). Consequently, SΓ(Supp(µ))ΓS ⊆ Supp(µ). Hence Supp(µ) is
an interior ideal of S. �

3.6. Proposition. If µ is a fuzzy interior ideal of a Γ-semigroup S then µ is an (∈,∈ ∨q)-
fuzzy interior ideal of S.
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Proof. Let µ be a fuzzy interior ideal of S. Then µ is a fuzzy subsemigroup of S. Hence
µ is an (∈,∈ ∨q)-fuzzy subsemigroup of S [26]. Let a, x, y ∈ S, α, β ∈ Γ and r ∈ (0, 1]
be such that ar ∈ µ =⇒ µ(a) ≥ r. Now by hypothesis, µ(xαaβy) ≥ µ(a). Hence
µ(xαaβy) ≥ r. Therefore (xαaβy)r ∈ ∨qµ. Consequently, µ is an (∈,∈ ∨q)-fuzzy
interior ideal of S. �

The converse of the above proposition is not necessarily true, as is clear from the
following example.

3.7. Example. Let S = {x, y, z, r, t} and Γ = {γ}, where γ is defined on S with the
following Cayley table:

γ x y z r t

x x r x r r
y x y x r r
z x r z r t
r x r x r r
t x r z r t

Then S is a Γ-semigroup. We define a fuzzy subset µ : S → [0, 1] as µ(x) = 0.8, µ(y) =
0.7, µ(z) = 0.6, µ(r) = 0.5, µ(t) = 0.3.

Then it is easy to verify that µ is an (∈,∈ ∨q)-fuzzy interior ideal of S, but it is not
a fuzzy interior ideal of S.

3.8. Theorem. Let {µi : i ∈ I} be any family of (∈,∈ ∨q)-fuzzy interior ideals of S.
Then

⋂

i∈I µi is an (∈,∈ ∨q)-fuzzy interior ideal of S.

Proof. Clearly,
⋂

i∈I µi is an (∈,∈ ∨q)-fuzzy subsemigroup of S [26]. Let a, x, y ∈
S, α, β ∈ Γ be such that a ∈ Supp(

⋂

i∈I µi). Then a ∈ Supp(µi) ∀ i ∈ I , so

(

⋂

i∈I

µi

)

(xαaβy) = inf
i∈I

(µi(xαaβy))

≥ inf
i∈I

(min{µi(a), 0.5}) (cf. Theorem 3.4)

= min{inf
i∈I

(µi(a)), 0.5}

= min
{(

⋂

i∈I

µi

)

(a), 0.5
}

.

Hence, by Theorem 3.4,
⋂

i∈I µi is an (∈,∈ ∨q)-fuzzy interior ideal of S. �

The following theorem shows that the image and inverse image of (∈,∈ ∨q)-fuzzy
interior ideals of a Γ-semigroup are also (∈,∈ ∨q)-fuzzy interior ideals.

3.9. Theorem. Let S and S′ be Γ-semigroups, µ and µ′ respectively (∈,∈ ∨q)-fuzzy
interior ideals of S and S′, and f be a homomorphism from S onto S′. Then

(1) f(µ) is an (∈,∈ ∨q)-fuzzy interior ideal of S′,

(2) f−1(µ′) is an (∈,∈ ∨q)-fuzzy interior ideal of S.

Proof. (1) Let µ be an (∈,∈ ∨q)-fuzzy interior ideal of S. Then µ is an (∈,∈ ∨q)-fuzzy
subsemigroup of S. Then f(µ) is an (∈,∈ ∨q) fuzzy subsemigroup of S′ [26].
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Let x′, y′ ∈ S′, a′ ∈ Supp(f(µ)), α, β ∈ Γ. Since f is onto, there exist a, x, y ∈ S such
that f(a) = a′, f(x) = x′, f(y) = y′ and µ(a) > 0. Then f(xαaβy) = x′αa′βy′. Then

f(µ)(x′αa′βy′) = sup{µ(z) : z ∈ f−1(x′αa′βy′)}

≥ sup{µ(xαaβy) : x ∈ f−1(x′), a ∈ f−1(a′), y ∈ f−1(y′)}

≥ sup{min{µ(a), 0.5} : a ∈ f−1(a′)

= min{ sup
a∈f−1(a′)

µ(a), 0.5}

= min{f(µ)(a′), 0.5}.

Hence f(µ) is an (∈,∈ ∨q)-fuzzy interior ideal of S′.

(2) Let µ′ be an (∈,∈ ∨q)-fuzzy interior ideal of S′. Then µ′ is an (∈,∈ ∨q)-fuzzy
subsemigroup of S′. Then f−1(µ′) is an (∈,∈ ∨q)-fuzzy subsemigroup of S [26].

Let x, y ∈ S, a ∈ Supp(f−1(µ′)), α, β ∈ Γ. Then f−1(µ′)(a) > 0 =⇒ µ′(f(a)) >
0 =⇒ f(a) ∈ Supp(µ′). Then we have

f−1(µ′)(xαaβy) = µ′(f(xαaβy))

= µ′(f(x)αf(a)βf(y))

≥ min{µ′(f(a)), 0.5}

= min{f−1(µ′)(a), 0.5}.

Hence f−1(µ′) is an (∈,∈ ∨q)-fuzzy interior ideal of S. �

4. (α, β)-fuzzy interior ideals

In what follows, unless otherwise mentioned, α, β denote any one of ∈, ∈ ∨q or ∈ ∧q.

4.1. Definition. A non-empty fuzzy subset µ of a Γ-semigroup S is called an (α, β)-fuzzy
interior ideal of S, where α 6=∈ ∧q, if it satisfies

(1) ∀ x, y ∈ S, ∀ γ ∈ Γ, ∀ t, r ∈ (0, 1], xtαµ, yrαµ =⇒ (xγy)min(t,r)βµ.
(2) ∀ a, x, y ∈ S, ∀ η, δ ∈ Γ, ∀ t ∈ (0, 1], atαµ =⇒ (xηaδy)tβµ.

In the following theorem it is shown that every fuzzy interior ideal of a Γ-semigroup
S is an (∈,∈)-fuzzy interior ideal of S, and conversely.

4.2. Theorem. For any fuzzy subset µ of a Γ-semigroup S, the conditions (I1) and (I2)
in Definition 2.3 are equivalent, respectively, to the conditions (I3) and (I4) stated below:

(I3) ∀ x, y ∈ S, ∀ γ ∈ Γ, ∀ t, r ∈ (0, 1], xt ∈ µ, yr ∈ µ =⇒ (xγy)min(t,r) ∈ µ.
(I4) ∀ a, x, y ∈ S, ∀ β, δ ∈ Γ, ∀ t ∈ (0, 1], at ∈ µ =⇒ (xβaδy)t ∈ µ.

Proof. The equivalence of (I1) and (I3) is shown in [26, Theorem 5.3].

(I2) =⇒ (I4) Let a, x, y ∈ S; β, δ ∈ Γ and t ∈ (0, 1] be such that at ∈ µ. Then
µ(a) ≥ t. So, by (I2) we have µ(xβaδy) ≥ µ(a) ≥ t. Hence (xβaδy)t ∈ µ.

(I4) =⇒ (I2) Let a, x, y ∈ S, β, δ ∈ Γ. Since aµ(a) ∈ µ, so by (I4), we obtain
(xβaδy)µ(a) ∈ µ and consequently, µ(xβaδy) ≥ µ(a). �

4.3. Definition. For any fuzzy subset µ of a Γ-semigroup S and t ∈ (0, 1], we have
Q(µ; t) := {x ∈ S : xtqµ} and [µ]t := {x ∈ S : xt ∈ ∨qµ}. It is clear that [µ]t =
U(µ; t) ∪Q(µ; t).

4.4. Theorem. Let A be a non-empty subset of a Γ-semigroup S. Then A is an interior

ideal of S if and only if µA is an (∈,∈ ∨q)-fuzzy interior ideal S, where µA is the

characteristic function of A.
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Proof. Let A be an interior ideal of S. Then the characteristic function µA of A is a
fuzzy interior ideal of S (cf. [25, Corollary 3.4]). Hence by Proposition 3.6, µA is an
(∈,∈ ∨q)-fuzzy interior ideal of S.

Conversely, let µA be an (∈,∈ ∨q)-fuzzy interior ideal of S. Then µA is an (∈,∈ ∨q)-
fuzzy subsemigroup of S. Then A is an subsemigroup of S [26]. Let x, y ∈ S, a ∈
A,β, δ ∈ Γ. Then µA(a) = 1. Hence by the hypothesis and Theorem 3.4, µA(xβaδy) ≥
min{µA(a), 0.5} = 0.5 =⇒ µA(xβaδy) = 1. Consequently, xβaδy ∈ A. Hence A is an
interior ideal of S. �

4.5. Theorem. Let S be a Γ-semigroup and µ be a non-empty fuzzy subset of S. Then

µ is an (∈,∈ ∨q)-fuzzy interior ideal of S if and only if [µ]t is an interior ideal of S.

Proof. Let µ be an (∈,∈ ∨q)-fuzzy interior ideal of S. Then µ is an (∈,∈ ∨q)-fuzzy
subsemigroup of S. Hence by [26, Theorem 5.21], [µ]t is a subsemigroup of S. Let
x, y ∈ S, a ∈ [µ]t, α, β ∈ Γ and t ∈ (0, 1]. Then at ∈ ∨qµ, which implies, µ(a) ≥ t or
µ(a) + t > 1.

Case-(i) Let µ(a) ≥ t =⇒ at ∈ µ. Then µ being an (∈,∈ ∨q)-fuzzy interior ideal of
S we obtain (xαaβy)t ∈ ∨qµ, whence xαaβy ∈ [µ]t.

Case-(ii) Let µ(a) + t > 1. Then µ(xαaβy) ≥ min{µ(a), 0.5} ≥ min{1 − t, 0.5}.
If t > 0.5, µ(xαaβy) > 1 − t =⇒ µ(xαaβy) + t > 1 and consequently, (xαaβy)tqµ.
If t ≤ 0.5, then µ(xαaβy) ≥ t and so (xαaβy)t ∈ µ. Hence (xαaβy)t ∈ ∨qµ, whence
xαaβy ∈ [µ]t. Consequently [µ]t is an interior ideal of S.

Conversely, let [µ]t be an interior ideal of S. Then [µ]t is a subsemigroup of S. Then µ
is an (∈,∈ ∨q)-fuzzy subsemigroup of S [26]. Let x, y ∈ S, a ∈ Supp(µ), α, β ∈ Γ be such
that µ(xαaβy) < t < min{µ(a), 0.5} for some t ∈ (0, 0.5]. Then a ∈ U(µ; t) ⊆ [µ]t, which
implies that xαaβy ∈ [µ]t (since [µ]t is an interior ideal of S). Consequently, µ(xαaβy) ≥
t or µ(xαaβy)+ t > 1, a contradiction. Thus µ(xαaβy) ≥ min{µ(a), 0.5}, ∀ x, y ∈ S, a ∈
Supp(µ), ∀ α, β ∈ Γ. Hence µ is an (∈,∈ ∨q)-fuzzy interior ideal of S. �

4.6. Theorem. Let µ be a non-zero (α, β)-fuzzy interior ideal of a Γ-semigroup S. Then

the set µ0 := {x ∈ S : µ(x) > 0} is an interior ideal of S.

Proof. Since µ is non-zero (α, β)-fuzzy interior ideal, µ0 is non-empty. Then µ0 is a
subsemigroup of S, as µ is (α, β)-fuzzy subsemigroup of S [26]. Let x, y ∈ S, γ, δ ∈ Γ.
Let a ∈ µ0. Then µ(a) > 0. Let us assume that µ(xγaδy) = 0. If α ∈ {∈,∈ ∨q}
then aµ(a)αµ but (xγaδy)µ(a)βµ for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Thus
µ(xγaδy) > 0. Consequently, xγaδy ∈ µ0. Hence µ0 is an interior ideal of S. �

4.7. Definition. [27]

(i) A non-empty fuzzy subset µ of a Γ-semigroup S is said to be an (∈,∈ ∨q)-fuzzy
left ideal of S, if ∀x, y ∈ S, ∀ γ ∈ Γ, r ∈ (0, 1], yr ∈ µ =⇒ (xγy)r ∈ ∨qµ.

(ii) A non-empty fuzzy subset µ of a Γ-semigroup S is said to be an (∈,∈ ∨q)- fuzzy
right ideal of S, if ∀x, y ∈ S, ∀ γ ∈ Γ, r ∈ (0, 1], xr ∈ µ =⇒ (xγy)r ∈ ∨qµ.

(iii) A non-empty fuzzy subset µ of a Γ-semigroup S is said to be an (∈,∈ ∨q)-fuzzy
ideal of S, if it is an (∈,∈ ∨q)-fuzzy left ideal and an (∈,∈ ∨q)-fuzzy right ideal
of S.

4.8. Definition. [26] Let S be a Γ-semigroup and µ be a non-empty fuzzy subset of S.
Then µ is called an (∈,∈ ∨q)-fuzzy left ideal (fuzzy right ideal) of S if ∀ x, y ∈ S, ∀ γ ∈
Γ, µ(xγy) ≥ min{µ(y), 0.5} (resp. µ(xγy) ≥ min{µ(x), 0.5}).

4.9. Definition. [27] Let S be a Γ-semigroup. A non-empty fuzzy subset µ of S is called
an (∈,∈ ∨q)-fuzzy ideal of S if ∀x, y ∈ S, ∀ γ ∈ Γ, µ(xγy) ≥ min[max{µ(x), µ(y)}, 0.5].
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4.10. Theorem. In a regular Γ-semigroup every (∈,∈ ∨q)-fuzzy ideal is an (∈,∈ ∨q)-
fuzzy interior ideal and conversely.

Proof. Let µ be an (∈,∈ ∨q)-fuzzy ideal of S. Let x, y ∈ S, a ∈ Supp(µ), α, β ∈ Γ.
Then

µ(xαaβy) = µ(xα(aβy))

≥ min{µ(aβy), 0.5}(since µ is an (∈,∈ ∨q)-fuzzy left ideal of S,

by 5.8)

≥ min[min{µ(a), 0.5}, 0.5](since µ is an (∈,∈ ∨q)-fuzzy right

ideal of S, by 5.8)

= min{µ(a), 0.5}.

Hence by Theorem 3.4, µ is an (∈,∈ ∨q)-fuzzy interior ideal of S.

Conversely, let us suppose that µ is an (∈,∈ ∨q)-fuzzy interior ideal of S. Let x, y ∈
S, γ ∈ Γ. If µ(x)=0, then µ(xγy) ≥ min{µ(x), 0.5}. If µ(x) > 0 then x ∈ Supp(µ). Since
S is regular, there exist a ∈ S, α, β ∈ Γ such that x = xαaβx. Then xγy = (xαaβx)γy =
(xαa)βxγy. Thus by hypothesis, µ(xγy) = µ((xαa)βxγy) ≥ min{µ(x), 0.5} (cf.Theorem
3.4). Hence µ is an (∈,∈ ∨q)-fuzzy right ideal of S. Similarly we can prove that µ is an
(∈,∈ ∨q)-fuzzy left ideal of S. Hence µ is an (∈,∈ ∨q)-fuzzy ideal of S. �

4.11. Theorem. In an intra-regular Γ-semigroup every (∈,∈ ∨q)-fuzzy ideal is an (∈,∈
∨q)-fuzzy interior ideal and conversely.

Proof. The first part of the theorem is similar to Theorem 5.10. Conversely, let us
suppose that µ is an (∈,∈ ∨q)-fuzzy interior ideal of S. Let x, y ∈ S, γ ∈ Γ. If
µ(x) = 0, then µ(xγy) ≥ min{µ(x), 0.5}. If µ(x) > 0, then x ∈ Supp(µ). Since S is
intra-regular, there exist a, b ∈ S, α, β, δ ∈ Γ such that x = aαxβxδb. Then xγy =
(aαxβxδb)γy = (aαx)βxδ(bγy). Then because of the hypothesis we apply Theorem 3.4
and obtain µ(xγy) = µ((aαx)βxδ(bγy)) ≥ min{µ(x), 0.5}. Hence µ is an (∈,∈ ∨q)-fuzzy
right ideal of S.

Similarly we can prove that µ is an (∈,∈ ∨q)-fuzzy left ideal of S. Hence µ is an
(∈,∈ ∨q)-fuzzy ideal of S. �

4.12. Theorem. In a semisimlple Γ-semigroup every (∈,∈ ∨q)-fuzzy ideal is an (∈,∈
∨q)-fuzzy interior ideal and conversely.

Proof. First part of the theorem is similar with Theorem 5.10. To prove the converse
let us suppose that µ is an (∈,∈ ∨q)-fuzzy interior ideal of S. Let x, y ∈ S, γ ∈ Γ. If
µ(x) = 0, then µ(xγy) ≥ min{µ(x), 0.5}. If µ(x) > 0, then x ∈ Supp(µ). Since S is
semisimple, there exist a, b, c ∈ S, α, β, δ, η ∈ Γ such that x = aαxβbδxηc. Then xγy =
(aαxβbδxηc)γy = aαxβ(bδxηcγy). Thus, by hypothesis, µ(xγy) = µ(aαxβ(bδxηcγy)) ≥
min{µ(x), 0.5}. Hence µ is an (∈,∈ ∨q)-fuzzy right ideal of S.

Similarly we can prove that µ is an (∈,∈ ∨q)-fuzzy left ideal of S. Hence µ is an
(∈,∈ ∨q)-fuzzy ideal of S. �

4.13. Definition. [26] Let S be a Γ-semigroup and x ∈ S. Then we define a subset of
S, denoted by Ix, defined by Ix := {y ∈ S : µ(y) ≥ min{µ(x), 0.5}}.

4.14. Theorem. Let S be a Γ-semigroup and µ an (∈,∈ ∨q)-fuzzy interior ideal of S.
Then for every x ∈ S, Ix is an interior ideal of S.
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Proof. By definition, x ∈ Ix for every x ∈ S, so Ix is non-empty. Let a, b ∈ Ix,
γ ∈ Γ. Then µ(a) ≥ min{µ(x), 0.5} and µ(b) ≥ min{µ(x), 0.5}. Now µ is an (∈,∈
∨q)-fuzzy subsemigroup of S. Since µ is an (∈,∈ ∨q)-fuzzy subsemigroup, µ(aγb) ≥
min{µ(a), µ(b), 0.5} ≥ min{µ(x), 0.5}. Hence aγb ∈ Ix. Hence Ix is a subsemigroup of
S.

Let c ∈ Ix, α, β ∈ Γ and y, z ∈ S. Then µ(c) ≥ min{µ(x), 0.5}. Since µ is an
(∈,∈ ∨q)-fuzzy interior ideal of S, then by Theorem 3.4, µ(yαcβz) ≥ min{µ(c), 0.5} ≥
min{min{µ(x), 0.5}, 0.5} = min{µ(x), 0.5}. Hence yαcβz ∈ Ix. Consequently, SΓIxΓS ⊆
Ix. Hence Ix is an interior ideal of S. �

4.15. Definition. [26] Let S be a Γ-semigroup. For any two fuzzy subsets µ1 and µ2 of
S we define the 0.5-product of µ1 and µ2 by

(µ1 ◦0.5 µ2)(a) :=







sup
(y,z)∈Aa

min{µ1(y), µ2(z), 0.5} if Aa 6= ∅,

0 if Aa = ∅

To conclude the paper we obtain the following characterization of (∈,∈ ∨q)-fuzzy
interior ideals of a Γ-semigroup S.

4.16. Theorem. Let µ be an (∈,∈ ∨q)-fuzzy subsemigroup of a Γ semigroup S. Then

µ is an (∈,∈ ∨q)-fuzzy interior ideal of S if and only if χ ◦0.5 µ ◦0.5 χ ⊆ µ, where χ is

the characteristic function on S.

Proof. Let µ be an (∈,∈ ∨q)-fuzzy subsemigroup of a Γ semigroup S.

Let µ be a (∈,∈ ∨q)-fuzzy interior ideal of S. Let a ∈ S. Now if (χ◦0.5µ◦0.5χ)(a) = 0,
then µ(a) ≥ 0. If (χ ◦0.5 µ ◦0.5 χ)(a) 6= 0, then there exists x, y, z, w ∈ S, α, β ∈ Γ such
that a = xαy, y = wβz. Then

(χ ◦0.5 µ ◦0.5 χ)(a) = sup
a=xαy

min{χ(x), (µ ◦0.5 χ)(y), 0.5}

= sup
a=xαy

min{1, sup
y=wβz

min{µ(w), χ(z), 0.5}, 0.5}

= sup
a=xαy

min{ sup
y=wβz

min{µ(w), 1, 0.5}, 0.5}

= sup
a=xαy

min{ sup
y=wβz

min{µ(w), 0.5}, 0.5}

≤ sup
a=xαwβz

min{µ(w), 0.5}

≤ sup
a=xαwβz

µ(xαwβz) (as µ is an (∈,∈ ∨q)-fuzzy interior

ideal of S)

= µ(a).

Hence χ ◦0.5 µ ◦0.5 χ ⊆ µ.

Conversely let χ ◦0.5 µ ◦0.5 χ ⊆ µ. Let x, y ∈ S, a ∈ Supp(µ), α, β ∈ Γ. Then
µ(xαaβy) ≥ (χ◦0.5µ◦0.5χ)(xαaβy) ≥ min{χ(x), µ(a), χ(y), 0.5} = min{1, µ(a), 1, 0.5} =
min{µ(a), 0.5}. Hence µ is an (∈,∈ ∨q)-fuzzy interior ideal of S. �
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