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Abstract

In this paper we establish new inequalities for the maximum modulus
values of polynomial functions which do not have zero as a root, and
which have zero as a multiple root on two hyperbolic regions. Similar
inequalities for the particular case where the region is a ring are also
given.
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1. Introduction

The Maximum Modulus Theorem (3, 4] states:
Let U be open and connected, f holomorpic on U and nonconstant.
(i) For any zo € U, there is z1 € U such that |f(z0)| < |f(z1)]. In other words, |f|
cannot attain its maximum on U .
(if) Suppose U is bounded and f is continuous on clU . Then | f| attain its maximum
on the boundary 0U.
(iii) Let U and f be as (ii). Then

Sup{|f(2)| : z € U} = Sup{|f(2)| : z € OU}.

Let f,g: C — C be complex-valued polynomial functions of degrees m > 1, n > 1,

respectively, of a complex variable z, and M; = ‘Ir‘la)é|f(z)|, M, = ‘Ir‘la)é|g(z)| and
zZ|= z|l=

My = ma)}(%|f(z).g(z)| (R > 1). It is shown in [1] that, if z = 0 is not a root of the

|zl=

given polynomials,

My.g > 61 - My - Myi with 6 = 55 - 55,
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if z =0 is a k-multiple root of f and an r-multiple root of g, then

Mg >6-My- M,y Withézw%k-#.

Now let My = gl\i}i |f(2)], Mg = gl\i}i lg(2)| and My 4 = gl‘i)ﬂf(z)g(zﬂ It is shown
in [5] that,

Myg>v-My- My with v = 5= - 2,
and in [6] that

My.g > v- My Mg with v = sin™ Z— -sin™ £-.

If f and g accept z = 0 as k-multiple and r-multiple roots, respectively, in [2] the
following inequality is obtained

Mf,g2(5~Mf~Mquth6= L . L

Fm—F " on—r-
Let f1, f2,..., fn : C = C be n complex-valued polynomials of degrees di,dz, ..., dn,
respectively, of a complex variable z. In [7] the following inequality is obtained
My - My, --- My, > My, fo g 2 k- Mgy - My, --- My,
where k = (sin %#)dl - (sin %i)dz -+ (sin %i)d".
Throughout our paper, z = x + iy € C is a complex variable. Given a,b,c € RT, the
hyperbolic regions B; (i = 1,2) are as follows:
Bi = {z:R(z*) >d®, —b< R(2) <b, b>a},
Bo = {z: R(z%) < a®, 3(iz%) <b°, —c < S(2) < ¢, ¢> b}
We denote by 0B;, (i = 1,2), the boundaries of B; (: = 1,2). We use the usual topology
on the field of complex numbers.

2. Maximum modulus values of polynomial functions not admit-
ting z = 0 as a root on the hyperbolic regions B;, (i = 1,2)

2.1. Theorem. Let My = Inax. |f(z)], Mg = Inax. lg(2)| and My.4 = Inax. |f(2) - g(2)]

be the mazimum modulus values of the polynomials f(z) = [~ ,(z — as), (o # 0) and

9(2) = ITj=1(z = B5), (B; # 0), where min (|as, |B;]) =7, (1 < i <m,1 <j<n), on
the hyperbolic regions B; (i = 1,2).

(i) Let a # r be on the hyperbolic region Bi. Then:
la—r \™™ 1 1
V2b2 — a? 2m  2n’
(ii) Let min (a,b) # r be on the hyperbolic region Bs. Then:
|min(a,b)—r|)m+n. 11
V2¢? + a? '

(21) My, >3- My M, with 6 = (

(22) My >0-M;- M, with 6 = (

Proof. (i)
(2.3) For all z1, 22 € 0B1, max|z1 — 22| = 24/2b% — a?.
For z,a; € B1 = By U OB, by (2.3) we have

/) = ﬁ el <o (V@)
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and
l9(2) = [T 12 = Bl < 2" - (V2> =)
j=1
Hence, from the expressions above we write
My = max [f(2)] <2 (V262 - a2)m
zE 1

and

My = max |g(2)] < 2" - (\/262 — aQ)n.

z€0B

So, from these identities we obtain

(24) My M, <2m™ (\/2b2 - a2)m+".

257

Also, for all z,a;, 8; € C, consider the inequalities |z — a;| > ||z| — ||| and |z — 35| >

[|z| = 185]]. So we have

f@l =]z —al = H |l2] = levill

1=

and
lg()l =[] 1z= 81 =TT Izl = 18,1l
j=1 j=1

It follows that

[f(2)-9(2) =Tz =il - TT 1z = 85l = TTll=l = lal[ - TT 1121 = 18511
i=1 j=1 i=1 j=1

By the maximum modulus principle and the hypothesis,

max [f(2) - g(2)| = [[llzl = |- ][ Izl = 7|, 2 € 9B
i=1 j=1

z€0B,
and hence
m n
max |(2) - g(=)| > 1j ja —r| lj la—rl,
so we set

. = . > la—r|™".
(25)  Myg= max |f(2).9(2)| 2 |a—r]
For a # r, (2.4) and (2.5) allow us to write
MM, _ 2" 2" (V20— az)" "

Mg — (la —rf)mm .
Rearranging (2.6) gives us (2.1).

(ii) For all z1,22 € OBz , max|z1 — 22| = 2v/2¢? + a? and
m n
. 3. > . _ m+n.
max (H o=l ]Iz m) > min(a, ) r|

i=1 j=1

(2.6)

Now a proof similar to that given for (i) leads us to the desired conclusion.
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2.2. Corollary. Let

be n, (n > 3), polynomials on the hyperbolic regions B;, (i = 1,2), and satisfying
min(|oc¢1|,|ai2|,...,|am|):r, (1§i1 Sml,l Sig §m2,...,1 Sln Smn)

(i) let a # r be on the hyperbolic region By. Then
My, pofn 201 My - My, - My,

(2.7) |a _ ,r,l mi+tmao+-+mn 1 1 1
U}h@?”@ 61 = —_— . . e .
V202 — g2 omi  9ma 2mn

(ii) Let min (a,b) # r be on the hyperbolic region Bs. Then
My, fy..pn > 01 My - My, -~ My,

(2.8) |min (a,b) — |\ ™A 1 1
where 01 = | ————=—— . . e .
V2c? + a? omi  9ma omnp

3. Maximum modulus values of polynomial functions having z = 0
as a root on the hyperbolic regions B;, (i = 1, 2)

In this section we will give some relations concerning maximum modulus values of
polynomials which admit z = 0 as a multiple root on hyperbolic regions B;, (1 = 1, 2)

3.1. Theorem. Let

m—k
f)=2" [T (z =), (ai # 0,k <m)

=1

and

g(z) = 2* H(z —B;), (B; #0,p<n)

be polynomials on the hyperbolic regions Bs, (i = 1,2), satisfying
min (|as|,|Bi]) =7, 1<i<m—k1<j<n-—p).

(i) Let a # r be on the hyperbolic region Bi. Then:
Myjg 2 e2- My - Mg,

(3.1) where ey — a k+p . M m4n—k—p ‘ ; ‘ L
V2b%2 — a? V2b%2 — a? 2m—k 9n—p’
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(ii) Let min (a,b) # r be on the hyperbolic region Bs. Then:

My.g > es- My - Mg,
min (a, b) )kﬂ" (|min (a,b) — r|)m+"kp_L 1
V2c? + a? V2c2 + a2 om—k on—p’
Proof. (i) For all z € 8B, |z| < v/2b% — a2. Hence, we can write

3.2
(82) where €3 = (

k
(3.3) |z < V202 —a? and |z|” < /202 —a?.

Also, from (2.3) we have

m—k
(3.4) H |z —a;| <2m7F. (\/ 202 — aQ)mik

=1
and
n—p n
35  [[lz-sl<2. (\/2172 - a2) !
=1

Then by (3.3), (3.4) and (3.5) we set

M; = max |f(z)] <2™ " (\/21)2 - aQ)m, and
z€0B

My = max [g(2)| <277 (V22 —a?)"

2€0B,

(3.6)

It follows from (3.6) that

m+n
(3.7) M- M, <2mk.onr (\/sz - a2) .

Moreover, consider

m

—k m—k n—p n—p
38) I lz—ail = T llzl = laill and JT 1= =851 = TT Izl = 181l-
1 i=1 j=1 j=1

1=

From (3.8) we can write
m—k n—p
1£(2)-9(2) = 17 TT 12l = leil| - TT lI=1 = 1831]-
i=1 j=1
Passing to the maximum

m—k
max | £(2) - g(2)| > |27 TT 1] = laal| - T |I= — 1851], = € 8B,
i=1

zE€Bq =1
hence
m—k n—p
. ptk —rl. _
max |£(2) - ()| 2 | T [lel = [ - T] lIz =], = € 081,
=1 j=1
and

m—k n—p

g ) 9@ 2 1o [ fa=r|- T o =7l
i= Jj=

Thus we find that

(3.9) My, = max |f(z)-g(2)| > aktr . la — ’f’|m+n_k_p )
z€0B;
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By (3.7) and (3.9) we write
m—k n— m+n
Mf'Mq<2 22777 (V207 — a?) .

Mg, — (|la —r|)™tm=F=r . ghtr

Now, (3.10) yields (3.1).

(ii) For all z € B2 we have |z| < v/2¢ + a2. Hence |z|* < /2c2 a2 and [z|P <
V2e2 ¥ a?". Also, for all z1, z2 € Ba, consider max |21 — 22| = 2v/2¢2 + a2 Then |f(z)| <
2" (V2e? + a2)m and [g(2)] < 2" - (V2¢® + aQ)n. On the other hand, we have

max |f(z) - g(z)| > (min(a, b))* | min(a, b) — r|™T"F P,
z€OBy
Now a similar argument to that used in the proof of (i) gives the result. ]
3.2. Corollary. Let
mi—ky
fl(Z) = zkl H (z - ai1): (ail 7é 0, k1 < ml):
=1
mo—ko
fQ(Z):Zk2 H (Z—Oéi2)7(05i2 7507 kQ §m2)7
ig=1
mp —kn
fu(z) = 2" H (z — aiyp), (@i, #0,kn <mp)
in=1
be n, (n > 3), polynomials on the hyperbolic regions B;, (i = 1,2), and let
min(|a’i1|7|a’i2|7"'7|ai"|) =T, (1 Szl Smh 1 SZQ §m27~~~71 Sln Smn)
(i) Let a # r be on the hyperbolic region Bi. Then:
My, fy..fn 2 02+ My, - My, --- My,
a ki+ko+-+kn
where §2 = | ———=
(3.11) la—r| Ttk ke
1 1 1
' 2m—k1 ’ 2m2—k2 e 2mn_kn ’
(ii) Let min (a,b) # r be on the hyperbolic region Ba. Then:
(3.12)
My, fy..pn 2 02- My, - My, -+ My,
. b ki+kot-+kn
where 6y — (%)
V2c? + a?
(Imintay iy
V2c? 4+ a?
1 1 1 0

" Qmi—ki  9ma—ka  Qmn—kn
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4. A special case and the maximum modulus values of polynomial
functions on a ring region

Let us denote by Bz(R) the region Bz which is formed by taking a = b = ¢ = R,
(R>1). Then

min (a,b) = R, v/2¢2 + a2 = V3R.

We obtain the followings identities:

From (2.1),
IR—r[\"™™™ 1 1
4.1 = (= ..
( ) 6 ( \/§R gm  9n’
From (2.8),
(42) 6= (BT L1
’ 1= \/§R omi  9ma omp
From (3.2),
k m+n—k—
(4.3) EBZ(L) +p.(M) + S S
\/5 \/gR om—k 9n—p’
From (3.12),
1 kit+kot-tkn |R*T’| my+mo+-tmp—ki—ka——knp
v =(—= 2=
(4.4) <\/§) ( V3R )
1 1 1
"omi—k1  9ma—ka  Qmn—kn

Now consider the circular region D(R) = {z € C': |z| < R}, where R > 1 and R is finite.
Then D(R) C Ba(R). Now consider C(t,7) = {z € C': |z2| > 1R, (1 <t < c0)} and the
region H = By(R)(\C(t,R). The region H is the ring in Figure 1. Also, take r = 1R,
(1 <t < oo)in (4.1) and (4.2). In this case let My = an€13§|f(z)|7 My = Znelg§|g(z)| and

My 4 = max |f(2) - g(z)| . We have, respectively,
zE

My.g >~ My - Mg,

4 e = (S

and
My, gofn 21 - My, - My, -+ My,,,

(4.6) b _ t—1 mi+mo+-+mnp 1 1 1
wherem = ﬁ ‘2m1‘2m2.“2mn'
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Figure 1 (Region H)
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5. Conclusion and results

Formulas (2.1), (2.1), (2.7), (2.8),(3.1) and (3.2) gives inequalities about maximum
modulus values of polynomials on hyperbolic regions Bi, B2. We can also say that on
the region Ba(R) (a special hyperbolic region) the formulas (4.1), (4.2), (4.3) and (4.4)
hold. On the ring region H the formulas (4.5) and (4.6) are considered. If the formulas
given in a disc with radius r = % “R (1 <t < c0) are taken into consideration, formulas
(4.5) and (4.6) hold on the region Bz(R) outside the disc (or on the region H).

On the other hand, the formulas given in [1, 2, 5] hold in a disc with center (0,0) (for
example, a disc of radius v/3R) which contains the region B2(R). Yet there exist polyno-
mial functions for which the formulas (4.1),(4.2), (4.3) and (4.4) hold in the hyperbolic
region Bz(R) which is in a disc of radius > v/3 - R.

5.1. Example. Let t = /3. Then r = %R. Let the center of the disc be (0,0) and

its radius v/3R. [There exist polynomials f, g, f1, fa, ..., fa suitable for the hyperbolic
region B2 (R)]. On this disc the following coefficients are given for the formulas in [1, 2, 5]:

1 1

o1 =v= 2—m . 2—n7

! 1

- om—k 271,77‘7

1 1 1

£ = o . oma 2771—"7 and

1 1 1
€2 = omy—ry ’ 9Qma—r2 e Qmn —Tn

Yet on the hyperbolic region B2(R), which is completely inside the disc, the coefficients
of the same formulas will be
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g (VB-1\"T L 1
N 3 ogm  9n’
o 1 k+p @ m4n—k—p 11
3 = \/§ 3 om—k 2n7p,
0 — @ mi1+mot-Fmay 1 ) . N
1= 3 2mi 9mo omn , a
s = (L)m-‘rm-‘r...-krn . (M)ml+m2+"'+mn_’”1_7"2_"'—7“n
V3 3
1 1 1
Comi—ri T Qma—ra U gma—rn

The corresponding coefficients are seen to be smaller.

Naturally, similar inequalities can be obtained on an hyperbolic region which is bounded
completely by hyperboles.
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