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Abstract

In this paper we introduce and give some characterizations of the left
and right simple, the completely regular and the strongly regular po-Γ-
semigroups by means of bi-ideals.
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1. Introduction and preliminaries

In 1981, Sen [15] introduced the concept and notion of the Γ-semigroup as a gen-
eralization of semigroup and ternary semigroup. Many classical notions and results of
the theory of semigroups have been extended and generalized to Γ-semigroups. In this
paper we introduce and characterize the left and right simple, the completely regular
and the strongly regular po-Γ-semigroups in terms of bi-ideals and study their structure,
extending and generalizing results for ordered semigroups (cf. [10, 11]).

We introduce below necessary notions and present a few auxiliary results that will be
used throughout the paper.

In 1986, Sen and Saha [16] defined a Γ-semigroup as a generalization of semigroup
and ternary semigroup as follows:

1.1. Definition. Let M and Γ be two non-empty sets. Denote by the letters of the
English alphabet the elements of M and with the letters of the Greek alphabet the
elements of Γ. Then M is called a Γ-semigroup if

(1) aγb ∈ M , for all γ ∈ Γ.
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(2) If m1,m2,m3, m4 ∈ M,γ1, γ2 ∈ Γ are such that m1 = m3, γ1 = γ2 and m2 =
m4, then m1γ1m2 = m3γ2m4.

(3) (aαb)βc = aα(bβc) for all a, b, c ∈ M and for all α, β ∈ Γ.

1.2. Example. Let M be a semigroup and Γ any non-empty set. Define a mapping
M × Γ×M → M by aγb = ab for all a, b ∈ M and γ ∈ Γ. Then M is a Γ-semigroup.

1.3. Example. Let M be the set of all negative rational numbers. Obviously M is not a
semigroup under the usual product of rational numbers. Let Γ = {− 1

p
: p is prime}. Let

a, b, c ∈ M and α ∈ Γ. Now if aαb is equal to the usual product of the rational numbers
a,α, b, then aαb ∈ M and (aαb)βc = aα(bβc). Hence M is a Γ-semigroup.

1.4. Example. Let M = {−i, 0, i} and Γ = M . Then M is a Γ-semigroup under the
multiplication over complex numbers while M is not a semigroup under complex number
multiplication.

These examples illustrate that every semigroup is a Γ-semigroup and that Γ-semigroups
are a generalization of semigroups.

A Γ-semigroup M is called a commutative Γ-semigroup if for all a, b ∈ M and γ ∈ Γ,
aγb = bγa. A non-empty subset K of a Γ-semigroup M is called a sub-Γ-semigroup of
M if for all a, b ∈ K and γ ∈ Γ, aγb ∈ K.

1.5. Example. Let M = [0, 1] and Γ = { 1

n
: n is a positive integer}. Then M is a Γ-

semigroup under usual multiplication. Let K = [0, 1/2]. We have that K is a non-empty
subset of M and aγb ∈ K for all a, b ∈ K and γ ∈ Γ. Then K is a sub-Γ-semigroup of
M .

Other examples of Γ-semigroups can be found in [1, 2, 6, 15, 16].

1.6. Definition. A po-Γ-semigroup (:ordered Γ-semigroup) is a partially ordered set M
which at the same time is a Γ-semigroup such that for all a, b, c ∈ M and for all γ ∈ Γ

a ≤ b =⇒ aγc ≤ bγc, cγa ≤ cγb.

Examples of ordered Γ-semigroups can be found in [3, 4, 5, 7, 8, 9, 12, 13, 14].

Let M be a po-Γ-semigroup and A a non-empty subset of M . Then A is called a right
(resp. left) ideal of M if

(1) AΓM ⊆ A (resp. MΓA ⊆ A),
(2) a ∈ A, b ≤ a for b ∈ M =⇒ b ∈ A.

A is called an ideal of M if it is right and left ideal of M . It is clear that the intersection
of all ideals of a po-Γ-semigroup M is still an ideal of M . We shall call this particular
ideal, if exists, the kernel of M and denote it by K(M).

A non-empty subset B of a po-Γ-semigroup M is called a bi-ideal of M if

(1) BΓMΓB ⊆ B
(2) a ∈ B and b ≤ a for b ∈ M =⇒ b ∈ B

A right, left or bi-ideal A of a po-Γ-semigroup M is called proper if A 6= M .

A bi-ideal A of M is called subidempotent if AΓA ⊆ A.

A bi-ideal A of M is called idempotent if (AΓA] = A.

An element a of a Γ-semigroup M is called idempotent if ∃ γ ∈ Γ, a = aγa.

Let M be a po-Γ-semigroup. For ∅ 6= A ⊆ M , we denote by J(A) the ideal of M
generated by A, by L(A) (respectively R(A)) the left (respectively right) ideal of M
generated by A, and by B(A) the bi-ideal of M generated by A.

For non-empty subsets A and B of M and a non-empty subset Γ′ of Γ, let AΓ′B =
{aγb : a ∈ A, b ∈ B and γ ∈ Γ′}. If A = {a}, then we also write {a}Γ′B as aΓ′B, and
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similarly if B = {b} or Γ′ = {γ}. For the sake of simplicity, we let M be a po-Γ-semigroup
and T its sub-Γ-semigroup. For A ⊆ T we write

(A]T = {t ∈ T : t ≤ a, for some a ∈ A}

If T = M , then we always write (A] instead of (A]M . Clearly, A ⊆ (A]T ⊆ (A] and
A ⊆ B implies that (A]T ⊆ (B]T for any non-empty subsets A,B of T . For A = {a}, we
write (a] instead of ({a}]. We denote by L(a) (respectively R(a)) the left (respectively
right) ideal of M generated by a ∈ M , by B(a) the bi-ideal of M generated by a ∈ M ,
by J(a) the ideal of M generated by a ∈ M . One can easily prove that

L(a) = MΓa = {a} ∪MΓ{a} = (a ∪MΓa] = (a] ∪ (MΓa],

R(a) = aΓM = {a} ∪ {a}ΓM = (a ∪ aΓM ] = (a] ∪ (aΓM ],

B(a) = (a ∪ aΓMΓa] = (a] ∪ (aΓMΓa],

J(a) = MΓaΓM = {a} ∪MΓ{a} ∪ {a}ΓM ∪MΓ{a}ΓM

= (a ∪MΓa ∪ aΓM ∪MΓaΓM ].

The authors of [7, 14] proved the following:

1.7. Lemma. Let M be a po-Γ-semigroup. The following statements hold true:

(1) A ⊆ (A] for any A ⊆ M
(2) If A ⊆ B ⊆ M , then (A] ⊆ (B].
(3) (A]Γ(B] ⊆ (AΓB] for all subsets A and B of M .
(4) ((A]] ⊆ (A] for all A ⊆ M .
(5) For every left (resp. right, two-sided, bi-) ideal T of M , (T ] = T .
(6) If L is a left ideal and R a right ideal of M , then the set (LΓR] is an ideal of

M .
(7) If A,B are ideals of M , then (AΓB], (BΓA],A ∪B,A ∩B are ideals of M .
(8) (MΓa] (resp.(aΓM ]) is a left ( resp. right) ideal of M for every a ∈ M .
(9) (MΓaΓM ] is an ideal of M for every a ∈ M .

(10) ((A]Γ(B]] = (AΓB], for any A,B ⊆ M .

A po-Γ-semigroup M is called left (resp. right) simple if it does not contain proper
left (respectively, right) ideals or equivalently, if for every left (respectively, right) ideal
A of M , we have A = M .

A subset T of a po-Γ-semigroup M is called semiprime if for every a ∈ M such that
aΓa ⊆ T , we have a ∈ T . Equivalent Definition: For each subset A of M such that
AΓA ⊆ T , we have A ⊆ T .

An element a of a po-Γ-semigroup M is called regular if there exists x ∈ M such that
a ≤ aαxβa for some α, β ∈ Γ.

A po-Γ-semigroup M is called regular if every element of M is regular. The following
are equivalent definitions:

(1) For every A ⊆ M,A ⊆ (AΓMΓA].
(2) For every element a ∈ M,a ∈ (aΓMΓa].

Let M be a po-Γ-semigroup and a ∈ M . For the sake of simplicity, throughout the paper
we write a2 = aγa, a3 = (aγ)2a, . . . , an = (aγ)n−1a, . . . for γ ∈ Γ and n ∈ Z+.

2. Characterizations of some classes of po-Γ-semigroups by means

of bi-ideals

In [7], the authors proved the following lemma.
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2.1. Lemma. Let M be a po-Γ-semigroup. Then M is left (resp. right) simple if and
only if (MΓa] = M(resp. (aΓM ] = M) for all a ∈ M .

Proof. We prove the lemma only for the left simple case, the other case can be proved
analogously.

=⇒ Let M be left simple and a ∈ M . Since (MΓa] is a left ideal of M , by the
definition we have (MΓa] = M .

⇐= Let (MΓa] = M,∀a ∈ M . Let A be a left ideal of M and x ∈ A(A 6= ∅).
Since M = (MΓx] ⊆ (MΓA] ⊆ (A] = A, we have A = M . This implies that M is left
simple. �

2.2. Theorem. Let M be a po-Γ-semigroup. The following are equivalent:

(1) M is left and right simple.
(2) M = (aΓMΓa],∀a ∈ M .
(3) M is regular, left and right simple.

Proof. (1) =⇒ (2). Let a ∈ M . By Lemma 2.1, M = (MΓa] = (aΓM ]. Then M =
(aΓM ] = (aΓ(MΓa]] = (aΓMΓa].

(2) =⇒ (3). Let a ∈ M . By (ii), we have M = (aΓMΓa] ⊆ (MΓa], (aΓM ] ⊆ M . It
follows that a ∈ (aΓMΓa] and M = (MΓa] = (aΓM ].

(3) =⇒ (1). Clear. �

2.3. Proposition. Let M be a regular po-Γ-semigroup. Then the bi-ideals and the
subidempotent bi-ideals of M are the same.

Proof. If B is a bi-ideal of M , then BΓMΓB ⊆ B, (BΓMΓB] ⊆ (B] = B. Since M is
regular, B ⊆ (BΓMΓB]. Thus, B = (BΓMΓB] and

BΓB = (BΓMΓB]Γ(BΓMΓB] ⊆ (BΓMΓBΓBΓMΓB] ⊆ (BΓMΓB] = B. �

2.4. Theorem. A po-Γ-semigoup M is left and right simple if and only if M does not
contain proper bi-ideals.

Proof. =⇒ Let A be a bi-ideal of M . Let a ∈ M and b ∈ A, (A 6= ∅).

Let L(b) = (b ∪ MΓb] be the left ideal of M generated by b. Since M is left simple,
we have M = L(b). Since a ∈ L(b), we have a ≤ b or a ≤ xγb for some x ∈ M and
γ ∈ Γ. Let a ≤ b. Then, since M ∋ a ≤ b ∈ A,A is a bi-ideal of M , so we have a ∈ A.
Let a ≤ xγb for some x ∈ M and γ ∈ Γ. Let R(b) = (b ∪ bΓM ] be the right ideal of M
generated by b. Since M is right simple, we have M = R(b).

Since x ∈ R(b), we have x ≤ b or x ≤ bρy for some y ∈ M and ρ ∈ Γ. Let x ≤ b.
Then we have a ≤ xγb ≤ bγb ∈ A and a ∈ A. Let x ≤ bρy for some y ∈ M and ρ ∈ Γ.
Then a ≤ xγb ≤ bρyγb ∈ AΓMΓA ⊆ A and a ∈ A.

⇐= Let L be a left ideal of M . Then L is a bi-ideal of M . By hypothesis, L = M .
Similarly, M is right simple. �

In [1], the authors gave the following definition.

2.5. Definition. Let M be a Γ-semigroup. Then M is called a Γ-group if for every
a, a1 ∈ M and α, α1 ∈ Γ, there exist b, b1 ∈ M and β, β1 ∈ Γ such that for all s ∈ M and
γ ∈ Γ,

s = bβaαs, γ = γbβaα, γ = β1b1α1a1γ, s = sβ1b1α1a1.

Also, they proved the following proposition.
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2.6. Proposition. Let M be a Γ-semigroup. Then M is a Γ-group if and only if both
M and Γ are left simple as well as right simple. �

2.7. Theorem. Let M be an ordered Γ-group. Then M does not contain proper bi-ideals.

Proof. An ordered Γ-group is a Γ-group. From Proposition 2.6 and Theorem 2.4, it
follows that the ordered Γ-groups do not contain proper bi-ideals, as well. Another
independent proof is given as follows:

Let A be a bi-ideal of M and a ∈ M . Let b ∈ A(A 6= ∅). Since b ∈ M , there exist
b1, b2 ∈ M and β, α, β1, α1 ∈ Γ such that a = bβb1αa, a = aβ1b2α1b. Then we have

a = bβb1αaβ1b2α1b = bβ(b1αaβ1b2)α1b ∈ AΓMΓA ⊆ A and a ∈ A. �

2.8. Definition. A po-Γ-semigroup M is called left (resp. right) regular if for every
a ∈ M , there exist x ∈ M , γ, µ ∈ Γ such that a ≤ xγ(aµa) (resp. a ≤ (aµa)γx).

The following are equivalent definitions:

(1) a ∈ (MΓaΓa] (resp. a ∈ (aΓaΓM ]),∀ a ∈ M
(2) A ⊆ (MΓAΓA] (resp. A ∈ (AΓAΓM ]),∀A ⊆ M .

2.9. Lemma. A po-Γ-semigroup M is left regular if and only if every left ideal of M is
semiprime.

Proof. =⇒ . Let L be a left ideal of M and a ∈ M,aΓa ⊆ L. Since MΓ(aΓa) ⊆ MΓL ⊆
L, we have (MΓ(aΓa)] ⊆ (L] = L. Since M is left regular, we have a ∈ (MΓ(aΓa)] ⊆ L,
so a ∈ L.

⇐=. Let a ∈ M . The set (MΓ(aΓa)], as a left ideal of M , is semiprime. Since

aΓaΓaΓa = (aΓa)Γ(aΓa) ∈ MΓ(aΓa) ⊆ (MΓ(aΓa)],

we have aΓa ∈ (MΓ(aΓa)] and a ∈ (MΓ(aΓa)]. �

2.10. Definition. A po-Γ-semigroup M is called completely regular if it is regular, left
regular and right regular.

If M is a po-Γ-semigroup and ∅ 6= A ⊆ M , then one can easily proves that the set
(A ∪ AΓA ∪ AΓMΓA] is the bi-ideal of M generated by A. In particular, for A =
{a}, (a ∈ M), we write B(a) = (a ∪ aΓa ∪ aΓMΓa] for the bi-ideal generated by a. If
M is regular, then it is clear that: B(a) = (aΓMΓa]. We define a relation B on M as
follows:

aBb ⇐⇒ B(a) = B(b).

Clearly, B is an equivalence relation on M .

2.11. Lemma. Let M be a po-Γ-semigroup and B(x), B(y) the bi-ideals of M generated
by the elements x, y ∈ M , respectively. Then we have B(x)ΓMΓB(y) ⊆ (xΓMΓy].

Proof. We have

B(x)ΓMΓB(y) = (x ∪ x2 ∪ xΓMΓx]Γ(M ]Γ(y ∪ y2 ∪ yΓMΓy]

⊆ ((x ∪ x2 ∪ xΓMΓx)ΓMΓ(y ∪ y2 ∪ yΓMΓy)] = (xΓMΓy]. �

2.12. Lemma. A po-Γ-semigroup M is completely regular if and only if for any a ∈ M ,
there exist x ∈ M , µ, α, β ∈ Γ such that a ≤ (aµa)αxβ(aµa).
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Proof. Assume that M is completely regular. Then for any a ∈ M , there exist x, y, z ∈
M,α, β, µ, ρ, γ ∈ Γ such that

a ≤ aαxβa ≤ (aµaγy)αxβ(zρaµa) = aµaγ(yαxβz)ρaµa.

Conversely, suppose that, for any a ∈ M , there exist x ∈ M , µ, α, β ∈ Γ such that
a ≤ (aµa)αxβ(aµa). Then

(1) a ≤ (aµa)αxβ(aµa) = aµ(aαxβa)µa.
(2) a ≤ (aµa)αxβ(aµa) = (aµaαx)βaµa.
(3) a ≤ (aµa)αxβ(aµa) = aµaα(xβaµa).

Thus, M is regular, left regular and right regular. Therefore M is completely regular. �

From Lemma 2.12, it is obvious that the following lemma holds true:

2.13. Lemma. A po-Γ-semigroup M is completely regular if and only if for every A ⊆ M ,
A ⊆ ((AΓA)ΓMΓ(AΓA)].

Equivalently, if for every a ∈ M , a ∈ ((aΓa)ΓMΓ(aΓa)]. �

2.14. Theorem. A po-Γ-semigroup M is completely regular if and only if every bi-ideal
B of M is semiprime.

Proof. =⇒ . Let B be a bi-ideal, a ∈ M and aΓa ⊆ B. Then for some x, y, z ∈ M ,
α, β, γ, ρ, µ ∈ Γ,

a ≤ aαxβa ≤ (aγaρy)αxβ(zµaγa) = aγ(aρyαxβzµa)γa ∈ BΓMΓB ⊆ B.

Thus B is semiprime.

⇐=. Let a ∈ M . Then (aΓaΓMΓaΓa] is a non-empty subset of M . Let x, y ∈
(aΓaΓMΓaΓa] and z ∈ M . Then for some u, v ∈ M , α, β, γ, ρ, µ, δ, σ ∈ Γ,

xαzβy ≤ (aγaρuµaγa)αzβ(aγaδvσaγa)

= aγaρ(uµaγaαzβaγaδv)σaγa ∈ aΓaΓMΓaΓa

Thus

xαzβy ∈ (aΓaΓMΓaΓa] and (aΓaΓMΓaΓa]ΓMΓ(aΓaΓMΓaΓa] ⊆ (aΓaΓMΓaΓa].

Furthermore, if x ∈ (aΓaΓMΓaΓa] and y ≤ x, for some y ∈ M , then

y ≤ x ∈ (aΓaΓMΓaΓa], so y ∈ (aΓaΓMΓaΓa].

Hence (aΓaΓMΓaΓa] is a bi-ideal of M , for all a ∈ M . Since (aΓaΓaΓaΓaΓaΓaΓa) =
(aΓa)Γ(aΓaΓaΓa)Γ(aΓa) ⊆ (aΓaΓMΓaΓa] and (aΓaΓMΓaΓa] is semiprime, we get
(aΓaΓaΓa), (aΓa) ⊆ (aΓaΓMΓaΓa] and so a ∈ (aΓaΓMΓaΓa]. By Lemma 2.10, M
is completely regular. �

2.15. Lemma. Let M be a po-Γ-semigroup. Then the following are equivalent:

(1) M is completely regular;
(2) B(a) = B(aΓa) = B(aΓaΓMΓaΓa),∀ a ∈ M ;
(3) aBaΓa.

Proof. (1) =⇒ (2). Since M is completely regular, M is regular and we have B(a) =
(aΓMΓa]. Then B(aΓa) = (aΓaΓMΓaΓa]. Since M is regular, left regular and right
regular, we have for all a ∈ M :

a ∈ (aΓMΓa] ⊆ ((aΓaΓM ]ΓMΓ(MΓaΓa]] ⊆ (aΓaΓMΓaΓa] ⊆ (aΓMΓa].

Therefore

B(a) = (aΓMΓa] = (aΓaΓMΓaΓa] = B(aΓa).
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Also, since for all a ∈ M ,

a ∈ (aΓMΓa] ⊆ ((aΓaΓMΓaΓa]ΓMΓ(aΓaΓMΓaΓa]]

⊆ (aΓaΓMΓaΓa] ⊆ (aΓMΓa],

we have B(a) = B(aΓa) = B(aΓaΓMΓaΓa).

(2) =⇒ (3). Clear since B(a) = B(aΓa), ∀ a ∈ M .

(3) =⇒ (1). If aBaΓa, then B(a) = B(aΓa). We have

a ∈ B(a) = B(aΓa) = (aΓa ∪ aΓaΓaΓa ∪ aΓaΓMΓaΓa].

Then a ≤ y for some y ∈ aΓa ∪ aΓaΓaΓa ∪ aΓaΓMΓaΓa.

If y ∈ aΓa, then for some γ ∈ Γ,

a ≤ y = aγa ≤ (aγa)γ(aγa) = aγaγ(aγa) ≤ (aγa)γaγ(aγa) ∈ (aΓa)ΓMΓ(aΓa)

and a ∈ (aΓaΓMΓaΓa].

If y ∈ aΓaΓaΓa, then for some γ ∈ Γ,

a ≤ y = a4 = ((aγ)3a) = aγaγ(aγa) ≤ a4γaγ(aγa) ∈ aΓaΓMΓaΓa,

and a ∈ (aΓaΓMΓaΓa].

If y ∈ aΓaΓMΓaΓa, then a ∈ (aΓaΓMΓaΓa]. �

2.16. Theorem. A po-Γ-semigroup M is completely regular if and only if for each bi-
ideal B of M , we have

B = (BΓB].

Proof. =⇒ . Since B is a sub-Γ-semigroup of M , we have BΓB ⊆ B. Then since B is
an ideal of M , we have (BΓB] ⊆ (B] = B. By Lemma 2.13, we have

B ⊆ ((BΓB)ΓMΓ(BΓB)].

Then, by the definition of bi-ideal, we have

B ⊆ (BΓ(BΓMΓB)ΓB] ⊆ (BΓBΓB] ⊆ (BΓB].

Thus, B = (BΓB].

⇐= Let L be a left ideal of M . Then MΓL ⊆ L and LΓ(MΓL) ⊆ MΓL ⊆ L. Thus L
is a bi-ideal of M . Let x ∈ M be such that x2 ∈ L. Then x ∈ L. Indeed: We consider the
bi-ideal of M generated by x. That is, the set B(x) = (x∪x2 ∪xΓMΓx]. By hypothesis,
we have x ∈ B(x) = (B(x)ΓB(x)]. On the other hand, (B(x)ΓB(x)] ⊆ L. In fact: We
have

B(x)ΓB(x) = (x ∪ x2 ∪ xΓMΓx]Γ(x ∪ x2 ∪ xΓMΓx]

⊆ ((x ∪ x2 ∪ xΓMΓx)Γ(x ∪ x2 ∪ xΓMΓx)]

= (x2 ∪ x3 ∪ xΓMΓx2 ∪ x4 ∪ xΓMΓx3 ∪ x2ΓMΓx ∪ x3ΓMΓx

∪ xΓMΓx2ΓMΓx]

Since x2 ∈ L, x3 ∈ MΓL ⊆ L, (xΓM)Γx2 ⊆ MΓL ⊆ L, x4 ∈ MΓL ⊆ L, we have

B(x)ΓB(x) ⊆ (L ∪ LΓM ] = (L] = L.

Then we have (B(x)ΓB(x)] ⊆ ((L]] = (L] = L and x ∈ L. In a similar way, we prove
that every right ideal of M is semiprime. That is, by Lemma 2.9, M is left and right
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regular. So, M is a regular po-Γ-semigroup. Indeed: Now let a ∈ M . Let B(a) be the
bi-ideal generated by a. Then by hypothesis and Lemma 2.11, we have

a ∈ B(a) = (B(a)ΓB(a)] = ((B(a)ΓB(a)]ΓB(a)] = (B(a)ΓB(a)ΓB(a)]

⊆ (B(a)ΓMΓB(a)] ⊆ (aΓMΓa]

That is, M is completely regular. �

Let M be a po-Γ-semigroup. Then M is called a B-simple po-Γ-semigroup if M does
not contain proper bi-ideals.

2.17. Theorem. Let M be a po-Γ-semigroup. Then the following are equivalent:

(1) M is completely regular;
(2) ∀a ∈ M,a ∈ (aΓMΓa] = (aΓaΓMΓaΓa];
(3) Every B-class of M is a B-simple sub-Γ-semigroup of M ;
(4) Every B-class of M is a sub-Γ-semigroup of M ;
(5) M is a union of disjoint B-simple sub-Γ-semigroups of M ;
(6) M is a union of disjoint sub-Γ-semigroups of M ;
(7) Every bi-ideal of M is semiprime;
(8) The set {(x)B|x ∈ M} coincides with the set of all maximal B-simple sub-Γ-

semigroups of M .

Proof. (1) =⇒ (2) Let M be completely regular. Then M is regular, left regular and
right regular. We have for all a ∈ M :

a ∈ (aΓMΓa] ⊆ ((aΓaΓM ]ΓMΓ(MΓaΓa]] ⊆ (aΓaΓMΓaΓa] ⊆ (aΓMΓa].

Therefore,

a ∈ (aΓMΓa] = (aΓaΓMΓaΓa].

(2) =⇒ (3) We have that (x)B is a sub-Γ-semigroup of M . Indeed: First, ∅ 6= (x)B ⊆
M, ∀ x ∈ (x)B. Let a, b ∈ (x)B. Since aBx, bBx, we have B(a) = B(x) = B(b). Now, by
hypothesis, we have:

aΓb ⊆ (((aΓbΓaΓb)ΓMΓ(aΓbΓaΓb)]

⊆ (B(a)ΓMΓB(b)] = (B(b)ΓMΓB(b)] ⊆ B(b).

Then

aΓb ⊆ B(b) = B(x).

Hence

B(aΓb) ⊆ B(b) = B(x).

On the other hand, let y ∈ B(x). By hypothesis, we have:

(aΓMΓy] ⊆ ((aΓaΓMΓaΓa]ΓMΓy]

⊆ (aΓaΓMΓaΓaΓMΓy] ⊆ (aΓB(a)ΓMΓB(b)]

= (aΓB(b)ΓMΓB(b)] ⊆ (aΓB(b)] ⊆ (aΓbΓMΓb]

and

(yΓMΓb] ⊆ (yΓMΓ(bΓbΓMΓbΓb]] ⊆ (yΓMΓbΓbΓMΓbΓb] ⊆ (B(x)ΓMΓB(b)Γb]

= (B(a)ΓMΓB(b)Γb] = (B(a)ΓMΓB(a)Γb] ⊆ (B(a)Γb] ⊆ (aΓMΓaΓb].
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So

y ∈ (yΓyΓMΓyΓy] ⊆ (yΓ(yΓyΓMΓyΓy]ΓMΓyΓy]Γ(yΓyΓyΓMΓyΓyΓMΓyΓy]

⊆ (B(a)ΓMΓyΓyΓMΓB(b)] ⊆ ((B(a)ΓMΓy]Γ(yΓMΓB(b)]]

⊆ ((aΓMΓy]Γ(yΓMΓb]] ⊆ ((aΓbΓMΓb]Γ(aΓMΓaΓb]]

⊆ (aΓbΓMΓbΓaΓMΓaΓb] ⊆ (B(aΓb)ΓMΓbΓaΓMΓB(aΓb)]

⊆ (B(aΓb)] = B(aΓb).

Thus, y ∈ B(aΓb), so B(x) ⊆ B(aΓb). Therefore B(x) = B(aΓb). Moreover, (x)B is a
sub-Γ-semigroup of M .

Let B be a bi-ideal of (x)B. Then B = (x)B. Indeed: For any y ∈ (x)B, suppose that
z ∈ B. Since z ∈ B ⊆ (x)B = (y)B, then we have

y ∈ B(y) = B(z) = B(x).

By the hypothesis and Lemma 2.15, then

y ∈ B(z) ⊆ B(zΓzΓzΓz) = (zΓMΓz] ⊆ (BΓMΓB] ⊆ (B] = B.

Therefore B = (x)B, that is, (x)B is a B-simple sub-Γ-semigroup of M .

(3) =⇒ (4) Clear.

(3) =⇒ (5) It is clear thatM =
⋃

{(x)B|x ∈ M}, andM is a union of disjoint B-simple
sub-Γ-semigroups of M .

(5) =⇒ (6) Clear.

(6) =⇒ (7) Let

M =
⋃

{Sα|α ∈ Y },

where Sα is a B-simple sub-Γ-semigroup ofM for all α ∈ Y , Y is an index set. Then every
bi-ideal is semiprime. Indeed: Let B be a bi-ideal of M , ∀α ∈ M such that aΓa ⊆ B.
Since a ∈ M , then there exists α ∈ Y such that a ∈ Sα. On the other hand, B ∩ Sα is a
bi-ideal of Sα. In fact:

∅ 6= B
⋂

Sα ⊆ Sα(aΓa ⊆ B, aΓa ⊆ Sα),
(

B
⋂

Sα

)

ΓSαΓ
(

B
⋂

Sα

)

⊆ BΓSαΓB
⋂

BΓSαΓSα

⋂

SαΓSαΓB
⋂

SαΓSαΓSα

⊆ BΓMΓB
⋂

BΓSαΓSα

⋂

SαΓSαΓB
⋂

Sα

⊆ (B
⋂

Sα)
⋂

BΓSαΓSα

⋂

SαΓSαΓB ⊆ B
⋂

Sα.

Let

y ∈ B
⋂

Sα, Sα ∋ z ≤ y.

Since z ≤ y ∈ B and B is a bi-ideal of M , we have z ∈ B. Thus z ∈ B
⋂

Sα. By
hypothesis, we have B

⋂

Sα = Sα, that is a ∈ B.

(7) ⇐⇒ (1) Clear by Theorem 2.14.

(1) =⇒ (8) Let x ∈ M . By (2) =⇒ (3), (x)B is a B-simple sub-Γ-semigroup of M .
By (1) =⇒ (2) and the proof of Theorem 2.14, we have (xΓxΓMΓxΓx] = (xΓMΓx] is
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a bi-ideal of M . Let T be a B-simple sub-Γ-semigroup of M such that T ⊇ (x)B, then
(xΓMΓx]

⋂

T is a bi-ideal of T . Indeed:

∅ 6= (xΓMΓx]
⋂

T ⊆ T
(

xΓxΓx ⊆ (xΓMΓx], xΓxΓx ⊆ T
)

,
(

(

xΓMΓx
]

⋂

T
)

ΓTΓ
(

(

xΓMΓx
]

⋂

T
)

⊆ (xΓMΓx]ΓTΓ(xΓMΓx]
⋂

(xΓMΓx]ΓTΓT
⋂

TΓTΓ(xΓMΓx]
⋂

TΓTΓT

⊆ (xΓMΓx]
⋂

(xΓMΓx]ΓTΓT
⋂

TΓTΓ(xΓMΓx]
⋂

T

= ((xΓMΓx]
⋂

T )
⋂

(xΓMΓx]ΓTΓT
⋂

TΓTΓ(xΓMΓx]

⊆ (xΓMΓx]
⋂

T.

If a ∈ (xΓMΓx]
⋂

T, T ∋ b ≤ a ∈ (xΓMΓx]
⋂

T , by b ≤ a ∈ (xΓMΓx], (xΓMΓx] is a
bi-ideal of M , we have b ∈ (xΓMΓx], that is b ∈ (xΓMΓx]

⋂

T . Since T is B-simple, we
have (xΓMΓx]

⋂

T = T . Let y ∈ T . We have

B(y) ∋ y ∈ (xΓMΓx] ⊆ B(x)ΓMΓB(x) ⊆ B(x),

then B(y) ⊆ B(x). Similarly, y ∈ T implies that (yΓMΓy]
⋂

T is a bi-ideal of T and
(yΓMΓy]

⋂

T = T . Since x ∈ T , we get

B(x) ∋ x ∈ (yΓMΓy] ⊆ B(y)ΓMΓB(y) ⊆ B(y) and B(y) ⊆ B(x).

Therefore, we have y ∈ (x)B, that is T = (x)B, thus (x)B is a maximal B-simple sub-Γ-
semigroup of M .

On the other hand, let T be a maximal B-simple sub-Γ-semigroup of M and x ∈ T .
Since T ⊆ (x)B (from the above proof), we have T = (x)B(x ∈ M). That is T ⊆ {(x)B |
x ∈ M}.

(8) =⇒ (4) For any x ∈ M , by (8), we have (x)B is a B-simple sub-Γ-semigroup of M .

(4) =⇒ (1) Since (x)B is a sub-Γ-semigroup of M , ∀ x ∈ M , then xΓxΓxΓxΓx ⊆ (x)B
and we have

x ∈ B(x) = B(xΓxΓxΓxΓx) ⊆ B(xΓxΓMΓxΓx).

It is easy to see that M is regular, left regular and right regular. �

2.18. Definition. A po-Γ-semigroup M is called strongly regular if for every a ∈ M ,
there exist x ∈ M , α, β ∈ Γ such that a ≤ aαxβa and aγx = xγa for all γ ∈ Γ.

2.19. Lemma. Let M be a po-Γ-semigroup. The following are equivalent :

(1) M is strongly regular
(2) M is left regular, right regular, and (MΓaΓM ] is a strongly regular sub-Γ-

semigroup of M , for every a ∈ M .
(3) For every a ∈ M , we have a ∈ (MΓa] ∩ (aΓM ] and (MΓaΓM ] is a strongly

regular sub-Γ-semigroup of M .

Proof. (1) =⇒ (2) Let a ∈ M . Since M is strongly regular, then there exist x ∈ M ,
α, β ∈ Γ such that a ≤ aαxβa = aαaβx. This shows that M is left regular. Similarly, M
is right regular. We also have (MΓaΓM ] is strongly regular. Indeed:
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A) Let a ∈ M . Then there exists x ∈ M , such that a ∈ (aΓxΓa] and aΓx = xΓa. Then

a ∈ (aΓxΓa] ⊆ ((aΓxΓa)ΓxΓa] = (aΓ(xΓaΓx)Γa].

We put Y = xΓaΓx. Then we have

a ∈ (aΓY Γa],

Y = xΓaΓx

⊆ (xΓ(aΓxΓa)Γx] = ((xΓaΓx)ΓaΓx] = (Y ΓaΓx] ⊆ (Y Γ(aΓxΓa)Γx]

= (Y ΓaΓ(xΓaΓx)] = (Y ΓaΓY ],

aΓY = aΓ(xΓaΓx) = aΓ(xΓa)Γ(xΓa) = (xΓaΓx)Γa = Y Γa

B) Let L be a left ideal and R a right ideal of M . Then (LΓR] is a strongly regular
sub-Γ-semigroup of M . Indeed: By Lemma 1.4 (6), we have (LΓR] is an ideal of M ,
i.e. a sub-Γ-semigroup of M . Let a ∈ (LΓR] ⊆ M . Since M is strongly regular, by A)
there exist z ∈ Y ⊆ M such that a ≤ (aαzβa), z ≤ (zδaρz) for some α, β, δ, ρ ∈ Γ and
zγa = aγz for all γ ∈ Γ.

Since a ∈ (LΓR], there exist y ∈ L, x ∈ R,µ ∈ Γ such that a ≤ yµx. Then zδaρz ≤
zδyµxρz for some µ ∈ Γ. Since zδy ∈ MΓL ⊆ L and xρz ∈ RΓM ⊆ R, we have
zδyµxρzt ∈ LΓR and zδaρz ∈ (LΓR]. Since z ≤ zδaρz ∈ (LΓR], then z ∈ (LΓR].

C) Let a ∈ M , then (MΓa] is a left ideal and (aΓM ] is a right ideal of M . Moreover,
(MΓaΓM ] = ((MΓa]Γ(aΓM ]]. Indeed:

MΓaΓM ⊆ MΓ(MΓaΓa]ΓM = (M ]Γ(MΓaΓa]Γ(M ] ⊆ (MΓMΓaΓaΓM ]

⊆ (MΓaΓaΓM ] = ((MΓa)Γ(aΓM)] = ((MΓa]Γ(aΓM ]],

hence (MΓM ] ⊆ (((MΓa]Γ(aΓM ]]] = ((MΓa]Γ(aΓM ]]. On the other hand,

((MΓa]Γ(aΓM ]] = ((MΓa)Γ(aΓM)] = (MΓaΓaΓM ] ⊆ (MΓaΓM ].

By B), (MΓaΓM ] is a strongly regular sub-Γ-semigroup.

(2) =⇒ (3). Let a ∈ M . Since M is left and right regular, then a ∈ (MΓaΓa] and
a ∈ (aΓaΓM ], there exist x, y ∈ M such that a ≤ xαaγa, a ≤ aγaβy, α, β, γ ∈ Γ. We
have:

a ≤ xα(aγa) ≤ xα(aγaβy)γa = (xα(aγa)βy)γa ∈ (MΓa]

a ≤ (aγa)βy ≤ aγ(xαaγa)βy = aγ(xα(aγa)βy) ∈ (aΓM ].

So, ∀ a ∈ M , we have a ∈ (MΓa] ∩ (aΓM ].

(3) =⇒ (1) Let a ∈ M . Since a ∈ (MΓa]∩ (aΓM ], we have a ≤ xαa, a ≤ aβy for some
x, y ∈ M , α, β ∈ Γ. Then

a ≤ aβy ≤ (xαa)βy = xα(aβy) ∈ MΓaΓM , and a ∈ (MΓaΓM ].

Since (MΓaΓM ] is strongly regular, there exist t ∈ (MΓaΓM ](⊆ M), δ, ρ ∈ Γ such that
a ≤ aδtρa and aγt = tγa,∀ γ ∈ Γ. That is, M is strongly regular. �

It is clear that the strongly regular po-Γ-semigroups are completely regular. By The-
orem 2.16 and Lemma 2.19, we have the following:

2.20. Theorem. A po-Γ-semigroup M is strongly regular if and only if the following
conditions hold true:

(1) For every bi-ideal B of M , we have B = (BΓB].
(2) (MΓaΓM ] is a strongly regular sub-Γ-semigroup of M , ∀ a ∈ M . �
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