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Abstract

In this paper we introduce and give some characterizations of the left
and right simple, the completely regular and the strongly regular po-I'-
semigroups by means of bi-ideals.
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1. Introduction and preliminaries

In 1981, Sen [15] introduced the concept and notion of the I'-semigroup as a gen-
eralization of semigroup and ternary semigroup. Many classical notions and results of
the theory of semigroups have been extended and generalized to I'-semigroups. In this
paper we introduce and characterize the left and right simple, the completely regular
and the strongly regular po-I'-semigroups in terms of bi-ideals and study their structure,
extending and generalizing results for ordered semigroups (cf. [10, 11]).

We introduce below necessary notions and present a few auxiliary results that will be
used throughout the paper.

In 1986, Sen and Saha [16] defined a I'-semigroup as a generalization of semigroup
and ternary semigroup as follows:

1.1. Definition. Let M and I" be two non-empty sets. Denote by the letters of the
English alphabet the elements of M and with the letters of the Greek alphabet the
elements of I'. Then M is called a I'-semigroup if

(1) aybe M, for all y € T
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(2) If m1,mo,m3,mg € M,v1,v2 € I' are such that m; = m3, 71 = 72 and mo =
ma, then miyima = msayama.
(3) (aad)Bc = aa(bBe) for all a,b,c € M and for all o, 8 € T".

1.2. Example. Let M be a semigroup and I' any non-empty set. Define a mapping
M xT'x M — M by ayb = ab for all a,b € M and v € I'. Then M is a I'-semigroup.

1.3. Example. Let M be the set of all negative rational numbers. Obviously M is not a
semigroup under the usual product of rational numbers. Let I = {—% : p is prime}. Let
a,b,c € M and a € I. Now if aab is equal to the usual product of the rational numbers
a, o, b, then aab € M and (aab)Bec = aa(bBc). Hence M is a I'-semigroup.

1.4. Example. Let M = {—i,0,i} and I' = M. Then M is a I-semigroup under the
multiplication over complex numbers while M is not a semigroup under complex number
multiplication.

These examples illustrate that every semigroup is a I'-semigroup and that I'-semigroups
are a generalization of semigroups.

A T-semigroup M is called a commutative T'-semigroup if for all a,b € M and v € T,
ayb = bya. A non-empty subset K of a I'-semigroup M is called a sub-I'-semigroup of
M if for all a,b € K and vy €T, avb € K.

1.5. Example. Let M = [0,1] and I' = {1 : n is a positive integer}. Then M is a I'-
semigroup under usual multiplication. Let K = [0,1/2]. We have that K is a non-empty
subset of M and ayb € K for all a,b € K and v € I'. Then K is a sub-I'-semigroup of
M.

Other examples of I'-semigroups can be found in [1, 2, 6, 15, 16].
1.6. Definition. A po-I-semigroup (:ordered I'-semigroup) is a partially ordered set M

which at the same time is a I'-semigroup such that for all a,b,c € M and for all v € T"
a<b = ayc<byc,cya < eb.

Examples of ordered I'-semigroups can be found in [3, 4, 5, 7, 8, 9, 12, 13, 14].
Let M be a po-T'-semigroup and A a non-empty subset of M. Then A is called a right
(resp. left) ideal of M if
(1) ATM C A (resp. MT A C A),
(2) acAb<aforbe M = be A.
A is called an ideal of M if it is right and left ideal of M. It is clear that the intersection

of all ideals of a po-I'-semigroup M is still an ideal of M. We shall call this particular
ideal, if exists, the kernel of M and denote it by K (M).

A non-empty subset B of a po-I'-semigroup M is called a bi-ideal of M if
(1) BTMI'BCB
(2) acBandb<aforbe M = be B
A right, left or bi-ideal A of a po-I'-semigroup M is called proper if A # M.
A bi-ideal A of M is called subidempotent if AT'A C A.
A bi-ideal A of M is called idempotent if (AT A] = A.
An element a of a I'-semigroup M is called idempotent if 3y € I', a = ava.
Let M be a po-I'-semigroup. For §) # A C M, we denote by J(A) the ideal of M
generated by A, by L(A) (respectively R(A)) the left (respectively right) ideal of M
generated by A, and by B(A) the bi-ideal of M generated by A.

For non-empty subsets A and B of M and a non-empty subset I'' of T, let AI'B =
{avb:a € A,b € B and v € I"}. If A= {a}, then we also write {a}I'B as aI”B, and
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similarly if B = {b} or I" = {«}. For the sake of simplicity, we let M be a po-I'-semigroup
and T its sub-I'-semigroup. For A C T we write

(Alr ={t €T :t < a, for some a € A}
If T = M, then we always write (A] instead of (A]a. Clearly, A C (A]r C (4] and
A C B implies that (A]r C (B]r for any non-empty subsets A, B of T. For A = {a}, we
write (a] instead of ({a}]. We denote by L(a) (respectively R(a)) the left (respectively

right) ideal of M generated by a € M, by B(a) the bi-ideal of M generated by a € M,
by J(a) the ideal of M generated by a € M. One can easily prove that

L(a) = MT'a = {a} UMTI'{a} = (aU MTa] = (a] U (MTaq],
R(a) =al'M = {a} U{a}T'M = (aUal'M] = (a] U (aI'M],
B(a) = (aUal’MTa] = (a] U (aI'MTa],
J(a) = MTal'M = {a} U MT{a} U {a}I'M U MT{a}I'M
=(aUMTaUal'M U MTal'M].
The authors of [7, 14] proved the following:

1.7. Lemma. Let M be a po-I'-semigroup. The following statements hold true:

1) AC (4] forany AC M

) If AC BC M, then (A] C (B].

) (A]T(B] C (AT'B] for all subsets A and B of M.

) ((A]] C (A] for all A C M.

) For every left (resp. right, two-sided, bi-) ideal T of M, (T]=T.

) If L is a left ideal and R a right ideal of M, then the set (LT'R] is an ideal of
M

(7) If A, B are ideals of M, then (AT'B], (BT'A], AU B, AN B are ideals of M.
(8) (MTa] (resp.(al'M]) is a left ( resp. right) ideal of M for every a € M.
(9) (MTal’'M] is an ideal of M for every a € M.

(10) ((AJT(B]] = (AT'B], for any A,B C M.

A po-I'-semigroup M is called left (resp. right) simple if it does not contain proper
left (respectively, right) ideals or equivalently, if for every left (respectively, right) ideal
A of M, we have A = M.

A subset T of a po-I'-semigroup M is called semiprime if for every a € M such that
al'a C T, we have a € T. Equivalent Definition: For each subset A of M such that
ATACT, we have ACT.

An element a of a po-I'-semigroup M is called regular if there exists x € M such that
a < aaxfa for some a, 3 € I

A po-T-semigroup M is called regular if every element of M is regular. The following
are equivalent definitions:

(1) For every A C M, A C (ATMTA].
(2) For every element a € M,a € (aI'MTa].

Let M be a po-I'-semigroup and a € M. For the sake of simplicity, throughout the paper
we write a® = ava, o® = (ay)%a,...,a" = (ay)" 'a,... fory €T and n € Z7.

2. Characterizations of some classes of po-I'-semigroups by means
of bi-ideals

In [7], the authors proved the following lemma.
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2.1. Lemma. Let M be a po-I'-semigroup. Then M is left (resp. right) simple if and
only if (MTa] = M(resp. (al'M] = M) for alla € M.

Proof. We prove the lemma only for the left simple case, the other case can be proved
analogously.

= Let M be left simple and a € M. Since (MTa] is a left ideal of M, by the
definition we have (MTa] = M.

<= Let (MTa] = M,Ya € M. Let A be a left ideal of M and z € A(A # 0).
Since M = (MT'z] C (MT'A] C (A] = A, we have A = M. This implies that M is left
simple. O

2.2. Theorem. Let M be a po-I'-semigroup. The following are equivalent:
(1) M is left and right simple.
(2) M = (aI'MTa],Va € M.
(3) M is regular, left and right simple.

Proof. (1) = (2). Let a € M. By Lemma 2.1, M = (MTa] = (aI'M]. Then M =
(aI'M] = (al'(MTa]] = (aI'MTa).

(2) = (3). Let a € M. By (ii), we have M = (aI'MTa] C (MTal], (aI'M] C M. It
follows that a € (aI'MTa] and M = (MTa] = (aI'M].

(3) = (1). Clear. O

2.3. Proposition. Let M be a regular po-I'-semigroup. Then the bi-ideals and the
subidempotent bi-ideals of M are the same.

Proof. 1If B is a bi-ideal of M, then BTMT'B C B, (B'MI'B] C (B] = B. Since M is
regular, B C (BI['MTB]. Thus, B = (BI'MTB] and

BI'B = (BTMTB|T'(BITMT'B] C (BTMTBI'BTMTB] C (BTMTB]=B. O

2.4. Theorem. A po-T'-semigoup M 1is left and right simple if and only if M does not
contain proper bi-ideals.

Proof. = Let A be a bi-ideal of M. Let a € M and b € A, (A # 0).

Let L(b) = (bU MTb] be the left ideal of M generated by b. Since M is left simple,
we have M = L(b). Since a € L(b), we have a < b or a < zvb for some = € M and
v €. Let a <b. Then, since M 3 a <be A, A is a bi-ideal of M, so we have a € A.
Let a < zvb for some z € M and v € I'. Let R(b) = (b U bI'M] be the right ideal of M
generated by b. Since M is right simple, we have M = R(b).

Since € R(b), we have z < b or x < bpy for some y € M and p € I'. Let z < b.
Then we have a < zyb < byb € A and a € A. Let x < bpy for some y € M and p € T".
Then a < xvb < bpyyb € ATMTAC A and a € A.

<= Let L be a left ideal of M. Then L is a bi-ideal of M. By hypothesis, L = M.
Similarly, M is right simple. |

In [1], the authors gave the following definition.

2.5. Definition. Let M be a I'-semigroup. Then M is called a I'-group if for every
a,a1 € M and a, a1 € T, there exist b,b1 € M and S, 81 € I' such that for all s € M and
yel,

s = bBaas,y = ybfaa,y = frbiaviaiy,s = sfibiaiar.
Also, they proved the following proposition.
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2.6. Proposition. Let M be a I'-semigroup. Then M is a I'-group if and only if both
M and ' are left simple as well as right simple. (|

2.7. Theorem. Let M be an ordered I'-group. Then M does not contain proper bi-ideals.

Proof. An ordered I'-group is a I'-group. From Proposition 2.6 and Theorem 2.4, it
follows that the ordered I'-groups do not contain proper bi-ideals, as well. Another
independent proof is given as follows:

Let A be a bi-ideal of M and a € M. Let b € A(A # (). Since b € M, there exist
b1,b2 € M and S, a, f1, a1 € T" such that a = bBbiaa, a = af1b2a1b. Then we have

a = bBbiaafibearb = bB(braaBibr)arb € ATMTAC A and a € A. O
2.8. Definition. A po-T-semigroup M is called left (resp. right) regular if for every
a € M, there exist z € M, v, € I such that a < zy(apa) (resp. a < (apa)yz).

The following are equivalent definitions:

(1) a € (MT'al'a] (resp. a € (al'al'M]),Va € M
(2) AC (MTATA] (resp. A€ (ATATM]),VAC M.

2.9. Lemma. A po-I'-semigroup M 1is left reqular if and only if every left ideal of M is
semiprime.

Proof. = . Let L be a left ideal of M and a € M,al’'a C L. Since MT'(al'a) C MT'L C
L, we have (MT'(al'a)] C (L] = L. Since M is left regular, we have a € (MTI'(al'a)] C L,
soa € L.
<. Let a € M. The set (MT'(al'a)], as a left ideal of M, is semiprime. Since
al'al'al'a = (al'a)'(al'a) € MT'(al'a) C (MT (al'a)],
we have al'a € (MT'(al'a)] and a € (MT'(al'a)]. O

2.10. Definition. A po-I'-semigroup M is called completely reqular if it is regular, left
regular and right regular.

If M is a po-I'-semigroup and ) # A C M, then one can easily proves that the set
(AU AT'A U ATMTA] is the bi-ideal of M generated by A. In particular, for A =
{a}, (a € M), we write B(a) = (a Ual'a Ual’MTq] for the bi-ideal generated by a. If
M is regular, then it is clear that: B(a) = (aI'MTa]. We define a relation B on M as
follows:

aBb <= B(a) = B(b).
Clearly, B is an equivalence relation on M.

2.11. Lemma. Let M be a po-I'-semigroup and B(z), B(y) the bi-ideals of M generated
by the elements x,y € M, respectively. Then we have B(z)['MT'B(y) C (zI'MTy].

Proof. We have

B(z)TMTB(y) = (z U z® Ul MTz][' (M| (y Uy® UyT MTy]
C ((zUz?UalMTz)PMT(yUy® UyT'MTy)] = (I MTy]. O

2.12. Lemma. A po-T'-semigroup M is completely regular if and only if for any a € M,
there exist t € M, p, o, B € T' such that a < (apa)azB(apa).
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Proof. Assume that M is completely regular. Then for any a € M, there exist z,y, 2z €
M, o, B, p, p,y € I' such that
a < aazfa < (apayy)azB(zpapa) = apay(yazfz)papa.

Conversely, suppose that, for any a € M, there exist + € M, u,a,8 € I' such that
a < (apa)azf(apa). Then

(1) a < (aua)awf(apa) = ap(aazBa)ua.

(2) a < (apa)azxf(apa) = (apaax)Bapa.

(3) a < (aua)azf(apa) = apaa(vBapa).
Thus, M is regular, left regular and right regular. Therefore M is completely regular. [

From Lemma 2.12, it is obvious that the following lemma holds true:

2.13. Lemma. A po-I'-semigroup M is completely reqular if and only if for every A C M,
A C ((ATA)TMT(ATA)].

Equivalently, if for every a € M, a € ((al'a)l MT'(al'a)]. a
2.14. Theorem. A po-I'-semigroup M is completely reqular if and only if every bi-ideal
B of M is semiprime.

Proof. = . Let B be a bi-ideal, a € M and al'a C B. Then for some z,y,z € M,
o By, ppel,

a < aazxfa < (ayapy)azB(zpavya) = ay(apyaxBzua)ya € BCMT'B C B.
Thus B is semiprime.
<. Let a € M. Then (al'al’'MTal'a] is a non-empty subset of M. Let z,y €
(al’'al’'MTal'a] and z € M. Then for some u,v € M, «, 3,7, p,u,0,0 € T,
zazfy < (ayapupaya)azf(ayadvoaya)
= ayap(upayaazBayadv)oaya € al'al MTal'a
Thus
zazPy € (al'al'MT'al'a] and (al'al’ MT'al'a]T MT (al'al’ MT'al'a] C (al'al’ MTal'al.
Furthermore, if x € (al'al’ MT'al'a] and y < z, for some y € M, then
y <z € (al'al’'MT'ala], so y € (al'al' MTal'a).

Hence (al'al’'MTal'a] is a bi-ideal of M, for all a € M. Since (al'al'al’al'al'al’al'a) =
(al'a)T(al'al’'al’'a)(al'a) C (al'al’'MT'al'a] and (al'al’'MTal'a] is semiprime, we get
(al'al’al’a), (al'a) C (al'al'MTal'a] and so a € (al'al’'MT'al'al. By Lemma 2.10, M
is completely regular. O

2.15. Lemma. Let M be a po-I'-semigroup. Then the following are equivalent:
(1) M is completely regular;
(2) B(a) = B(al'a) = B(al'al'MT'al'a),Ya € M;
(3) aBala.

Proof. (1) = (2). Since M is completely regular, M is regular and we have B(a) =
(aI'MTa]. Then B(al'a) = (al'al' MT'al'a]. Since M is regular, left regular and right
regular, we have for all a € M:

a € (aI'MTa] C ((al'al’ M]TMT'(MTal'a]] C (al'al'MT'al’a] C (aI'MTa].
Therefore

B(a) = (aI'MTa] = (al'al’ MTal'a] = B(al'a).
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Also, since for all a € M,

a € (aI'MTa] C ((al'al’ MTal'a]l’ MT (al'al’ MT'al'al)

-
C (al'al’'MTal'a] C (aI'MTa],
we have B(a) = B(al'a) = B(al'al'MT'al'a).
(2) = (3). Clear since B(a) = B(al'a), Ya € M.
(3) = (1). If aBal'a, then B(a) = B(al'a). We have
a € B(a) = B(al'a) = (al'aU al'al'al’'a U al'al'MT'al'a).

Then a < y for some y € al'a U al’'al’'al’'a U al'al’MT'al'a.
If y € al’a, then for some v € T,

a <y =aya < (ava)y(aya) = ayay(aya) < (aya)yay(aya) € (al'a)l MT (al'a)
and a € (al'al’ MT'ala).
If y € al'al’'al’a, then for some v € T,
a<y=ada" = ((av)’a) = ayay(aya) < a*yay(aya) € alal MTala,
and a € (al'al'MTal'a].
If y € al'al’MT'al'a, then a € (al'al' MTal'a). (]

2.16. Theorem. A po-I'-semigroup M is completely reqular if and only if for each bi-
ideal B of M, we have

B = (BT'B].
Proof. = . Since B is a sub-I'-semigroup of M, we have BI'B C B. Then since B is
an ideal of M, we have (BI'B| C (B] = B. By Lemma 2.13, we have
B C ((BI'B)IMT(BTB)].
Then, by the definition of bi-ideal, we have
B C (BT(BI'MT'B)I'B] C (BTI'BI'B] C (BI'B].
Thus, B = (BI'B].

<= Let L be a left ideal of M. Then MT'L C L and LI'(MT'L) C MT'L C L. Thus L
is a bi-ideal of M. Let z € M be such that 2> € L. Then x € L. Indeed: We consider the
bi-ideal of M generated by z. That is, the set B(z) = (zUx?UxzT'MTz]. By hypothesis,
we have z € B(z) = (B(z)I'B(z)]. On the other hand, (B(z)I'B(z)] C L. In fact: We
have

B(z)I'B(z) = (zUz> Uzl MTz]l(z Uz Uzl MTx]
C ((xUz®UalMTz)T(zUz® Ual MT'z))
= (z® Uz’ UaTMTz* Ug" Ul MTz® U 2’TMTz U 2°TMTx:
U2l MTz°T MTx]
Since 22 € L,z®> € MTL C L, (eTM)T'z?> C MTL C L,z* € MTL C L, we have
B(z)T'B(z) C (LULTM] = (L] = L.

Then we have (B(z)I'B(z)] C ((L]] = (L] = L and x € L. In a similar way, we prove
that every right ideal of M is semiprime. That is, by Lemma 2.9, M is left and right
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regular. So, M is a regular po-I'-semigroup. Indeed: Now let a € M. Let B(a) be the
bi-ideal generated by a. Then by hypothesis and Lemma 2.11, we have

a € B(a) = (B(a)T'B(a)] = (B(a)TB(a)['B(a)] = (B(a)T B(a)I B(a)]
C (B(a)I’MT'B(a)] C (aI'MTqd]
That is, M is completely regular. O

Let M be a po-I'-semigroup. Then M is called a B-simple po-I'-semigroup if M does
not contain proper bi-ideals.

2.17. Theorem. Let M be a po-I'-semigroup. Then the following are equivalent:

1) M is completely regular;
) Ya € M,a € (al'MTa] = (al'al’MT'al'al;
) Every B-class of M is a B-simple sub-I"-semigroup of M;
) Every B-class of M is a sub-I'-semigroup of M;
5) M is a union of disjoint B-simple sub-I'-semigroups of M ;
) M is a union of disjoint sub-I"-semigroups of M;
) Every bi-ideal of M is semiprime;
) The set {(z)s|lx € M} coincides with the set of all mazimal B-simple sub-T'-
semigroups of M.

Proof. (1) = (2) Let M be completely regular. Then M is regular, left regular and
right regular. We have for all a € M:

a € (al'MTa] C ((al'al' M]ITMT'(MTal'a]] C (al'al'MT'al'a] C (aI'MTa).
Therefore,

a € (aI'MT'a] = (al'al’ MTal'a).

(2) = (3) We have that (z)s is a sub-I-semigroup of M. Indeed: First, § # (z)s C
M, Vx € (z)s. Let a,b € (z)s. Since aBz, bBz, we have B(a) = B(z) = B(b). Now, by
hypothesis, we have:

al'd C (((aT'bLal'b) ' MT (al'bl'al'b)]
C (B(a)TMTB(b)] = (B(b)[L MTB(b)] C B(b).
Then
al'b C B(b) = B(z).
Hence
B(al'b) C B(b) = B(z).
On the other hand, let y € B(z). By hypothesis, we have:

(al’'MTy] C ((al'al’' MTal'a]T MTy]
C (al'al’'MTal'al MTy] C (aI'B(a)I MT B(b)]
= (aU'B(b)TMTB(b)] C (aT'B(b)] C (albI' MTb]

and

(yI'MTb] C (yT'MT (BT MTHI'b]] C (yI' MTBIBI MTbI) C (B(x)T MT B(b)Tb]
= (B(a)TMTB(b)T'] = (B(a)TMT B(a)I'b] C (B(a)Tb] C (aI' MTal'b].
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So

(yTyI'MTyl'y] C (yI'(yI'yI MTyTy]P MTyLy| (yy Dyl MTyDyl MTyIy]
B(a)TMTyI'yI'MT B(b)] C ((B(a)TMTy]T'(yT'MT B(b)]]
(al’'MTy|T(yI'MTY]] C ((aI'bI MTH|T (al’ MTal'b)]

albI MTbLal MTal'b] C (B(alb)T MTbIal MT B(al'b)]

B(al'b)] = B(al'd).

Y

€
-
-
<
-

(
(
(
(

Thus, y € B(al'd), so B(z) C B(al'b). Therefore B(z) = B(al'b). Moreover, (z)s is a
sub-I"-semigroup of M.

Let B be a bi-ideal of (z)s. Then B = (z)s. Indeed: For any y € (z)s, suppose that
z € B. Since z € B C (z)s = (y)s, then we have

y € B(y) = B() = B(x).
By the hypothesis and Lemma 2.15, then
y € B(z) C B(2I'2I'2I'z) = (:,TMT'z] C (BI'MTI'B] C (B] = B.
Therefore B = (z)s, that is, (z)s is a B-simple sub-I'-semigroup of M.
(3) = (4) Clear.

(3) = (5) It is clear that M = |J{(z)s|z € M}, and M is a union of disjoint B-simple
sub-I"-semigroups of M.

(5) = (6) Clear.
(6) = (7) Let
M =| J{Sala € Y},

where S, is a B-simple sub-I'-semigroup of M for all & € Y, Y is an index set. Then every
bi-ideal is semiprime. Indeed: Let B be a bi-ideal of M, Va € M such that al'a C B.
Since a € M, then there exists a € Y such that a € S,. On the other hand, BN S, is a
bi-ideal of S,. In fact:

0 # B()Sa C Sa(al'a C B,al'a C Sa),
(B N Sa)rsar (B N sa) C BUSaT B[ BI'Sal'Sa () Sal'Sal B[ ) Sal'Sal'Su
C BIMTB( | BTSaT'Sa () Sal'Sal' B[) Sa
C (B[ )Sa)[BUSal'Sa () Sal'Sal' B C B() S
Let
Y€ B[)Sa:Sa32<y.

Since z < y € B and B is a bi-ideal of M, we have z € B. Thus z € B()Sa. By
hypothesis, we have B () Sa = Sa, that is a € B.

(7) <= (1) Clear by Theorem 2.14.

(1) = (8) Let x € M. By (2) = (3), (x)s is a B-simple sub-I-semigroup of M.
By (1) = (2) and the proof of Theorem 2.14, we have (xI'aI’ MT'2I'z] = (2I'MTz] is
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a bi-ideal of M. Let T be a B-simple sub-I'-semigroup of M such that 7" D (z)s, then
(zT'MTz] (T is a bi-ideal of T'. Indeed:

0 # (2T MT'z] (T C T'(aTal'z C (2T MT'z], aTal'z C T),
((erMra](\T)PTT (2P MT] (T) (P MTa]CTT (o7 MTa]
(@I MTz]PTTT
()T (2T MTz](\ITTIT
C (2T MTz]("\(@I MTz]TTTT
(\ITTT (2T MTz] (T
= ((2I'MTz](\T)( (T MTz]TTT'T
(TITT (2T MT']
C (aI'MTz](T.

Ifa € aI’'MTz]T,T 5 b < a € («I’'MI2]T, by b < a € (aI'MTz], (xI'MTz] is a
bi-ideal of M, we have b € (xI’MT'z], that is b € (xI'MTz](T. Since T is B-simple, we
have (zI'MTz](\T =T. Let y € T. We have

B(y) >y € («T'MT'z] C B(x)IMI'B(z) C B(z),
then B(y) C B(x). Similarly, y € T implies that (y['MT'y](T is a bi-ideal of T" and
(yI'MTy](\T =T. Since z € T, we get

B(z) 3>z € (yI'MT'y] C B(y)I'MT'B(y) C B(y) and B(y) C B().
Therefore, we have y € (z)s, that is T = (x)s, thus (z)s is a maximal B-simple sub-I'-
semigroup of M.

On the other hand, let T' be a maximal B-simple sub-I"-semigroup of M and x € T
Since T' C (z)# (from the above proof), we have T'= (z)s(x € M). That is T C {(z)= |
x € M}.

(8) = (4) For any z € M, by (8), we have (x)s is a B-simple sub-I-semigroup of M.
(4) = (1) Since (z)s is a sub-I'-semigroup of M, Vx € M, then zT'zlzl'x2'z C (z)s
and we have
z € B(z) = B(aTI'zI'zT'2l'z) C B(2T'zI' MT'zT'z).
It is easy to see that M is regular, left regular and right regular. O

2.18. Definition. A po-I'-semigroup M is called strongly regular if for every a € M,
there exist x € M, «, 8 € I such that a < acxzfa and ayxr = zya for all v € T.

2.19. Lemma. Let M be a po-I'-semigroup. The following are equivalent :
(1) M is strongly regular
(2) M is left regular, right regular, and (MTal'M] is a strongly regular sub-I'-
semigroup of M, for every a € M.
(3) For every a € M, we have a € (MTa] N (al'M] and (MTal'M] is a strongly
regular sub-I"-semigroup of M.

Proof. (1) => (2) Let a € M. Since M is strongly regular, then there exist = € M,
a, B € I' such that a < aazfa = aaaBz. This shows that M is left regular. Similarly, M
is right regular. We also have (MT'al'M] is strongly regular. Indeed:
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A) Let a € M. Then there exists z € M, such that a € (aI'xI'a] and al’z = 2I'a. Then
a € (al'zla] C ((al'zTa)l'zTa] = (aI'(xTal’z)la).
We put Y = zl'al'z. Then we have
a € (aI'YTa],
Y =zlal'z
C (zT'(al'zTa)T'z] = ((zTal'z)Tal'z] = (YTal'z] C (YT'(al'xla)Tx]
= (YTal'(zl'al'z)] = (YTal'Y],
al'Y = al'(zTal'z) = al'(zT'a)l'(2Ta) = (zT'al'z)l'a = YTa
B) Let L be a left ideal and R a right ideal of M. Then (LT'R] is a strongly regular
sub-I'-semigroup of M. Indeed: By Lemma 1.4 (6), we have (LT'R] is an ideal of M,
i.e. a sub-I'-semigroup of M. Let a € (LT'R] C M. Since M is strongly regular, by A)
there exist z € Y C M such that a < (aazfa),z < (zdapz) for some «, 3,0,p € T and
zya = avyz for all y € T.
Since a € (LT'R], there exist y € L,z € R, € I' such that a < yux. Then zdapz <

zéyuxpz for some p € I'. Since z0y € MT'L C L and zpz € RI'M C R, we have
z0ypxpzt € LR and zdapz € (LT'R]. Since z < zdapz € (LT'R], then z € (LT'R).

C) Let a € M, then (MTa] is a left ideal and (aI'M] is a right ideal of M. Moreover,
(MTal'M] = ((MTa]T'(aI' M]]. Indeed:

MTal’'M C MT'(MTal'a]l’M = (M|I'(MTal'a]l'(M] C (MTMTal'al’ M]
C (MTal'al’'M] = (MTa)T'(aI'M)] = ((MTa]T(al' M]],
hence (MT'M] C ((MTa]I'(al'M]]] = (MTa]I'(al'M]]. On the other hand,
((MTa]l'(aI'M]] = (MTa)I'(aI'M)] = (MT'al'al'M] C (MT'al' M].
By B), (MT'al'M] is a strongly regular sub-I’-semigroup.

(2) = (3). Let a € M. Since M is left and right regular, then a € (MT'al'a] and
a € (al'al'M], there exist z,y € M such that a < zaavya,a < ayafy, a,B,v € I'. We
have:

a < za(aya) < za(ayaBy)ya = (za(aya)By)ya € (MTa]
a < (aya)By < ay(vaaya)By = ay(za(aya)By) € (aT'M].
So, Va € M, we have a € (MTa] N (aI'M].

(3) = (1) Let a € M. Since a € (MTa]N (al'M], we have a < zaa,a < afy for some
z,y € M, a,5 €I'. Then

a < afy < (zvaa)By = za(afy) € MTal'M, and a € (MTal'M].
Since (MT'aI'M] is strongly regular, there exist t € (MTaI'M](C M), d,p € T" such that
a < adtpa and ayt = tya,¥V~y € I'. That is, M is strongly regular. ]

It is clear that the strongly regular po-I'-semigroups are completely regular. By The-
orem 2.16 and Lemma 2.19, we have the following:

2.20. Theorem. A po-T'-semigroup M is strongly regular if and only if the following
conditions hold true:

(1) For every bi-ideal B of M, we have B = (BI'B].

(2) (MTal'M] is a strongly reqular sub-I'-semigroup of M,V a € M. |



804

K. Hila, E. Pisha

References

(1]

[2

(10]

(11]
(12]
13]
[14]
(15]

[16]

Dutta, T.K. and Adhikari, N. C. On I'-semigroup with the right and left unities, Soochow
Journal of Mathematics 19 (4), 461-474, 1993.

Hila, K. On regular, semiprime and quasi-reflezive I'-semigroup and minimal quasi-ideals,
Lobachevskii Journal of Mathematics 29 (3), 141-152, 2008.

Hila, K. On quasi-prime, weakly quasi-prime left ideals in ordered I'-semigroups, Mathe-
matica Slovaca 60 (2), 195-212, 2010.

Hila, K. Filters in ordered I'-semigroups, Rocky Mountain J. Math. 41 (1), 189-203, 2011.
Hila, K. On prime, weakly prime ideals and prime radical in ordered I'-semigroups, submit-
ted.

Hila, K. and Dine, J. Study on the structure of periodic T'-semigroups, Math. Reports
13 (63) 3, 271-284, 2011.

Hila, K. and Pisha, E. Characterizations on ordered I'-semigroups, International Journal of
Pure and Applied Mathematics 28 (3), 423-440, 2006.

Hila, K. and Pisha, E. Generalized ideal elements in le-I'-semigroups, Communications of
Korean Math. Soc. 26 (3), 373-384, 2011.

Hila, K. and Pisha, E. On lattice-ordered Rees matriz I'-semigroups, An. Stiint. Univ. Al
I. Cuza lasi, Mat., to appear.

Kehayopulu, N., Ponizovskii, J. S. and Tsingelis, M. Note on bi-ideals in ordered semigroups
and in ordered groups, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI)
265 (1999), Vopr. Teor. Predst. Algebr i Grupp. 6, 198-1201, 327(2000); translation in J.
Math. Sci. (New York) 112 (4), 4353-4354, 2002.

Kehayopulu, N. and Tsingelis, M. Fuzzy bi-ideals in ordered semigroups, Inform. Sci. 171 (1-
3), 13-28, 2005.

Kwon, Y.I. Characterizations of reqular ordered I'-semigroups II, Far East Journal of Math-
ematical Sciences (FJIMS), 11 (3), 281-287, 2003.

Kwon, Y.I. and Lee, S.K. Some special elements in ordered T'-semigroups, Kyungpook
Math. J. 35, 679-685, 1996.

Kwon, Y.I. and Lee, S.K. The weakly semi-prime ideals of po-I'-semigroups, Kangweon-
Kyungki Math. Jour. 5 (2), 135-139, 1997.

Sen, M. K. On T'-semigroups (Proceedings of the International Conference on Algebra and
its Applications, Dekker Publications, New York, 1981), pp. 301.

Sen, M. K. and Saha, N. K. On I'-semigroup-1, Bull. Cal. Math. Soc. 78, 180-186, 1986.



