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Abstract

In this paper, we discuss chain conditions of fuzzy positive implicative
filters of BL-algebras. Specially, by using the notions of maximal and
normal fuzzy positive implicative filters, we show that under certain
conditions a fuzzy positive implicative filter is two-valued and takes
the values 0 and 1.
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1. Introduction

BL-algebras are the algebraic structures for Hdjek’s basic logic [4]. The main example
of a BL-algebra is the interval [0,1] endowed with the structure induced by a continuous
t-norm. MV-algebras [2], introduced by Chang in 1958, are one of the best known classes
of BL-algebras. In [17], Mundici proved that MV-algebras are categorically equivalent
to the bounded commutative BCK-algebras introduced by Iséki and Tanaka in [11, 12].
Further, Iorgulescu [10] showed that a BL-algebra is a particular case of a reversed left
BCK-algebra. In order to research the logical system whose propositional value is given
in a lattice, Xu [25] proposed the concept of lattice implication algebras. In [23], Wang
proved that lattice implication algebras are categorically equivalent to MV-algebras. For
more details of these algebras, we refer the reader to [7, 18, 20-22].

Up to now, these algebras have been widely studied. In particular, emphasis seems
to have been put on the theory of ideals and filters. In [11], Iséki proposed the notion of
implicative ideals in BCK-algebras, and obtained some results. Subsequently, Hoo and
Sessa [9] proposed the notion of Boolean ideals in MV-algebras and proved that implica-
tive ideals and Boolean ideals are equivalent in MV-algebras. Since the notion of ideal was
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missing in BL-algebras, Turunen [21] generalized these ideals to BL-algebras, proposed
the notions of implicative filters and Boolean filters (Boolean deductive systems), and
proved that implicative filters are equivalent to Boolean filters in BL-algebras. Boolean
filters are important filters, because the quotient algebras induced by Boolean filters are
Boolean algebras, and a BL-algebra is bipartite if and only if it has a proper Boolean
filter.

In 1991, Xi [24] applied the concept of fuzzy sets [28] to BCK-algebras and proposed
the notion of fuzzy implicative ideals. Afterwards, Hoo [8] proved that fuzzy implicative
and fuzzy Boolean ideals are equivalent in MV-algebras. Also, Xu and Qin [26, 27]
proposed the notions of positive implicative filters and fuzzy positive implicative filters
(Xu called them implicative filters and fuzzy implicative filters) in lattice implication
algebras. Jun et al. derived several characterizations of fuzzy positive implicative filters
of lattice implication algebras [13, 14, 19].

In this paper, we discuss chain conditions on fuzzy positive implicative filters in BL-
algebras. Specially, by using the notions of maximal and normal fuzzy positive implicative
filters, we show that under certain conditions a fuzzy positive implicative filter is two-
valued and it takes the values 0 and 1.

2. Preliminaries

In this section, we recall certain definitions and results needed for our purpose.

A BL-algebra [4] is a structure (£, A, V,®, —, 0, 1) such that (£, A, V, 0, 1) is a bounded
lattice, (£, ®,1) is an abelian monoid, i.e. ©® is commutative and associative and the
following conditions hold for all z,y,z € L:

(Bl) z01=u=,

(B2) z0y<zifand only if z <y — z,

B3) zAy=20(z—y),

(B4) (x —>y)V(y—x)=1.

Let £ be a BL-algebra. A subset F of £ is called a positive implicative filter if it satisfies
the following conditions for all x,y, z € £L:

(F1) 1 €9,

(F2) 2 = (y > 2z) € Fand x - y € F imply that z - z € F.

A fuzzy set in £ is a mapping p : £ — [0,1]. Also, for ¢ € [0, 1], the set uy = {z € L |
u(z) >t} is called a level subset of p. For convenience, for any z,y € [0, 1], we denote
max{z,y} and min{z,y} by z Vy and z A y, respectively.

A fuzzy set p in £ is called a fuzzy positive implicative filter of L, if for all x,y,z € £,
it satisfies the following conditions:

(F3) p(1) = p(=),
(F4) p(z— 2) > ple = (y = 2)) Az = ).
Let £ ={0,a,b,1} be a chain with Cayley tables as follows:

©|0]a|b]|1l - |0la|b|1
0j]0|0|0]O0 0O |1]1]1]1

Ojla|al|a a |01 ]1]1
b|O0O|a|b|b b|l0|la|l]|1l
110]a 1 1 |0fla|b|1l
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Define operations A and V on £ as min and max, respectively. Then (£, A,V,®,—,0,1)
is a BL-algebra. Define a fuzzy set p in £ by pu(1) = t2 and pu(b) = p(a) = p(0) = ti1,
where 0 < t1 < t2 < 1. It is easy to verify that p is a fuzzy positive implicative filter of
L.

2.1. Theorem. [16] Let p be a fuzzy set of L. Then p is a fuzzy positive implicative
filter of £ if and only if for allt € [0,1], us is either empty or a positive implicative filter
of L. O

2.2. Corollary. [16] Let £ be a BL-algebra. Then, F is a positive implicative filter of L
if and only if x is a fuzzy positive implicative filter of £, where xs is the characteristic
function of F. |

3. Fuzzy positive implicative filters
In what follows, £ is a BL-algebra unless otherwise specified.

3.1. Lemma. Let p be a fuzzy positive implicative filter of L and x € L. Then p(z) = «
if and only if x € pa and x & p~ for all v > o

Proof. Straightforward. |

3.2. Theorem. Let {Fo | a € A C[0,1]} be a collection of positive implicative filters of

L such that L = |J Fa, and for every o, € A, a < B if and only if Fg C Fo. Then the
a€EA

fuzzy set p of L, defined by p(z) = sup{a € A | z € Fo}, is a fuzzy positive implicative

filter of L.

Proof. By Theorem 2.1, it is enough to show that for every « € [0, 1], the non-empty set
e s a positive implicative filter of £. For this, we consider two cases:

(i) a=sup{d € A|d<a}, (#)a#sup{d €A|d<a}.

In the first case

TE o == Vo<, x€T; = z€ () Ts
S<a

So pa = [\ Fs, and hence pq is a positive implicative filter of £.
S<a

In the second case, we prove that uo = |J Fs5. If x € |J Fs, then x € Fs for some
> >
0 > a. Thus pu(x) > 6 > «, which means x € juo. Hence |J F5 C po. Also, ifx ¢ |J Fs,
>a >a
then z ¢ Fs for all 6 > . Since a # sup{d € A | § < a}, there exists ¢ > 0 such that
(a —e,a) N A = ¢. Hence z ¢ Fs for all § > a — ¢, which means that if z € F5 then

0 <a—e. Thus p(z) <a—e < a, and so © ¢ pa. Therefore po = |J Fs.
>

We know that |J s is a positive implicative filter of £, which completes the proof. O
>

3.3. Corollary. If u is a fuzzy positive implicative filter of £, then
p(x) = sup{t € [0,1] | x € e},
for every x € L.

Proof. Immediate consequence of Theorem 3.2. (]

3.4. Theorem. For any chain Fo C F1 C F2 C -+ C F, = L of positive implicative
filters of L, there exists a fuzzy positive implicative filter p of £ such that the level subsets
of i coincide with the chain.
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Proof. Let {ax | k = 0,1,...,n} be a finite decreasing sequence in [0,1]. Let u be the
fuzzy set of £, defined by u(Fo) = ao and u(Fp\Fr—1) = ai for 0 < k < n. Clearly
leFoandifx = (y = 2), z = y € Fi\TFk—1, then z — 2z € F}, and p(l) = ap > p(x),
wx = z) 2 ax = plr = (y = 2)) A p(z = y).

Fori>j,ifx — (y = 2) € F\Fi—1 and ¢ — y € F,\F_1, then p(z — (y — 2)) =
a; = p(z — y) and x — z € F;. Thus

wx—z) 2o =plx — (y = 2)) A (e = y).
Consequently, u is a fuzzy positive implicative filter of £.

Note that Imp = {0, a1, ...,an}. It follows that the level subsets of p are given by
the chain of positive implicative filters pa, C ptia; € -+ C pa,, = £. Clearly pao, = Jo.
We prove that jia, = Fi for 0 < k < n. Obviously, Fr C pa,. If £ € pa,, then p(z) > ax
and so x ¢ F; for i > k. Hence u(z) € {ao,a1,...,ar}, which implies that = € F; for
some ¢ < k. Since F; C TJy, it follows that € Fi. Therefore pa, = Fr for every
0<k<n. O

In the next theorems, we discuss conditions on a BL-algebra so that every descending
chain of positive implicative filters terminates after a finite number of steps.

3.5. Theorem. If every fuzzy positive implicative filter of £ has a finite image, then every
descending chain of positive implicative filters of L terminates after a finite number of
steps.

Proof. Suppose that there exists a strictly descending chain Fo D F1 D Fo D --- of
positive implicative filters of £ which does not terminate after a finite number of steps.

We prove that u defined by u(z) = nil if x € Fu\TFng1 (for n = 0,1,2,...) and

oo
uwx)=1if z € () Fn, where Fo = L, is a fuzzy positive implicative filter of £ with an

n=0

oo
infinite image. Since 1 € (| Fn, so u(l) = 1 > p(x) for all x € L. Let z,y,z € L.
n=0
Assume that z — (y — 2) € F\Fnt1, and z — y € F\TFry1 for some n and
k. Without loss of generality, we can assume that n < k. Then, obviously z — z,

r—yeF, and

wlx — 2z) >

,nil=u(w—>(y—>f«'))/\u(m—>y)'

Ifr—y,z— (y—2) € () Fn,thenz — z € (| Fpn. Thus
n=0

= n=0

wr—z)=1=px—=y)Apx— (y — 2)).

Ife >y ¢& (| Fnand z — (y = 2z) € [ Fn, then there exists k& € N such that
=0 n=0

x—)yé&"k\ﬁiﬂ. Sox — 2z € JF and

niz - ) = e = y) Aple = (y > 2)).

>
“k+1

Finally suppose that x -y € (| Frandz = (y > 2) € () Fn. Thenz — (y = 2) €
n=0 n=0

F\Fr+1 for some r € N. Hence x — z € F,., which implies that
r
e — z) > T =z = y) A p(z — (y — 2)).
Therefore, p is a fuzzy positive implicative filter of £ with an infinite image. This is a
contradiction. ]
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3.6. Theorem. Let every descending chain of positive implicative filters of £ terminates
after a finite number of steps. If u is a fuzzy positive implicative filter of £ such that a
sequence of elements of Imp is strictly increasing, then p has a finite number of different
values.

Proof. Suppose that Imy is not finite. Let 0 < a1 < aa < --- < 1 be a strictly increasing
sequence of elements of Imu. Then every pa, is a positive implicative filter of £. For
Z € fa, we have u(x) > ar > as—1, which implies that = € pa,_,. Hence pa, C pia, ;-
But for a;—1 € Imp, there exists z:—1 € £ such that p(xt—1) = a¢—1. This gives
Ti—1 € fay,_, and T¢—1 & fha,. Thus pa, ; Mo, ,, and so we obtain a strictly descending
chain pta; D fas D fas D - -+ of positive implicative filters of £ which is not terminating.
This is a contradiction, which completes the proof. O

In the next theorem, we prove an equivalent statement for BL-algebras with an as-
cending chain condition of positive implicative filters.

3.7. Theorem. Every ascending chain of positive implicative filters of L terminates after
a finite number of steps if and only if for any fuzzy positive implicative filter of £, Impu
is a well-ordered subset of [0,1].

Proof. Suppose that for a fuzzy positive implicative filter p, the set of Imy is not a
well-ordered subset of [0,1]. Then there exists a strictly decreasing sequence {an, }neg
such that an, = p(xn) for some x, € L. In this case pq, form a strictly ascending
chain of positive implicative filters of £ which is not terminating. This is a contradiction.
Therefore Imy is a well-ordered subset of [0, 1].

Conversely, suppose that there exists a strictly ascending chain F1 C F2 C F3 C -+ of
positive implicative filters of £ which does not terminate after a finite number of steps.
[e o]
Then F = |J Fi is a positive implicative filter of £. Define p on £ by p(z) = % for
k=1
z € Fi\Tk—1 and p(z) = 0 for x € F, where Fo = ¢. Clearly p(1) =1 > p(z) for all
x € L. Let z,y,z € L. We consider the following cases:

(1) z = (y = 2), * = y € F. In this case there are m,n such that z — (y —
z2) € F\TFn-1 and z = y € F\Fm—1. Obviously z — 2z € F\Fr—1 C Fp, where

E<p=mVn. Sou(x—)(y—)z)):%,,u(:c—)y):%and

= %w(m(wz))m(my»

[\

wx — z) =
2z = (y—> 2 ¢€Fand z — y € F. In this case x = y € Fp.\Fm—1 for some
natural number m. Hence p(z — (y — 2)) = 0 and p(z — y) = i, which imply that
m
e —z) 20=pz— (y—=2) Apz —y).
B)z—=(y—2)eFand z — y ¢ TF. In this case ¢ = (y = z) € Fp\Fn_1 for some
natural n. Hence pu(z — y) =0 and p(z — (y — 2)) = l, which imply that
n
e —z) 20=pz— (y—=2) Apz —y).
4) x = (y = 2), z > y &€ F. Obviously,
wa—z) 20=pz— (y—=2) Apz —y).

Therefore, p is a fuzzy positive implicative filter of £. Since the chain 1 C Fo C F3 C - -
is not terminating, p has a strictly descending sequence of values. This contradicts that



824 H. Hedayati, Y.B. Jun

the value set of any fuzzy positive implicative filter of £ is well-ordered. This completes
the proof. O
4. Maximal fuzzy positive implicative filters of BL-algebras

4.1. Definition. A fuzzy positive implicative filter p of £ is said to be normal if there
exists an element zo € £ such that u(xo) = 1.

Clearly, a fuzzy positive implicative filter p is normal if and only if p(1) = 1. Also,
any fuzzy positive implicative filter containing a normal fuzzy positive implicative filter
is normal too.

4.2. Example. Let £ = {0,a,b, 1} be a chain with Cayley tables as follows:

©|0]a|b]|1l = |(0ja|b|1
0j]0]0|0]O0 0O |1]|]1]1]1
Ojalal|a a |0]1]1]|1
b|O0O|la|la|b b|l0|b|1]1
Ola|b |1l 1 10fla|b]|1l

Define operations A and V on £ as min and max, respectively. Then (£, A,V,®,—,0,1)
is a BL-algebra. Define a fuzzy set p in £ by pu(1) = p(b) = p(a) =1 and p(0) = 5. It
is easy to verify that p is a normal fuzzy positive implicative filter of L.

4.3. Theorem. Let it be a fuzzy positive implicative filter of £. Then the fuzzy set u™,
where pt(z) = p(x) + 1 — p(1) for all x € £, is a normal fuzzy positive implicative filter
of £ containing p.
Proof. Clearly p*(z) € [0,1] for every z € £ and pt(1) = 1. We prove that u* is a
fuzzy positive implicative filter of £. Let z,y,z € L. We have
Ha o 2) = plw = 2) +1 - (1)

> (uz = (y = 2)) Aule = y)) +1—p(1)

= (u(z = (y = 2) +1—p1) A(ulz > y) +1 - (1))

=pt@—= = 2)Ap (@),

I

which proves that u' is a fuzzy positive implicative filter of £. Clearly, u C u*, which
completes the proof. O
4.4. Corollary. (u™)" = ut for any fuzzy positive implicative filter p of L. If u is
normal, then u* = p. (]

We denote the set of all normal fuzzy positive implicative filters of £ by N(£). Clearly,
N(£L) is a partially ordered set under fuzzy set inclusion.

4.5. Theorem. A non-constant mazimal element p of N(L) is two-valued and takes
only the values 0 and 1.

Proof. We know that pu(1) = 1. Let z € £ be such that u(z) # 1. We claim that
pu(xz) = 0. If not, then there exists a € £ such that 0 < p(a) < 1. Let v be the fuzzy set
of £ defined by v(z) = l(u(x) + p(a)) for all € £. Clearly, v is well-defined. For all

2
z,y,z € L we have

(n(x) + p(a)) = v(z),

N =
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also

vz — z) =

\v4
N = N =

(w(x = (y = 2)) Ap(z = y)) + p(a))

=~~~

(= (y — 2)) + (@) ]| A [5 (4w = v) + u(a)]
(z = (y—=2)Av(z —y).

Il
< —
N

This proves that v is a fuzzy positive implicative filter of £. Now, by Theorem 4.3,
1

vt € N(L). Clearly pp C v", and since v*(a) = 5(1 + u(a)) > p(a), so p is a proper

subset of v. Obviously v*(a) < 1 = v*(1). Hence v" is non-constant, and p is not

maximal element of N(£). This is a contradiction. Therefore |Imu| = 2 and u takes only
the values 0 and 1. O

4.6. Definition. A non-constant fuzzy positive implicative filter pu of £ is called mazimal
if 4T is a maximal element of the poset N(L).

4.7. Theorem. A mazimal fuzzy positive implicative filter u of £ is normal and takes
only the values 0 and 1.

Proof. Let p be a maximal fuzzy positive implicative filter p of £. Then p* is a non-
constant maximal element of the poset N(£) and by Theorem 4.5, u" takes only the
values 0 and 1. Clearly u*(z) = 1 if and only if u(z) = (1) and p*(x) = 0 if and only
if p(z) = (1) — 1. But p C pu* (by Theorem 4.3). So ut(z) = 0 implies that u(x) = 0,
consequently p(1) = 1. Therefore p is normal. O

4.8. Theorem. If p is a mazimal fuzzy positive implicative filter of £, then ui is a
mazimal positive implicative filter of L.

Proof. Let F1 = p1 = {z € L | p(z) = 1}. By Theorem 2.1, F; is a positive implicative
filter of £. Obviously F1 # £, because p is two-valued. Let Fa(# L) be a positive
implicative filter of £ containing F1. Then xs, C xg, (characteristic functions). But
we know that p is a maximal fuzzy positive implicative filter of £, so x5, = 1 = X,
or xg,(z) = 1for all z € L. If xg,(z) = 1 for all z € £, then F» = L, which is a
contradiction. So p = x7, = X7, which implies 1 = F2. Therefore F1 is a maximal
positive implicative filter of £. O

4.9. Definition. A normal fuzzy positive implicative filter p of £ is called completely
normal if there exists € £ such that p(z) = 0.

We denote the set of completely normal fuzzy positive implicative filters of £ by C'(£).
It is obvious that C'(£) C N(L).

4.10. Theorem. A non-constant element of N(L) is a mazimal element of C(L).

Proof. Let u be a non-constant maximal element of N(£). By Theorem 4.5, u is two-
valued and takes only the values 0 and 1. Let p(zo) = 1 and p(z1) = 0 for some
zo,z1 € L. Hence p € C(L). Assume that there exists v € C(£) such that p C v in
N(L). Since p is maximal in N(£) and since v is non-constant, thus 1 = v. Therefore p
is a maximal element of C(L). O

4.11. Theorem. FEvery mazximal fuzzy positive implicative filter u of L is completely
normal.
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Proof. Let p be a maximal fuzzy positive implicative filter of £. Then by Theorem 4.7
and Corollary 4.4, p1 is normal, u = u+ and p is two-valued. Since y is non-constant, it
follows that p(1) =1 and p(0) = 0. Therefore p is completely normal. O

4.12. Theorem. Let [ : [0,1] — [0, 1] be a strictly increasing function and p a fuzzy set
of L. Then py, defined by ps(x) = f(p(x)) for all x € £, is a fuzzy positive implicative
filter of £ if and only if p is a fuzzy positive implicative filter of L.

Proof. Let puy be a fuzzy positive implicative filter of £. Then

(1) = pp(1) 2 py(x) = fu(z)).

This gives f(u(1)) > f(u(z)) for all x € L. Since f is strictly increasing, it implies that
w(1) > p(x). Also we have

F(n@ = 2) = prle = 2)
>pp(x— (y— 2) App(z—y)
= f(ulz = (y = 2)) A f(ulz = y)).

Hence,
fFlux = 2)) = f(ulz = (y = 2))) A f(u(z = y)
for all z,y,z € £. Since f is strictly increasing, it implies that
wx = z) 2 plr = (y = 2)) Apz = y).
Conversely, if p is a fuzzy positive implicative filter of £, then for all z,y, 2z € £ we have
(1) = f(p(1)) = f(u(z)) = pys(2).
This gives py(1) > py(x). Also we have
nr(@ = 2) = (e — 2)

> f(ulz = (y = 2)) A f(ulz —y))
=pr(x— (y = 2)) App(z = y).

Hence,
pp(e = z) > pg(z = (y — 2)) Apg(z = y).

Therefore py is a fuzzy positive implicative filter of £. |

4.13. Theorem. Let i be a fuzzy positive implicative filter of £, u(0) # 0 and let p
be the fuzzy set of L defined by p(z) = % for all x € L. Then i is a normal fuzzy

positive implicative filter of L and p C .

Proof. Let x,y,z € L. We have

mn:7az§§=mn

=
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This gives (1) > pi(z). Also we have

w(x = 2)
©(0)
wla = (y = 2)) A p(z = y)
©(0)
_ M=y —2)  ple—y)
©(0) ©(0)
=p(r = (y = 2)) A jp(z = y).

file = 2) =

%

Hence,

file = 2) > ji(e = (y = 2)) Afi(z = ).

Therefore 11 is a fuzzy positive implicative filter of £. Clearly, ji is normal and ¢ C . O
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