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Abstract

We introduce the notion of (L, M)-grillbases, where L is a complete
lattice and M is a strictly two-sided, commutative quantale lattice.
We define two types of image and preimage of (L, M)-grillbases using
the Zadeh image and preimage operators. We study the images and
preimages of (L, M)-grillbases induced by mappings. We investigate
their properties.
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1. Introduction

The convergence theory of grills provides a good tool for interpreting topological struc-
tures, and plays an important role in topology [11, 12]. Azad [1], Srivastava and Gupta
[16] introduced the notion of L-grill on a complete quasi-monoidal lattice (including GL-
monoid [2, 3]). Importance of L-grills can be seen in the papers of Khare and Singh [7, 8],
Srivastava and Khare [17, 18, 19], where L-grills are used to study the order structure
of various families. The present paper arose as a result of such studies, as it gives a
structure closely related to L-grills.

Let L be a complete lattice and ¢ : X — Y a mapping. The Zadeh image and
preimage operators ¢ : LX — LY and ¢§ : LY < LY are defined by

o0 (Ny) = \{f(@) [ ¢(x) =y}, oL (9)=go0.

Rodabaugh [13, 14, 15] gives two different proofs for all cqml’s (complete lattices) L
vindicating Zadeh’s definitions, first, using the AFT (adjoint functor theorem) to lift the
Zadeh operators from traditional operators, and second, classes of naturality diagrams
indexed by L to generate Zadeh operators directly from the original mapping.

In this paper, we define (L, M)-grillbases, where L is a complete lattice and M is a
strictly two-sided, commutative quantale lattice. We consider the Zadeh image operator
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¢T of the Zadeh image operator and the Zadeh preimage operator ¢35  of the Zadeh
preimage operator. Also we consider the Zadeh preimage operator ¢;~ of the Zadeh
image operator.

2. Preliminaries

Throughout this paper, let X be a nonempty set and L = (L, <,V, A, L, T) a complete
lattice where 1 and T denote the least and the greatest elements in L. For z € X,
1x(z) =T and 1p(x) = L.

2.1. Definition. [4, 9, 10] A complete lattice (L, <,®) is called a strictly two-sided,
commutative quantale lattice (scq-lattice, for short) iff it satisfies the following properties:

e (L1) (L,®) is a commutative semigroup.
e (L2)z =2 T, for each z € L.
e (L3) ® is distributive over arbitrary joins, i.e., for {s,7;}ier C L,

(\/ri)Qs:\/(riQS).

ier ier
2.2. Definition. [5, 9, 10] Let (L, <,®) be a scq-lattice. A mapping n: L — L is called
a strong negation, denoted by n(a) = a*, if it satisfies the following conditions:

e (N1) n(n(a)) = a for each a € L.
e (N2) If a < b for each a,b € L, then n(a) > n(b).

In this paper, we always assume (M, <, ®, ®) is a scq-lattice with a strong negation x*
defined by

@y = (" Oy")".

2.3. Lemma. [3, 4, 5, 6, 9, 10] For each z,y,z € M, {y; | i« € T} C M, we have the
following properties:

1) Ify<z then (z0y) < (x®z2) and (xDy) < (z D 2).

2 z0y<zAhy<zVy<zdy.
(3) L*=T and T = L.
(4) /\iEF yi = (vier yi) and vier Y = (/\iEF vi)"-
(5) z® (/\iEFyi) :/\ier(x@yi)' |
2.4. Definition. [3, 4, 5, 6, 9, 10] A morphism between (M, <1,®1) and (M2, <2, ®2)
is a map ¢ : M1 — M provided with the properties:

(1) ¢ commutes with arbitrary joins,

(2) ¢(a©1b) =¢(a) ©2 ¢(b),
(3) ¢ preserves the universal upper bound, i.e. ¢(T)=T.

3. Structue of (L, M)-grillbases

3.1. Definition. A mapping G : LX — M is called an (L, M)-grill on X if it satisfies
the following conditions:

(LG1) §(1p) =L and S(1x) =TT,

(LG2) S(f V) < 5(f) & 5(), for each f,g € L¥,

(LG3) If f < g, then §(f) < S(g).
Let G1 and G2 be (L, M)-grills on X. We say G1 is finer than G2 (G2 is coarser than SG1)
if G1(f) < G2(f) for all f € L.
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3.2. Note. Let B : L — M be a mapping and f € L¥. We set
(BY() =\ Bl).
f<g
3.3. Definition. A mapping B : LX — M is called an (L, M)-grillbase on X if it satisfies
the following conditions:
(LB1) B(1p) =L and B(1x) =T,
(LB2) (B)(fVg) < B(f) ®B(g), for each f,g € L¥,
Let B1 and Ba be (L, M)-grillbases on X. We say B1 is finer than B2 (Bs is coarser
than B1) if (B1)(f) < (B2)(f) for all f € L.
3.4. Remark. (1) IfGisan (L, M)-grill, then § is an (L, M)-grillbase with (§) = G.
(2) Ifamap B: L* — M is an (L, M)-grillbase, then by (LB2), fV g = 1x implies
B(f) ®B(g)=T.

3.5. Proposition. If B : LX — M is an (L, M)-grillbase, then (B) is the coarsest
(L, M)-grill satisfying B > (B).

Proof. The conditions (LG1) and (LG3) are easily checked. For each f1 > f and g1 > g,
since f Vg < fiVgi,
(B)(fVg) < (B)(frVa)<B(fr)®B(g).
By Lemma2.3 (5), (B)(fV g) < (B)(f) ® (B)(g). Hence (B) is a (L, M)-grill.
Let G be an (L, M)-grill satisfying B > G. We have
BY(f)= N\ Blg) > N S(9) =S(F). O
f<g f<g
3.6. Theorem. If H : LX — M is a map satisfying the following condition:
(C) H(1p) = 1L,
and for every finite index set K, if \/,.; 9i = 1x, then @iexH(gi) = T.
We define a map Bgc : LX — M as
Boc(f) = N { @ien H(9:) | £ =\ 9:}
€K
where the \ is taken for every finite set K such that f =\/;c gi. Then
(1) Bgc is an (L, M)-grillbase on X.
(2) If H > B and B is an (L, M)-grillbase on X, then (Bsc) > (B).
Proof. (1) (LB1) By the condition (C), Bsc(1x) =T and Bsc(1p) = L.
(LB2) For each two finite index sets K and J with fi = \/, ., gx and fo =V
since f1V f2a = (Vyex 96) V (Ve s hs), by the definition of Bs, we have
(Bae)(frV f2) < (DrexH(gr)) ® (BjesH(hy)).
By Lemma 2.3 (5), (Bac)(f1 V f2) < Bac(f1) ® Bac(f2), for all fi, f» € L*. Thus, By is
an (L, M)-grillbase on X.
(2) For each finite family {gi | V/,cx i > f}, we have
B < BV 0:) < BiexBlgs) < DienH(g0).
€K
Thus, (Bsc) > (B). O

jeJ hy,
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3.7. Definition. Let (X,9) and (Y, 9/) be two (L, M)-grill spaces. Then amap ¢ : X —
Y is said to be:

(1) An (L, M)-grill map iff G >Gogi.
(2) An (L, M)-grill preserving map iff § > g o oL
Naturally, the composition of (L, M)-grill maps (resp., (L, M)-grill preserving maps)

is an (L, M)-grill map (resp., (L, M)-grill preserving map).
3.8. Proposition. Let B and B be two (L, M)-grillbases on X and Y, respectively, and
¢: X —Y a map. Then we have the following properties:

(1) ¢: (X, (B)) = (YV,(B)) is an (L, M)-grill map iff B > (B) o 65 .
(2) ¢ ( ,(B)) — (Y, (Bl>) is an (L, M)-grill preserving map iff B > (B ) oL .
(3) I3 > ‘B o @5, then ¢ : (X, (B)) — (Y, (fB/>) s an (L, M)-grill map.
(4) If B > B opy, then ¢ : (X,(B)) — (Y, (fBl>) is an (L, M)-grill preserving map.

Proof. Straightforward. (|

4. The type (¢7, ¢3") of the preimages and images of
(L, M)-grillbases
Let L be a complete lattice. The basic scheme for second order image operators is as
follows. Let ¢ : X — Y be a map. Then:

Case 1. Consider [¢7]7 : LY — LY". This is the Zadeh image operator of the
Zadeh image operator. We denote it by ¢1, that is, for all U € LLX, Vg e LY,

o1 (W) (g) =[] (U \/{u )19 =L (f)}

Case 2. Consider [¢7 |7 : LY — L*". This is the Zadeh preimage operator of the
Zadeh preimage operator. We denote it by ¢35, that is, for all U € LLX, VYge LY,

¢z (W(g) = [#L ] (U)(9) = Uo oL (9)-
The basic scheme for second order preimage operators is as follows. Let ¢ : X — Y
be a map. Then:

Case 1. Consider [¢] |7 : L~ « LY". This is the Zadeh image operator of the
Zadeh preimage operator. We denote it by ¢7, that is, for all V € LLY, Vfe L™,

o (M) = o 12 W) = \/{V(9) | = ¢% (9)}-

Case 2. Consider [¢7']T : LY « LY. This is the Zadeh preimage operator of the
Zadeh image operator. We denote it by ¢35, that is, for all V € LLY7 vfeLX,
o3 V() = oL 1L (V)(f) =V o br (f).
In this section we consider the preimages and images of (L, M)-grillbases with respect
to the pair (¢, #37).
4.1. Theorem. Let ¢ : X — Y be a map and B an (L, M)-grillbase on Y. Then we
have the following properties:
(1) If ¢1 (k) = 1¢ implies B(h) = L, then ¢7 (B) is an (L, M)-grillbase on X and
(¢ (B)) is the coarsest (L, M)-grill for which ¢ : (X, {¢pT (B))) — (Y,(B)) is
an (L, M)-grill map.
(2) If ¢ is surjective, ¢p1=(B) is an (L, M)-grillbase.
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(3) If o1 (h) = 1p implies B(h) = L, ¢ is injective and B is an (L, M)-grill, then
&7 (B) is an (L, M)-grill.

Proof. (1) (LB1) Since ¢}, (1x) = 1x, ¢1 (B)(1x) = T. By the assumption, ¢1~ (B)(1y) =
1.
(LB2) Suppose there exist fi, f2 € L such that
(6T (B) (1 V f2) £ &1 (B)(f1) @ 61 (B)(f2).
By the definition of ¢~ (B)(f:), for i € {1,2} there exist h; € LY with fi = ¢5 (h:) such
that
(6T (B)(f1V f2) £ B(h1) & B(ha).
Since B is an (L, M)-grillbase, i.e., (B)(h1 V h2) < B(h1) @ B(hz2), we have
(6T (B)(f1V f2) £ (B)(h1 V ha).
By the definition of (B), there exists h € LY with h > h1 V ha such that
(S (B)(frV f2) £ B(h).
On the other hand, f1 V fo = ¢5 (h1) V ¢F (h2) = ¢5 (h1 V ha) < @7 (h),
(6T (B)(f1V f2) < B(h).
It is a contradiction. Hence ¢1~(B) is an (L, M)-grillbase on X.
Let ¢: (X,9) — (Y, (B)) be an (L, M)-grill map. For each f € L¥, we have

=B f<si @)}

> A\{S(41 (9)) | f < 0% (9)}
> 5(f).

(2) Since ¢ is surjective, ¢7 (h) = 1y implies h = 13. So, B(1y) = L. By (1), it is
easy.
(3) (LG1) and (LG2) are obvious.
(LG3) Let f < g for f,g € L. Since ¢ is surjective, then h € LY exists with ho¢ = f
and g = ¢35 (h V ¢7 (g9)). It implies
o1 (B)(9) = B(hV ¢L (9)) = B(h).
Hence ¢i~(B)(g) > o1 (B)(f). U
4.2. Theorem. Let ¢; : X — X; be maps, for all i € T. Let {B;}ier be a family of
(L, M)-grillbases on X; satisfying the following condition:
(C) For every finite subset K of T, if \/, .y (hio ¢;) = 1x, then @iexBi(hi) = T.
We define a map | J,cr-(¢:)7 (Bi) : LY — M as
LI@)7 @) = A { @ien Bihi) | £ = \/ (hio o)},
el ieK
where the )\ is taken for every finite subset K of I' such that f = \/,cp(hio ¢i). Let
B = |ler(¢:)7 (Bi) be given. Then,
(1) B is (L, M)-grillbase on X and (B) is the coarsest (L, M)-grill for which ¢; :
(X, (B)) = (Xi, (Bs)) is an (L, M)-grill map, for alli € T.
(2) A map ¢ : (Y,S/) — (X, (B)) is an (L, M)-grill map iff for each i € T, ¢; 0 ¢ :
(Y, 9/) (X“ (Bs)) is an (L, )-grzll map.
(3) (Wier(@)i (i) = (Uier (¢ ((B:)))-
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Proof. (1) (LB1) By the condition (C) and 1x o ¢; = 1x, B(1lp) = L and B(1lx) =T,
respectively.
(LB2) Suppose there exist fi, f2 € L such that
(BY(frV f2) £ B(f1) & B(f2).
By the definition of B(f1), there exists a finite subset K of T with fi = \/, o (hx o éx)
such that
(BY(frV f2) £ (BrerxBr(hi)) @ B(f2).
Again, by the definition of B(f2), there exists a finite subset J of I with fo = \/, ;(gj0¢;)
such that
(BY(frV f2) £ (BrerBr(he)) @ (BjesB;(g5))
Put for m € KU J,
B, ifmeK—(KNJ)
Dm = % Gm, itmeJ—(KnNJ)
him V gm, ifme(KNJ).
Since for each m € KN J, (Bm)(hm V gm) < Bm(hm) ® Bm(gm), then we have

(BY(f1V f2) £ (®merug)—xnnBm(pm)) B (Bmexns)(Bm)(hm V gm)).
From the definition of (B,,), there exists gm € LX™ with gm > hm V gm such that
(BY(f1V f2) £ (®merur)—xn)Bm(pm)) ® (BmexnsyBm(gm))-
On the other hand,

fiVvife= < V(hk°¢k)) V(V(9j0¢j)>

kEK jeJ
(v wees)v( YV @eoon),
me(KUJ)—(KNJ) meKNJ
and since K U J is finite,

(BY(f1V f2) < (@merus)—(xn) Bm(pm)) ® (Bme(xns)Bm(gm))-
It is a contradiction. Hence B is an (L, M)-grillbase on X.
From Proposition 3.8 (3), since B;(f;) > B(fio¢;) for each ¢ € T, ¢; is an (L, M)-grill
map.
Let G(fi o ¢s) < (Bs)(fi) be given for each ¢ € I'. For each finite subset K of I" with
J < Viek Ik 0 o, since G(hk 0 ¢r) < (By)(hi) for all k € K, we have

S(f) < 9< \/ hy o ¢k> < BrexG(hi o dr) < Brer (Bi)(hi) < PrexBr(hi).

keXK
Hence, by the definition of (B), § < (B).

(2) Necessity of the composition condition is clear since the composition of (L, M)-grill
maps is an (L, M)-grill map.

Conversely, for each finite index set K with g </, cx Tk o ¢, since for each k € K,
drod: (YV,9) = (Xi, (Bx)) is an (L, M)-grill map,

(Br)(h) = G (hi o (¢k © ¢)).
Since go ¢ <V, o ((hi 0 $x) 0 @), we have
G'(go @) < Brer§ (hi o (pr 0 ¢)) < Brer (Br)(hr) < PrexBr(hr).
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By the definition of (B), (B)(g) > §'(g o ¢).
(3) Put § = | |;cr-(¢:)7 ((Bi)), by applying (1) to both (B) and () we get the related
equality. |
From Theorem 4.2, we can obtain the following corollaries:
4.3. Corollary. Let {B;}icr be a family of (L, M)-grillbases on X satisfying the follow-
ing condition:
(C) For every finite subset K of T, if \/ieK fi=1x, then ®icxBi(fi)=T.
We define a map |—|i€F B, LX — M as
| |Bi9) =N { @iex Bi(g:) |g=\/ gi}7
i€l €K
where the | is taken for every finite subset K of T' such that g = \/,c ;- gi- Then, | |, B:

is an (L, M)-grillbase on X and {| |, B:) is the coarsest (L, M)-grill finer than (B;) for
each i €T ]

4.4. Corollary. Let X = Hiel" be a product set and m; : X — X; projection maps, for
all i € T. Let {Bi}ier be a family of (L, M)-grillbases on X; satisfying the following
condition:

(C) For every finite subset K of I', if \/, (hi o m;) = 1x, then @iexBi(hi) = T.
We define a map | J;cp(m:) 7 (B:) : LY — M as
LIr)7B(9) = A{ @iex Bilgi) g =\ (giom},
ier €K
where the /\ is taken for every finite subset K of T such that g = \/,c(gi o mi). Let
B = |J;er(mi)i (Bi) be given. Then,
(1) B is (L, M)-grillbase on X and (B) is the coarsest (L, M)-grill on X for which
mi (X, (B)) = (Xi, (Bs)) is an (L, M)-grill map.
(2) A map ¢ : (Y,5') — (X,(B)) is an (L, M)-grill map iff for each i €T, m; 0 ¢ :
(Y, §) — (Xi,(B:)) is an (L, M)-grill map. O
In Corollary 4.4, the structure (| |;cr-(m:)7(B:)) is called a product (L, M)-grill on X.
4.5. Proposition. Let ¢ : X — Y be a bijective map and B an (L, M)-grillbase on X.
Then
(1) ¢37(B) is an (L, M)-grillbase on' Y and (¢35 (B)) is the coarsest (L, M)-grill for
which ¢ : (X,(B)) — (Y, {¢7" (B))) is an (L, M)-grill preserving map.
(2) o7 (937 (B)) is an (L, M)-grillbase on X with ¢7 (3 (B)) = B.
Proof. (1) (LB1) is obvious.
(LB2) Suppose there exist hi,he € LY such that

(657 (B))(h1 V ha) £ 93" (B)(hn) @ ¢35 (B) (ha).

By the definition of ¢3” (B), we have
(627 (B))(h1V ha) £ B(h1 0 ¢) & B(ha 0 ¢).

Since B is an (L, M)-grillbase, i.e., (B)((h1 V h2) o ¢) < B(h1 0 ¢) ® B(hz o ¢),
(827 (B))(h1 V ha) Z (B)((ha V h2) 0 ¢).

By the definition of (B), there exists g € L™ with g > (h1 V h2) o ¢ such that
(627 (B))(h1 V ha) £ B(g).
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Since ¢7 (9) > ¢z (o5 (h1 V h2)) = h1 V he and ¢ is injective,
(927 (B))(h1 V h2) < ¢37 (B) (6L (9)) = B(oL (6L (9))) = B(9)-

It is a contradiction. Hence ¢3” (B) is an (L, M)-grillbase on Y. Other cases are similarly
proved as in Theorem 4.1 (1).

(2) From the condition of Theorem 4.1 (1), we have h o ¢ = 1y implies ¢3” (B)(h) =
B(g5, (h)) = L. Thus, ¢7 (¢3 (B)) is an (L, M)-grillbase on X. By an easy computation,
o1 (477 (B)) = B. 0
4.6. Theorem. Let ¢; : X; — X be injective maps, for all i € T'. Let {B;}icr be a
family of (L, M)-grillbases on X; satisfying the following condition:

(C) For every finite subset K of T, if \/,c;c 9i = 1x, then ®ier(¢:)2” (Bi)(g:) = T.
We define a map B : LX — M as
/\{@’LGK gz |g— \/91}7
i€ K
where the A is taken for every finite subset K of I'. Then,

(1) B is (L, M)-grillbase on X and (B) is the coarsest (L, M)-grill for which ¢; :
(X5, (B3)) = (X, (B)) is an (L, M)-grill preserving map.

(2) A map ¢ : (X,(B)) — (Y,9) is (L, M)-grill preserving map iff for each i € T,
popi: (Xi,(Bi)) — (Y,9) is an (L, M)-grill preserving map.

Proof. (1) From Corollary 4.4 and Proposition 4.5, B is an (L, M)-grillbase on X. Since
¢; is injective, for each ¢ € T,

B((9)z (fi)) < (00)2 Bi((da)L (f:)) < Bi((9a)L ((¢0)2 (fi))) = Bilfi)-

Hence ¢; is an (L, M)-grill preserving map for each ¢ € I'. Other cases are similarly
proved as in Theorem 4.2 (1).

(2) It is similarly proved as in Theorem 4.2 (2). O

5. The images of (L, M)-grillbases

5.1. Theorem. Let ¢ : X — Y be a surjective map and B an (L, M)-grillbase on X.
Then we have the following properties:
(1) ¢7(B) is an (L, M)-grillbase on Y.
(2) (¢T (B)) is the coarsest (L, M)-grill on'Y for which ¢ : (X,(B)) — (Y, (o7 (B)))
s an (L, M)-grill preserving map.
(3) If B is an (L, M)-grill, then (¢7 (B)) = ¢3 (B).

Proof. (1) Similar to the proof of Theorem 4.1 (1).
(2) Easy because {¢7 (B))(1x) = B(1x)=T.
(3) Let B be an (L M)—grill. Since ¢7’ (f) > hiff f > ho ¢, for each h € LY, we have

(o7 /\{¢1 9)|g=h}
f/\{% )| ¢z (f) =g >h}
= \BU) | f>hoo}

= B(ho¢) = ¢3 (B)(h).
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5.2. Remark. (1) If ¢ : X — Y is a bijective function, then ¢T" = ¢3” and ¢~ = ¢5 .

(2) If ¢ : X — Y is a bijective function and B an (L, M)-grillbase on Y, then by (1)
and Theorem 4.1 we obtain that ¢35~ (B) is an (L, M)-grillbase on X and (¢35 (B)) is the
coarsest (L, M)-grill on X for which ¢ : (X, (¢35 (B))) — (Y, (B)) is an (L, M)-grill map.
Furthermore, ¢35~ = ¢7.

5.3. Theorem. Let ¢: X =Y be a map and {B;}icr a family of (L, M)-grillbases on
X satisfying the following condition:
(C) For every finite subset K of T, if \/ ;e gi = 1x, then ®iexBi(g:) = T.
Then,
(1) If ¢: X =Y s bijective, ¢1 (| |;er Bi) = Ljer o7 (B,),
(2) If 6 X =Y is ingective, (67 Loy B1) = Lrer (67 (B1)).
Proof. (1) We show that (C) and the following condition (C1) are equivalent:

(C1) For every finite subset K of I, if \/,c, hi = 1x, then @iexd7T (Bi)(hi) = T.

(C1)=(C) For every finite subset K of T' with \/,_, gi = 1x, since ¢ is injective,
¢?(VieK gi) = vieK (25?(91) = 1x. By (Cl)v

T = @iex ¢t (Bi)(¢r (9:) < iexBi(g:)-

(C)=(C1) If @iex¢T (Bi)(hi) # T, for each i € K, there exists g; € L~ with h; =

@7 (g:) such that
Bick 91 (Bi)(hi) < BiexBi(g:) # T.
By (C), Vz‘ngi # 1x. Hence \/ieK hi #1x.

Since ¢ is surjective, by Theorem 5.1, ¢7 (B;) exists for i € I'. By Corollary 4.3 and
(C1), Ljer @7 (Bi) exists.

For each finite subset K of I' such that g = \/, . gr With ¢7"(g) = h, we have

|| 67 (Bi)(h) < @rerdt (Bi) (67 (9r)) < BrexBr(gr)-
i€l
It implies l_lzer i(g) > Llier d’l:}(gl)(h) So, ¢?(L|zer i) > |_|7,€F e (Bi)-

For each finite subset J of I' with p = \/._ , h;, there exists f; € L™ with ¢7’ (f;) = h
Thus,

jeJ

o1 (LB @) < (LB 1) < @5exB;(f)-
i€l i€l jex
807 ¢1:>(|—|ZEF ) < lee[‘ ¢1 ( Z)

(2) Similarly proved as in (1) and Theorem 5.1 (2). O
5.4. Theorem. Let {¢; : X; — X | i € '} be a family of maps. Let {B;}icr be a family
of (L, M)-grillbases on X; satisfying the following condition:

(C) For every finite subset K of T, if \/,c 1o (6:)T (9:) = 1x, then @icxBi(gi) = T.
We define a mapping ), (6:)7 (Bi) : LY = M as
W@ B0 = A { @iex Bitg) | A= \/ (67 (90)},
i€l €K
where the A is taken for every finite subset K of I'. Then,

(1) If ¢; is surjective for some j € T', then B =, (¢:)7 (B:) is an (L, M)-grillbase
on X and (B) is the coarsest (L M)-grill for which ¢; : (Xi, (B:)) = (X, (B))
s an (L, M)-grill preserving map.
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(2) a map ¢ : (X,(B)) = (Y,(9)) is an (L, M)-grill preserving map iff for each
1€, pog;: ( i, (Bi)) = (Y, 9) is an (L, M)-grill preserving map.
(3) If ¢ are surjective for alli € T,
(@) (Ba) = (| |(¢0)7" (Ba)).
iel i€l
Proof. (1) (LB1) Since ¢; is surjective for some j € I and (C), B(1x) = T and B(1p) =
L. The other cases are similar to the proof of Theorem 4.2 (1).
(2) Similarly proved as in Theorem 4.2 (2).
(3) We show that the following condition (C1) and (C) are equivalent:
(C1) For every finite subset K of T, if \/,. ;- hi = 1, then @iex (¢:)7 (Bi)(hi) = 1.

(C1) = (C) For every finite subset K of I, if \/,c;(¢:)7 (gi) = 1x, by (C1), T =
Diek (4:)7 (Bo) ()L (9:)) < BierBi(gs)-

(C) = (C1) If @ick ()T (Bi)(hi) # T, for each i € K, there exists g; € LX* with
h; = (¢:)7 (g:) such that

@iex (¢i)7 Bi(hi) < @iexBi(gs) # T.

By (0)7 VzeK((rb'L) ( Z) = V1EK h 7{ 1X
For each finite index K with {g; | \/;cx(#:)7 (gi) > h}, by the definition of (| |, (#:)7 (B:)),

we have
L@r @nm < Ao @V @
< @uen (67 (B (6 ()
< @iexBi(gi)-

Hence (W;er (€07 (B4)) 2 (User (907 (B4))-
For each finite index J with {h; | \/,c; hi > p}, since ¢; is surjective for each i € J,
there exists p; € L~ with (¢;)7" (p:) = hi such that p < Vies hi =V, ()7 (ps). Thus,

()7 (B)(p) < Bies(¢0)7 (Bi)(hi) < DiesBi(pi).

el

Hence (l¢);cr(6:)77(B4)) < (Uier (€07 (B2))- U
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