Hacettepe Journal of Mathematics and Statistics
Volume 40 (4) (2011), 503-513

ON VARIOUS TYPES OF COMPATIBLE
MAPS AND COMMON FIXED POINT
THEOREMS FOR NON-CONTINUOUS MAPS

M. R. Singh** and Y. Mahendra Singh*

Received 25:12:2009 : Accepted 24:01:2011

Abstract

Concepts of S- and A- compatible of type (E), S- and A- reciprocally
continuous are introduced. In this paper, we give a brief discussion
on various types of compatible maps and obtain some common fixed
point theorems for non-continuous self maps on a metric space. Here
the utility of the newly introduced maps viz. S- compatible of type
(E) and S- reciprocally continuous (one sided) in lieu of continuity
is shown. Our results improve, generalize or extend the results of H.
Bouhadjera (General common fized point theorem for compatible map-
pings of type (C), Sarajevo J. Math. 1 (14), 261-270, 2005), X. P. Ding
(Some common fized point theorems of commuting mappings 11, Math.
Seminar Note 11, 301-305, 1983), M. L. Diviccaro and S. Sessa (Some
remarks on common fixed points of four mappings, Jnanabha 15, 139—
149, 1985), G. Jungck (Compatible mappings and common fized points
(2), Internat. J. Math. & Math. Sci. 11 (2), 285-288, 1988), S. M.
Kang, Y.J. Cho and G. Jungck (Common fized points of compatible
mappings, Internat. J. Math. & Math. Sci. 13 (1), 61-66, 1990), V.
Popa (Some fized point theorems for compatible mappings satisfying an
implicit relation, Demonstr. Math. 32(1) (1999), 157-163, 1999), and
others.

Keywords: Compatible maps, Compatible of type (E), S- and A-compatible of
type (E), S- and A-reciprocally continuous, Weakly compatible maps and common fixed
points.

2000 AMS Classification: 47H 10, 54 H 25.

*Department of Mathematics, Manipur University, Canhipur—795003, Manipur, India.
E-mail: mranjitmu@rediffmail.com

fCorresponding Author.

*Department of Applied Sciences, Manipur Institute of Technology, Takyelpat—795001,
Manipur, India. E-mail: ymahenmit@rediffmail.com



504 M. R. Singh, Y. M. Singh

1. Introduction and preliminaries

In 1976, Jungck[6] used the notion of commuting maps to prove the existence of a
common fixed point theorem on a metric space (X,d). Self maps A and S of a metric
space (X, d) are said to be commuting if ASx = SAz, for all z in X. Since then, he and
many authors have investigated various concepts of commuting maps in the weaker sense
(see [7], 9], [10], [13]-[17], [22]). For example, Sessa [22] introduced the notion of weakly
commuting maps, which is a generalization of commuting maps.

This paper has three sections. In Section 2, we give a brief discussion of various
types of compatible maps (compatible of type (A), compatible of type (B), compatible
of type (C) and compatible of type (P)) with compatible of type (E). Further, S- and A-
compatible of type (E) (S- and A- reciprocally continuous) are introduced by splitting
the concept of compatible of type (E) (reciprocally continuous maps [17]). In Section 3,
we demonstrate the utility of these new concepts by proving some common fixed point
theorems on four non-continuous self maps on a complete metric space.

1.1. Definition. [22] Self maps A and S of a metric space (X, d) are said to be weakly
commuting if d(ASz,SAz) < d(Ax,Sx), for all x in X.

Clearly, commuting mappings are weakly commuting but the converse is not true (see
(8],[22], [23)).

1.2. Definition. [8] Self maps A and S of a metric space (X, d) are said to be compatible
iff lim d(ASzn,SAz,) = 0 whenever {z,} is a sequence in X such that lim Az, =

n—oo n—oo

lim Szn,.
n— o0

1.3. Definition. [9] Self maps A and S of a metric space (X, d) are said to be compatible
of type (A) if lim d(SAzn,, AAz,) =0 and lim d(ASzn,SSz,) =0, whenever {z,} is
n—oo n— o0

a sequence in X such that lim Az, = lim Sz,.
n— o0 n—o0

1.4. Definition. [13] Self maps A and S of a metric space (X, d) are said to be compatible
of type (P) if lim d(SSzn, AAz,) = 0, whenever {z,} is a sequence in X such that
n— o0

lim Az, = lim Sz,.
n—oo n—r oo

The notions of compatible and compatible of type (A) (compatible of type (P)) are
equivalent under the continuity of A and S (see [3], [9], [14]).

1.5. Definition. [15] Self maps A and S of a metric space (X, d) are said to be compatible
of type (B) if

lim d(ASan, SSz,) < %( lim d(ASan, At) + lim d(At, AAz,)),

n—oo n— oo n— oo
. 1. .
nhﬁn;o d(SAzxn, AAzy) < 5(711520 d(SAzxn, St) —&—nhﬁnolo d(St,SSzn)),

whenever {z,} is a sequence in X such that lim Az, = lim Sz, =t for some ¢t € X.
n—r oo n— oo

Clearly, compatible of type (A) implies compatible of type (B), however the implica-
tion is not reversible (see [15, Ex. 2.4]).

1.6. Definition. [16] Self maps A and S of a metric space (X, d) are said to be compatible
of type (C), if

lim d(ASzy,SSzn) < l( lim d(ASzy, At) + lim d(At, AAx,)
n— oo 3 ‘n—oo n—oo
+ lim d(At,SSzn))

n— o0
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and
lim d(SAz,, AAz,) < 1( lim d(SAxzy,St) + lim d(St,SSzn)
n—oo 3 ‘'nooo n—oo
+ lim d(St, AAx,))

n—oo

whenever {z,} is a sequence in X such that lim Az, = lim Sz, = ¢, for some t € X.
n—o0 n— o0

Clearly, compatible of type (A) implies compatible of type (C), however compatible
(compatible of type (A), compatible of type (B) and compatible of type (C)) are equiva-
lent under the continuity of A and S (see [2, Prop. 2.1]). Further, in [2] it has been shown
that there exists a pair of maps which are compatible of type (C) but neither compatible
nor compatible of type (A) (compatible of type (B)).

1.7. Definition. [17] Self maps A and S of a metric space (X, d) are said to be reciprocally

continuous, if lim ASz, = At and lim SAxz, = St, whenever {z,} is a sequence in X
n—o0

n— o0
such that lim Az, = lim Sz, =, for some t € X.
n—o0 n— o0

One can see that a continuous pair of self maps is reciprocally continuous, but the con-
verse may not be true (see [17]) and it has to be noted that compatibility and reciprocally
continuous are independent concepts (see [23]).

1.8. Definition. [10] Self maps A and S of a metric space (X, d) are said to be weakly
compatible, if they commute at their coincidence points i.e. At = St implies ASt = SAt,
for some t € X.

Notice that weakly compatible does not imply compatible (compatible of type (A),
compatible of type (P)) (see [17, 19, 20]).

Through out this paper, No = N U {0}, where N and (X, d) denote the set of natural
numbers and a metric space respectively.

2. Compatible maps of type (E) and reciprocally continuous maps

We recall the concept compatible of type (E) (see [24]), and compare with compatible
(compatible of type (A), compatible of type (B), compatible of type (C), compatible of
type (P)). Further, S- and A- compatible of type (E) (S- and A-reciprocally continu-
ous) are also obtained by splitting the concept of compatible of type (E) (reciprocally
continuous).

2.1. Definition. Self maps A and S of a metric space (X, d) are said to be compatible of
type (E), if lim SSz, = lim SAz, = At and lim AAz, = lim ASz, = St, whenever
n—o0

n—oo n—o0 n—oo

{zn} is a sequence in X such that lim Az, = lim Sz, =t, for some ¢t € X.
n— o0 n—o0

2.2. Remark. If At = St, then compatible of type (E) implies compatible (compatible
of type (A), compatible of type (B), compatible of type (C), compatible of type (P));
however, the converse may not be true. Further, if At # St then compatible of type (E)
is neither compatible nor compatible of type (A) (compatible of type (C), compatible of
type (P)).
If {A, S} is compatible of type (E), then it is compatible of type (B) but may not be
compatible of type (C). For
lim d(ASz,,SSzn) <

n— o0

(lim d(ASzn, At) + lim d(At,SSzy),

n—oo n—oo

ie. |At— St| < = (ISt — At| + |At — St]) = |St — At|

N = N =
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and

lim d(SAzn,, AAz,) <

n— o0

(lim d(SAz,, St) + lim d(St, AAa:n)),

n— o0 n— o0

| = N =

ie. |At — St| < = (ISt — At| + |At — St|) = |St — At|

2
whenever Az, Sz, — ¢ for some t € X. Thus, the pair {A, S} is compatible of type (B).
Further,
lim d(ASzy,SSxn) < l( lim d(ASzy, At) + lim d(At, AAx,)
n—o0 3 ‘n«oo n— o0

+ lim d(At,SSz,)),

n—oo

ie. |St— At] % % (ISt — At| + | At — St| + |At — At))

2
= —|St— At
2 |5t - A,
for At # St, and
. 1, .. .
nhﬁn;o d(SAxn, AAzy) < g(nlggo d(SAzxn, St) —&—nhﬁnolo d(St,SSzn)

+ lim d(St,AAx,))
n— o0
ie. |At — St| £ = (|At — St| + |St — At| + |St — St|)

St — At|,

Wi Wl =

for At # St whenever Az,,Sx, — t for some ¢ € X. Thus, the pair {4, S} is not
compatible of type (C).

It may be noted that compatible of type (E) implies compatible of type (B) as shown
above; however, the converse is not true (see Example 2.4).

2.3. Example. Let X = [0, 1] with the usual metric d(z,y) = |z — y|. We define self

maps A and S as Az =1, Sz =0 for z € [0,3] — {1}, Az =0, Sz =1 for z = 1 and

Az = 15“, Sy = 3 for x € (%,1]. Clearly, A and S are not continuous at x = %, i.
Suppose that z, — %7 Ty > % for all n. Then, we have Az, = % — % =t and
Sxn = 3 — % = t. Also, we have AAx, = A(—(172z")) =1—=1, ASz, = A(%) =

1—1,8() =1and SSz, = S(%) =0 — 0, SAz, = S("F2)) =0 — 0, A(t) = 0.
Therefore, {A, S} is compatible of type (E) but the pair {A, S} is neither compatible
nor compatible of type (A) (compatible of type (C), compatible of type (P)). Of course,
{A, S} is compatible of type (B) as compatible of type (E) implies compatible of type

(B).

2.4. Example. Let X = [0, 1] with the usual metric d(z,y) = |z — y|. Define self maps
Aand Sas Av = Sz = 1 forx € [0,1), Az = Sz = 2 for x = 1 and Az = 1 — =z,
Sz = x for z € (3,1]. Consider a sequence {zn} in X such that z, — %, 2, > %
for all n. Then, we have Az, = (1 — x,) — % =1t, and ST, = T — % = t. Since,
1—z, < % for all n we have AAx, = A(1—z,) = % — %, ASzn = A(zn) =1—25 — %
and SSz, = S(xn) = Tn — %7 SAzy, = S(1 — x,) = % — % Also, we have A(t) =
2 = S(t) but AS(t) = AS(3) = A(3) = 3, SA(t) = SA(3) = S(3) = 2. However,
= AS(t) # SA(t) = 2, where t = 1/2. Therefore, {4, S} is compatible (compatible of
type (A), compatible of type (B), compatible of type (C), compatible of type (P)); but
the maps are not compatible of type (E). Moreover, it has to be noted that the maps are

not commuting at the coincidence point.

=l
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In [20], Popa remarked that every pair of compatible maps (compatible of type (A),
compatible of type (B), compatible of type (P)) is weakly compatible (also see [19], [20,
Remark 1]); however, in view of the above Example 2.3, we conclude that compatible
maps (compatible of type (A), compatible of type (B), compatible of type (C)), compat-
ible of type (P)) may not be weakly compatible.

In order to prove our main results, we introduce the following definitions by splitting
the concepts of compatible of type (E) and reciprocally continuous[17].

2.5. Definition. Self maps A and S of a metric space (X, d) are said to be S-compatible
of type (E), if lim SSz, = lim SAz, = At, whenever {z,} is a sequence in X such
n— o0 n—o0

that lim Az, = lim Sz, =t, for some t € X.

n—o0o n—oo

2.6. Definition. Self maps A and S of a metric space (X, d) are said to be A-compatible
of type (E), if lim AAxz, = lim ASz, = St, whenever {z,} is a sequence in X such
n—o0 n— o0

that lim Az, = lim Sz, =t, for some ¢t € X.
n— o0 n—o0

It is easy to see that compatible of type (E) implies both S- and A- compatible of
type (E), however A- or S-compatible of type(E) do not imply compatible of type (E)
(see Example 2.10).

2.7. Definition. Self maps A and S of a metric space (X, d) are said to be S-reciprocally
continuous, if lim SAxz, = St, whenever {z,} is a sequence in X such that lim Az, =
n— oo n—r oo

lim Sz, =t, for some t € X.
n— o0

2.8. Definition. Self maps A and S of a metric space (X, d) are said to be A-reciprocally

continuous, if lim ASxz, = At, whenever {z,} is a sequence in X such that lim Az, =
n—r oo n—r oo

lim Sz, =t, for some t € X.
n— oo

Clearly, the reciprocal continuity of {A, S} implies both A- and S-reciprocal conti-
nuity, however A- or S- reciprocal continuity do not imply reciprocal continuity (see
Example 2.11).

2.9. Proposition. Let A and S be self maps of a metric space (X, d) into itself. Suppose
that {xn} is a sequence in X such that Az, Szn, — t, for some t € X. If one of the
following conditions is satisfied:

(i) {A, S} is S-compatible of type (E) and S- reciprocally continuous;

(ii) {A, S} is A-compatible of type (E) and A- reciprocally continuous;
Then (a) At = St, and (b) if there exists u € X such that Au = Su = ¢ then, ASu = SAu.

Proof. Follows immediately. ]

2.10. Example. Let X = [0, 1] with the usual metric d(z,y) = |z — y|. We define self

maps A and S as Az =1, Sx:%,forxe[o,% —{3}, Az =0, Sz =1, for z = } and
Az = 177‘"”7 Sz =35, forxe (%7 1]. Since A and S are not continuous at z = %7 %7 suppose

that z, — 1/2, x, > 1/2, for all n. Then, we have Az, = 17% — % =t and Sz, =

Zn — 1 = {. Consequently, we have AAz, = A(:=f2) =1 — 1, ASz, = A(%2) =

1 = 185(t) =1and SSzn = S(%) = £ = £, 54z, = S(5=2) =1 — L, A1) = 0.

5 57 5
Therefore, {A, S} is A-compatible of type (E) but not compatible of type (E).
2.11. Example. Let X = [0, 1] with the usual metric d(z,y) = |z — y|. We define self
maps A and S as Az =1, Sz =0, for z € [0,%) and Az =1 — =, Sz =z, for z € [,1].
Let {xn} be a sequence in X such that x,, — %7 Tn > %7 for all n. Then, we have Az, =
(1—an) — % =t and Sz, = zn — % =t since (1 —zp) < % for all n. Consequently, we



508 M. R. Singh, Y. M. Singh

have ASzn, = A(zn) =1—z, — 1, A(t) = 1 and SAz, = S(1—2,) =0— 0, S(t) = 1.

It follows that lim ASz, = £ = A(t) and lim SAz, = 0 # S(¢t) = 1/2. Therefore,
n— o0

n—oo 2
the pair {4, S} is A- reciprocally continuous. However the pair is neither S- reciprocally

continuous nor reciprocally continuous.

2.12. Example. Let X = [0, 1] with usual metric d(z, y) = |z — y|. We define self maps
Aand Sas Av =12 Sz =1+a forxe(0,3), Ar=2— 1 forze [} 1], So=1,
for # = 1, and Sz = 1 —x, for # € (3,1]. Let {z.} be a sequence in X such that
T, — 0 and x, > 0, for all n. Then7A1:n:1+%%%:tanden:%—&—:cn—)%:t.
Consequently, AAz, = A(%) = % —i — %7 ASz, = A(% +xn) = %—i—:cn—% — %
and S(t) = S(3) = 1. Also, we have SSz, = S(3 +z,) =1— (3 +2n) — %, SAz, =
S(HEn)y =1 — Mo 5 Loand A(t) = A(3) = 1. Therefore, {4, S} is A-compatible
of type (E) and A-reciprocally continuous; however {A, S} is neither compatible of type
(E) nor reciprocally continuous. Note that {4, S} is neither compatible nor compatible

of type (A) (compatible of type (P), compatible of type (B), compatible of type (C)).

3. Main results
Let ¢ : [0,00)® — [0, 0c) satisfy the following conditions:

(¢1) ¢ is non-decreasing and upper semi continuous in each coordinate variables,
(¢2) For each t > 0,

'l/}(t) = ma'X{¢ (07 07 t? t? t)7 ¢(07 t7 07 O? t)? ¢(t7 t7 t7 2t7 0)7 ¢(t7 t7 t7 07 2t)} < t'

3.1. Proposition. [12] Suppose that v : [0,00) — [0,00) is non-decreasing and upper
semi-continuous from the right. If ¥(t) < t for every t > 0, then lim " (t) = 0, where
n—r oo

Y™ (t) denotes the composition of ¥(t) with itself n times. O

3.2. Theorem. Let A, B,S and T be self maps on a complete metric space (X,d) into
itself satisfying:
(i) A(X) C T(X) and B(X) C S(X);
(ii) d(Az,By) < ¢ (d(Azx, Sx),d(By,Ty),d(Sz,Ty),d(Az,Ty),d(By, Sx));
for all x,y € X, where ¢ satisfies (¢1) and (p2).
Then A, B, S and T have a unique common fized point if they satisfy either of the following
one sided conditions:
(a) {A,S} is A-compatible of type (E) and A-reciprocally continuous, {B,T} is B-
compatible of type (E) and B-reciprocally continuous.
(b) {A, S} is S-compatible of type (E) and S-reciprocally continuous, {B,T} is T-
compatible of type (E) and T-reciprocally continuous.

Proof. Suppose xo be an arbitrary point in X. By virtue of (i), it is guaranteed that
we can choose a sequences {z,} and {y»} in X such that yon = Ax2n = TZont1;
Yont+1 = BTont1 = Sxany2, where n € Np.

As in [11, Theorem 2.2], and using Proposition 3.1, one can show that
lim d(y'm ynJrl) =0
n— o0

and that the sequence {y, } is a Cauchy sequence. By the completeness of X, the sequence
{yn} converges to a point z € X. Consequently the subsequences {Az2,}, {Szan},
{Bzan+1} and {Tx2n+1} converge to z € X . Thus, y2n = Az2n = TZTon+1 — 2z and
Yont+1 = BTopnt1 = Sxani2 — 2. Suppose that {A, S} is A-compatible of type (E) and
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A-reciprocally continuous , then AAx2,, ASxa; — Sz and ASz2, — Az. Therefore,
Az = Sz. Now, suppose that z # Az, then by (ii), we have

d(Az, Bxont+1) < ¢(d(Az,Sz),d(Bxont1, Txon+1),d(Sz, Tront1),
d(Az, Txon+1),d(Bxant1,Sz)).
Letting n — oo, we obtain
d(Az,z) < ¢(0, 0, d(Sz,z),d(Az,z),d(z,S5z)) < P(d(Az,z)) < d(Az, z)

which is a contradiction. Therefore, z = Az = Sz. Since, A(X) C T(X) and Az =z, =
is in the range of T, so there exists u € X such that Az = Tu = z. If Tu # Bu, then by
(ii), we obtain

d(Tu, Bu) = d(Az, Bu)

< ¢(d(Az, Sz), d(Bu, Tu), d(Sz, Tu), d(Az, Tu), d(Bu, Sz))
= ¢(0, d(Bu, Tu), 0, 0, d(Bu, Tu))

< Y(d(Bu, Tu))

< d(Bu, Tu),

which is a contradiction. Therefore, Bu = T'u = 2. Since, {B,T'} is B- compatible of
type (E) and B-reciprocally continuous, by Proposition 2.9, we obtain Bz = BTu =
T Bu = Tz. Moreover by (ii), we obtain

d(z,Bz) = d(Az, Bz)
< ¢(d(Az,Sz),d(Bz,Tz), d(Sz,Tz),d(Az,Tz),d(Az,Tz),d(Bz,Sz))
= ¢(0, 0, d(z, Bz), d(z, Bz), d(z, Bz))
< b(d(z B2)
< d(z, Bz)

if z # Bz, a contradiction.Therefore, z is a common fixed point of A, B, .S and T'. Sim-
ilarly, we can prove z is a common fixed point of A, B,S and T if {A,S} and {B,T}
satisfy condition (b). The uniqueness of z is immediately obtained from (ii). O

The following example illustrates the validity of the above Theorem 3.2.

3.3. Example. Let X = [0, 1] with the usual metric d(z,y) = |z — y|. We define self
maps A and S as Az = Bz = HT’”7SJ::T1::%+J:7 for z € [0, %)7 Ax = Bz = %7f0r
z e[t 1], So =13, forz =1, and Sz = %, for z € (3, 1]. Clearly, A(X) = [$, 3) C
S(X) = [%,1), and the maps are not continuous at z = %. Let {z.} be a sequence
in X such that z, — 0,2, > 0, for all n. Then Az,, Sz, — 1/2 = t, consequently
AAzx, = A(H%) — 1/2, ASz, = A(% + zn) — 1/2, S8z, = S(% + zn) — % and
SAx, = S(HE2) — 2. Also, we have S(t) = S(3) = 3, A(t) = A(3) = 3. Thus, AAz,,
ASz, — 1 = S(t) = S(3) and ASz, — 1 = A(t) = A(3). Therefore, the pair {A, S} is
A-compatible of type (E) and A-reciprocally continuous. In particular, if we take A = B,

S=T,¢(t)= kt and k = %, then we have
d(Az, By) < kmax(d(Az, Sx),d(By,Ty),d(Sz,Ty),d(Az, Ty),d(By, Sz)),

for all z,y € X. Clearly, all the conditions of the theorem are satisfied and therefore,
1/2 is the unique common fixed point of A, B, S and T.

The following Corollary is obtained from [11, Corollary 2.3] by employing (one sided)
compatible of type (E) and reciprocally continuous in lieu of compatibility.
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3.4. Corollary. Let A,B,S and T be self maps on a complete metric space (X,d) into
itself, such that A(X) C T(X) and B(X) C S(X). If the inequality (ii) of Theorem 3.2
holds for all x,y € X, where, ¢ satisfies ($1) and

'l/}(t) = max{¢(t7 t7 t7 t? t)7¢(t7 t? t7 2t7 0)7¢(t7 t7 t? 07 2t)} < t7

for each t > 0, then A, B, S and T have a unique common fized point if they satisfy
either of the conditions (a) and (b) of Theorem 8.2.

Proof. Follows from Theorem 3.2. ]

3.5. Remark. Theorem 3.2 and Corollary 3.4 improve the results of [4] and [5].
particular, Theorem 3.2 and Corollary 3.4 improve Theorem 2.2 and Corollary 2.3 of
[11], respectively. Of course our results do not require continuity conditions on the maps
involved.

The following corollary improves [8, Theorem 3.1] by employing (one sided) compatible
of type (E) and (one sided) reciprocal continuity in lieu of compatibility.

3.6. Corollary. Let A,B,S and T be self maps on a complete metric (X,d) into itself
satisfying:
(i) A(X) C T(X) and B(X) C S(X);
(ii) d(Az, By) < rmax(d(Azx,Sx),d(By,Ty),d(Sz,Ty), (d(Ax,Ty) + d(By, Sy))/2)
forall x,y € X, where 0 <r <1,
then there is a unique point z € X such that z = Az = Bz = Sz = Tz, provided the pairs
{A, S} and {B, T} satisfy either of the conditions (a) and (b) of Theorem 3.2.

Proof. Follows from Theorem 3.2. (]

Next, using an implicit relation as in Popa[18], let ® be the set of all real continuous
functions g(t1,te,ts,t4,ts5,t6) : RS — R satisfying the following conditions:
(g1) ¢ is non-increasing in the variables t5 and ts.
(g2) There exists h € (0,1) such that for every u,v > 0 with
(90) g(u, v, v, u, u+v,0) <0, or
(gll) g(u7 v? u7 v? 07 u + v) S 07
then we have u < huv.
(g3) g(u, u, 0, 0, u, w) >0 for all u > 0.
Recently, Aliouche and Djoudi [1], and Popa and Mocanu [21] proved common fixed
point theorems satisfying an implicit relation in a metric space without assuming (g1).
Ilustrative examples of such a type of implicit relation are given in [1], [18] and [21].

3.7. Theorem. Let A, B,S and T be self maps on a complete metric space (X,d) into
itself satisfying:
(i) A(X) € T(X) and B(X) C ( )i
(ii) g (d(Az, By),d(Sz,Ty),d(Sz, Az), d(Ty, By),d(Sz, By),d(Ty, Az)) <0 for all
z,y € X, where g € .
Then A, S, B and T have a unique common fized point if they satisfy either of the condi-
tions (a) and (b) of Theorem 3.2.

Proof. Suppose zo is an arbitrary point in X. By virtue of (i), it is guaranteed that we
can choose sequences {z,} and {yn} in X such that yon = Az2n = TZont1; Yont1 =
Bzopt+1 = Stant2, where n € Ny. Using (ii), we obtain

g(d(Az2n, Bxant1),d(Sx2n, TTont1), d(STon, ATon), d(TT2nt1, Bxont1),
d(Szan, Brant1), d(Trant1, Azan)) <0,
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SO
9(d(y2n, Y2n+1), d(Y2n—1,Y2n), A(Y2n—1, Y2n), d(Y2n, Y2n+1),
d(Y2n—1,Y2n+1), d(Y2n,y2n)) < 0,
that is

g(d(yZn, y2n+1), d(yznfl’ y2n)7 d(yznflv yZn), d(y2n7 y2n+1)7
d(y2n717 y2n+1)7 0) <0.

By (g1), we have
9(d(Y2n, Y2n+1), d(Y2n—1,Y2n), d(Y2n—1, Y2n ), d(Y2n, Y2n+1),
d(Y2n—1,Yy2n) + d(Y2n, Y2n+1),0) < 0.
By (ga), we obtain

d(Y2n, Y2n+1) < @d(Y2n—1,Y2n),
where 0 < a < 1. Similarly, we obtain

d(y2n—1,y2n) < ad(y2n—2,y2n-1).
Therefore, by induction, we obtain

d(y2n, y2nt1) < " d(yo, y1).

Letting n — oo, we obtain, d(y2n,y2n+1) — 0, where 0 < o < 1. It is easy to show
that {yn} is Cauchy sequence. Since X is a complete metric space, there exists a point
z in X such that y, — z. Therefore, we obtain y2, = Az2, = Txant1 — 2z and
Yont1 = Brony1 = SToni2 — 2.

Suppose that {A, S} is A-compatible of type (E) and A-reciprocally continuous. Then,
ASzon, — Az and AAxoy, ASxon — Sz, therefore, Az = Sz. We claim that Az = z. By
(ii), we have

9(d(Az, Brant1),d(Sz, Txan+1), d(Sz, Az), d(Tx2n+1, Branti),
d(SZ7 B1327L+1)7 d(T:Czn+17 AZ)) S 0.

Letting n — oo in the above inequality and by continuity of g, we obtain
g(d(Az ,2),d(Az,2),0,0, d(Az,z),d(Az,z)) <0,

which is a contradiction to (g3) if Az # z. Therefore, z = Az = Sz. Since A(X) C T'(X)
and Az = z, z is in the range of T, so there exists u© € X such that Az = Tu = z. If
Tu # Bu then, by (ii) we obtain

g (d(Az, Bu),d(Sz,Tu),d(Sz, Az),d(Tu, Bu),d(Sz, Bu),d(Tu, Az)) <0,

so g (d(T'u, Bu), 0,0, d(Tw, Bu),d(Tu, Bu), 0)) <0, which is a contradiction to (g.) and
therefore, Tu = Bu. Since Tu = Bu, then BBu = BTu = Bz and TBu = TTu =
Tz. Also since, {B,T} is B-compatible of type (E) and B-reciprocally continuous, by
Proposition 2.9, we obtain Bz = BTu=TBu=1T2xz.
Again by (ii), we obtain
g (d(Az,Bz),d(Sz,Tz),d(Sz,Az),d(Tz,Bz),d(Sz, Bz),d(Tz, Az)) <0,

so g (d(z, Bz),d(z, Bz),0,0,d(z, Bz),d(z, Bz)) < 0, which is a contradiction to (g3) if
Bz # z, and therefore z = Bz = T'z. Thus, z = Az = Bz = Sz = Tz. The same result
holds if {4, S} and {B,T'} satisfy condition (b) of Theorem 3.2.
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For the uniqueness, suppose that A, B,S and T have another common fixed point
2" # 2. Then by (ii), we obtain

g (d(Az, BZ'),d(Sz,T%"),d(Sz, Az),d(T%', Bz'),d(Sz, Bz"),d(T%', Az)) <0,

so g (d(z,2"), d(z,2'), 0, 0, d(z,2'), d(', z)) <0, a contradiction to (gs3). Thus, z is the
unique common fixed point of A, B, S and T'. This completes the proof |

3.8. Theorem. Let {A;}icn, and {B;}icn, be sequences of self maps of a complete
metric space (X,d) into itself satisfying condition (ii) of Theorem 3.7. For any n € Ny
satisfying:
(i) A2n(X) € Bansr(X) and Azns1(X) C Ban(X);
(ii) {Azn, Ban} is Aan-compatible of type (E) and Asy,-reciprocally continuous;
(iii) {A2n+1, Bant1} s Aanyi- compatible of type (E) and Aant1- reciprocally con-
tinuous.

Then, {A;i}ien, and {B;}ien, have a unique common fized point.

Proof. As in the proof of Theorem 3.7, for fixed k € Ny, we can prove that Asg, Askt1, Bak
and Bag4+1 have a common fixed point. For the uniqueness, suppose that Aspz = Bapz =
Asni1z = Bant1z = z and Agnz = Bomz = Aspmy12 = Bopmy12’ = 2/, for any
n,m € Ny. Using (ii) of Theorem 3.7, we obtain

9(d(Aznz, Asmi12"), d(Banz, Bamy12'), d(B2nz, A2nz), d(Bami12" Asmi12"),
d(B2nz, Aam412'), d(Bam412', A2,2)) < 0,

so g(d(z,7'),d(z,2"), 0, 0, d(z,2"), d(z', z)) < 0, which contradicts (g3) if z # z’. There-
fore, z = z’and hence z is a unique common fixed point of the sequences of maps {A; }icn,
and {Bi}iENQ . O

3.9. Remark. Theorem 3.7 improves [2, Theorem 4.1] by employing (one sided) compat-
ibility of type (E) and reciprocal continuity in lieu of compatibility of type (C). Moreover,
one can verify that Theorems 3.7 and 3.8 also hold true in the case of an implicit relation
as used in Aliouche and Djoudi [1].

Acknowledgment

The authors are thankful to the anonymous referee for her/his comments and sugges-
tions for the improvement of this paper.

References

(1] Aliouche, A. and Djoudi, A. Common fized point theorems for mappings satisfying an im-
plicit relation without decreasing assumption, Hacet. J. Math. Stat. 36 (1), 11-18, 2007.

[2] Bouhadjera, H. General common fized point theorem for compatible mappings of type (C),
Sarajevo J. Math. 1 (14), 261-270, 2005.

(3] Cho, Y.J., Murthy, P.P. and Jungck, G. A common fized point theorems of Meir-Keeler
type, Internat. J. Math. & Math. Sci., 16 (4), 669-674, 1993.

[4] Ding, X.P. Some common fized point theorems of commuting mappings 11, Math. Seminar
Note 11, 301-305, 1983.

[5] Diviccaro, M.L. and Sessa, S. Some remarks on common fized points of four mappings,
Jnanabha 15, 139-149, 1985.

(6] Jungck, G. Commuting mappings and fized points, Amer. Math Monthly 83, 261-263, 1976.

[7] Jungck, G. Compatible mappings and common fized points, Internat. J. Math. & Math.
Sci.9 (4), 771-779, 1986.

[8] Jungck, G. Compatible mappings and common fized points (2), Internat. J. Math. & Math.
Sci. 11 (2), 285-288, 1988.



[9]
(10]
(11]
(12]
(13]

[14]

(15]
[16]
(17]
(18]
(19]
20]
(21]
(22]
23]

[24]

Compatible Maps and Common Fixed Point Theorems 513

Jungck, G., Murthy, P.P. and Cho, Y.J. Compatible mappings of type (A) and common
fized points, Math. Japonica 36, 381-390, 1993.

Jungck, G. and Rhoades, B.E. Fized point for set wvalued functions without continuity,
Indian J. Pure Appl. Math. 29 (3), 227-238, 1998.

Kang, S.M., Cho, Y.J. and Jungck, G. Common fized points of compatible mappings, In-
ternat. J. Math. & Math. Sci. 13 (1), 61-66, 1990.

Matkowski, J. Fized point theorems for mappings with a contractive iterate at a point, Proc.
Amer. Math. Soc. 62, 344-348, 1977.

Pathak, H. K., Chang, S.S. and Cho, Y. J. Fized point theorems for compatible mappings of
type (P), Indian J. Math. 36 (2), 151-166, 1994.

Pathak, H. K., Cho, Y.J., Kang, S. M. and Lee, B.S. Fized point theorems for compatible
mappings of type (P) and applications to dynamic programming, Le Mathematche 50 (1),
15-33, 1995.

Pathak, H.K. and Khan, M.S. Compatible mappings of type (B) and common fized point
theorems of GrequU type, Czechoslovak Math. J. 45 (120), 685-698, 1995.

Pathak, H. K., Cho, Y. J., Kang, S. M. and Madharia, B. Compatible mappings of type (C)
and common fized point theorem of GreguU type, Demonstr. Math. 31 (3), 499-517, 1998.
Pant, R.P. A common fixed point theorem under a new condition, Indian. J. Pure Appl.
Math. 30 (2), 147-152, 1999.

Popa, V. Some fized point theorems for compatible mappings satisfying an implicit relation,
Demonstr. Math. 32 (1), 157-163, 1999.

Popa, V. A general fixed point theorem for weakly compatible mappings in compact metric
spaces, Turk. J. Math. 25, 465-474, 2001.

Popa, V. A general common fixed point theorem of Meir-Keeler type for non continuous
weak compatible mappings, FILOMAT 18, 33-40, 2004.

Popa, V. and Mocanu, M. Altering distance and common fized points under implicit rela-
tions, Hacet. J. Math. Stat. 38 (3), 329-337, 2009.

Sessa, S. On a weakly commutativity condition in a fixed point considerations, Publ. Inst.
Math. 32 (46), 149-153, 1986.

Singh, S. L. and Mishra, S. N. Coincidences and fized points of reciprocally continuous and
compatible hybrid maps, Intenat. J. Math. & Math. Sci. 30 (10), 627-635, 2002.

Singh, M. R. & Mahendra Singh, Y. Compatible mappings of type (E) and common fized
point theorems of Meir-Keeler type, International J. Math. Sci. & Engg. Appl. 1(2), 299-
315, 2007.



