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Abstract

In this work we give the notion of quadratic module for Lie algebras
and explore the connections between this structure, 2-crossed modules
and simplicial Lie algebras in terms of hypercrossed complex pairings.
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Introduction

Crossed modules of groups defined by Whitehead in [11] are algebraic models of (con-
nected) homotopy 2-types. The Lie algebra analogue of crossed modules was introduced
by Kassel and Loday in [9]. Simplicial groups first studied by Kan, [8], have a well
structured homotopy theory and they model all homotopy types of connected spaces.
Conduché in [4] defined an algebraic model for connected 3-types. His models, called
2-crossed modules, have very pleasant properties and these 2-crossed modules form a
category equivalent to that of simplicial groups with Moore complex of length 2 (cf. [4]).
Ellis in [7] captured the algebraic structure of a Moore complex of length 2 in his defini-
tion of a 2-crossed module of Lie algebras. This is the Lie algebraic version of a group
theoretic notion defined by Conduché.

Within the homotopy theory of simplicial Lie algebras, analogues of Samelson and
Whitehead products are given by sums over shuffles (a;b) of Lie products. Akca and
Arvasi in [1] explained the relationship of these shuffles to crossed modules and 2-crossed
modules of Lie algebras, more precisely, by using the image of the higher order Peiffer
elements in the Moore complex of a simplicial Lie algebra, they have constructed a functor
from the category of simplicial Lie algebras to that of 2-crossed modules of Lie algebras.

Quadratic modules introduced by Baues [3] are algebraic models for homotopy con-
nected 3-types. Baues in [3] constructed a quadratic module from a simplicial group. In
this paper we will give the notion of quadratic module for Lie algebras and we give the
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connections between quadratic modules, 2-crossed modules and simplicial Lie algebras.
In the connection between simplicial Lie algebras and quadratic modules, we use the
image of the M, g functions given in [1].

Acknowledgements. The authors wishes to thank the referee for helpful comments
and improvements to the paper.

1. Preliminaries

All Lie algebras will be over a fixed commutative ring k. The category of Lie algebras
will be denoted by Lie2Ulg.

Simplicial Lie Algebras
A simplicial Lie algebra L, (cf. [1], [5] and [7]) consists of a family of Lie algebras
L, together with Lie algebra homomorphisms d} : L, — Ln—1, 0 < i < n, (n # 0)
and sj' : Ln, — Lpy1, 0 < ¢ < n, called face and degeneracy maps, satisfying the usual
simplicial identities. In fact, a simplicial Lie algebra can be completely described as
a functor L : A°? — Lie2lg, where A is the category of finite ordinals. We denote the
category of simplicial Lie algebras by Gimp£ie2(lg. We obtain for each k > 0 a subcategory
Ay, determined by the objects [j] of A with j < k. A k-truncated simplicial Lie algebra
is a functor from A‘;’; to LieAlg. We denote the category of k-truncated simplicial Lie
algebras by T, GimpLieAlg.
Given a simplicial Lie algebra L, the Moore complex (NL, ) of L, is the chain complex
defined by:
n—1
NLy, = (] kerdy,
i=0
with 9, : NL, — NL,_1 induced from d;, by restriction. We say that the Moore complex
NL of a simplicial Lie algebra is of length k if NE,, =0 for all n > k+1, so that a Moore
complex of length k is also of length [ for [ > k. The category of simplicial Lie algebras
with Moore complex of length k will be denoted by GimpLieRllg,.

1.1. Simplicial Lie Algebras and 2-Crossed Modules. Let M and N be two Lie
algebras. By an action of N on M we mean a k-bilinear map N x M — M, (n,m) — n-m,
satisfying

[n,n]-m=mn-(n"-m)—n'(n-m)

n-m,m'] =[n-m,m']+ [m,n-m']
for all m,m’ € M and n,n’ € N.

Recall that a crossed module of Lie algebras is a Lie homomorphism 0 : M — N
together with an action of N on M, denoted by n-m for n € N and m € M, such that
the following conditions are satisfied:

CM1) 9(n-m)=[n,0m] CM2) Om-m' =[m,m’]
for all m,m’ € M, n € N.
The following definition is due to Ellis (cf. [7]).
A 2-crossed module of Lie algebras is a complex

02 01
My ———= M7, ——— M

of Lie algebras together with an action of My on Mi, and a function

{—7—} My x My — M27
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called a Peiffer lifting, which satisfies the following axioms:

02{yo,y1} = O1yo - y1 — [yo, y1],
{02(21), 02(22)} = [21, 22],
{Oez,yt =0y -z —y-u,
{y, 022} =y -z,
z-{yo,y1t = {2 vo, 1} +{yo,z -y},
{vo, [y1,y2]} = 01(y1) - {wo, y2} — 01 (y2) - {yo, y1}
—{y1,01(y0) - y2 — [yo, y2]} + {y2,01(y0) - y1 — [yo, 1]}
7. {lvo, y1l, y2} = 01(yo) - {y1, y2} + {wo, [y1, y2]}
= 01(y1) - {wo, y2} — {y1, [vo, y2]},

A

for all z,z1,z2 € M2, y,y0,y1,y2 € M1 and z € M.

The category of 2-crossed modules of Lie algebras will be denoted by X2£M00. The
following theorem was proved by Ellis in [7].

1.1. Theorem. The category of 2-crossed modules of Lie algebras is equivalent to that
of simplicial Lie algebras with Moore complex of length 2. |

Akga and Arvasi, [1], studied simplicial Lie algebras and their properties. They con-
sidered a simplicial Lie algebra L which is 2-truncated, i.e., its Moore complex looks
like:

02 01

NL, NL;

NL07

and they showed that this complex has a 2-crossed module structure of Lie algebras in
terms of hypercrossed complex pairings. This result is an analogue, for Lie algebras, of
Arvasi and Porter’s result in the case of commutative algebras (cf. [2]).

2. Quadratic and 2-crossed modules of Lie algebras

Baues, in [3], defined the notion of quadratic module of groups as an algebraic model
for connected homotopy 3-types. In this section, we define a Lie algebra version of this
structure, and we define a functor from the category of 2-crossed modules to that of
quadratic modules of Lie algebras.

Let 0 : C — R be a pre-crossed module, and P;(9) = C and P»(9) be the Peiffer Lie
ideal of C generated by elements of the form

which is called the Peiffer element for z,y € C.

A nil(2)-module is a pre-crossed module 0 : C' — R with an additional “nilpotency”
condition. This condition is P3(9) = 0, where P3(0) is the ideal of the Lie algebra C
generated by the Peiffer elements (z1, z2,z3) of length 3.

If 0: C — R is a pre-crossed module, then the homomorphism

9 1 C" = C/Py(d) — R
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is a crossed module since

([2], ly]) = 07" (z + P2(9)) - (y + P2(9)) — [(x + P2(9)), (y + P2(9))]
=0 (z+ P2(9)) - (y + P2(9)) — ([z, 9] + P2(9))
= (0(z) -y — [z, y]) + P2(9)
=P(9) (v (z,y) € Po(
= [0]
for [z] = x + P2(9), [y] =y + P2(9) € C°". The homomorphism 9" is called the crossed

module associated with the pre-crossed module 9. Similarly, if 9 : C' — R is a pre-crossed
module, then the homomorphism

omMt .ot = C/P3(8) — R

9))

is a nil(2)-module associated with the pre-crossed module 0. Clearly, a nil(1)-module is
a crossed module.

2.1. Definition. A quadratic module (w,d,0) of Lie algebras is a diagram
CxC

L M
s E)

of homomorphisms of Lie algebras such that the following axioms are satisfied.

Q1) The homomorphism 0 : M — N is a nil(2)-module and the quotient map M —
C=M/[(M),(M)] is given by x +— [z], where [z] € C denotes the class represented
by x € M. The map w is defined by Peiffer multiplication, i.e., w([z]®[y]) = d(z)-y—[z, y]
for z,y € M.

0QM2) The homomorphisms ¢ and 9 satisfy d0 = 0 and the quadratic map w is a lift of
the map w, that is dw = w or equivalently

dw([z] @ [y]) = w(lz] @ [y]) = 0(z) -y — [z, 9]
for z,y € M.

0QM3) L is a Lie N-algebra and all homomorphisms of the diagram are equivariant with
respect to the action of N. Moreover, the action of N on L satisfies the following equality

I(z) - a = w([éa] ® [x] + [z] ® [da])
forae L,z € N.
QM4) For a,b € L,

w([da] ® [60]) = [a, b].

Amap ¢ : (w,d,0) — (W,8,9') between quadratic modules is given by a commutative
diagram, ¢ = (I,m,n)

CRC—-1L M N
Px Qpx 1 m n
c'ecC L M’ N’
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where (m, n) is a map between pre-crossed modules which induces ¢, : C — C’ and where
[ is an n-equivariant homomorphism. Let Q91 be the category of quadratic modules and
of maps as in the above diagram.

Now, we construct a functor from the category of 2-crossed modules to the category
of quadratic modules of Lie algebras.
Let

o)) o1

Cs Ch Co

be a 2-crossed module of Lie algebras. Let P3 be the ideal of C generated by elements of
the form ((z,y), z) and (z, (y, 2)) for z,y,z € C1. Let ¢1 : C1 — C1/Ps be the quotient
map and M = C,/Ps. Since 0; is a pre-crossed module, we obtain 0:1({(x,y),2)) = 0
and 01({z, (y,z))) = 0. That is, we have 01(P3) = 0. Thus, the map 9 : M — Cp given
by d(z + P3) = 0i(x), for all x € C1, is a well defined homomorphism. Therefore, we
have a commutative diagram

01

C1 CO

M
Let P5 be the ideal of C2 generated by elements of the form

{z,(y, 2)} and {(z,9), 2},
where {—, —} is the Peiffer lifting map. We have

L=0Cy/ P,
We can write from the first axiom of 2-crossed modules

9{z, (y,2)} = (Orz - (y, 2)) — [, (y,2)]
= (z,(y,2)),
82{<1}7 y> Z} = 81(<$7y>) TR [(:c7y>7 Z]
= ((z,9), 2),
and thus we obtain 02(P3) = Ps. Then, § : L — M given by §(I + P3) = 82l + P3 is a
well defined homomorphism. Let
M
O pre A

Thus we get the following commutative diagram;

C®C
L 0 M 9 N
q2 q1
Co 4 Co

(92 al
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where ¢1 and g2 are the quotient maps. The quadratic map
w:C®C—1L
is given by the Peiffer lifting map, namely
w (2] ® [ny]) = qo{=,y}
for all z,y € C1, iz, q1y € M and [q12] ® [q1y] € C® C.
2.2. Proposition. The diagram
cedl

L M N
5 P

is a quadratic module of Lie algebras.
Proof. We leave the verification of the axioms of quadratic module to the reader. (|

Thus we have defined a functor from the category of 2-crossed modules to that of
quadratic modules of Lie algebras

X, o0 — QM.

3. Quadratic modules and simplicial Lie algebras

In this section we will construct a functor from the simplicial Lie algebras to the
quadratic modules of Lie algebras by using the M, g functions defined by Ak¢a and
Arvasi in [1] in order to see the role of the hypercrossed complex pairings in the structure.
We will use the images of the M, g functions in verifying the axioms of quadratic module.

Now we recall a brief description of the M, g functions from [1].

For the ordered set [n] = {0 <1< --- < n}, let 67 : [n+ 1] — [n] be the increasing
surjective map given by

ngs J if j <4,
o (j)=1". e
j—1 ifj >4,
as used in Appendix B of Loday’s book [10].

Let S(n,n—r) be the set of all monotone increasing surjective maps from [n] to [n—r].
This can be generated from the various ;' by composition. The composition of these
generating maps is subject to the following rule: ojo; = 0i—10;, j < 9. This implies
that every element o € S(n,n — r) has a unique expression as o = 03, 0 03, 0 -+ 0 03,

with 0 < i1 < @2 < -+ < ir < n — 1, where the indices i) are elements of [n] such
that {i1,...,4.} = {i : 0(i) = o(i + 1)}. We thus can identify S(n,n — r) with the set
{(iry...y31) : 0< 41 <id2 < -+ < ir < n— 1}. In particular, the single element of

S(n,n), defined by the identity map on [n], corresponds to the empty O-tuple (), denoted
by @,,. Similarly the only element of S(n,0) is (n —1,n —2,...,0).
For all n > 0, let
S(n) = U S(n,n —r).
o<r<n

We say that a = (ir,...,%1) < 8 = (Jsy.-.,71) in S(n) if 41 = j1,...,% = jx but
lht1 > Jr+1, (k= 0) or if i1 = j1,...,4r = jr and 7 < s. This makes S(n) an ordered set.
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We recall briefly from Akca and Arvasi (cf. [1]) the construction of a family of k-
bilinear morphisms. We define a set P(n) consisting of pairs of elements («, ) from
S(n) with anNp =0 and B < «a, where @ = (ir,...,41), B8 = (js,.--,71) € S(n). The
k-linear morphisms that we will need,

{Mayg : NLn,#a X NLnf#B — NL, : (Oé,ﬁ) S P(n),n > 0},
are given as composites:
Mo p(wa;ys) = pl—, —~](sa X $8)(Ta,ys)

= p([sa(xa), 55(ys)])
= (1= sno1dn—1) -+~ (1 = sodo)([sa (za), 55 (ys)]),

where
So = Siy. - Sy ¢ NLn,#a — Ln,S/g = Sjg.--Sj; ¢ NLn,#g — Ln,

p: L, — NLy is defined by composite projections p = pn—1...po with p; =1 — s;d; for
j=0,1,...,n—1and [-,—]: Ln X Ln — L, denotes the Lie bracket.

From [1], we will now consider the ideal I,, in L, which is generated by all elements
of the form,;

Ma,ﬁ($a7 yﬁ)7

where o € NL,_ 4o and yg € NL,_xp and for all (a, 8) € P(n).

Consider M, g(za,ys) and Mgz o(ys, o), here one uses [sa(xa),s3(ys)], the other
giving

[sa(za), 58(yp)] = —[s8(ys), sa(za)],
so changing « and S only gives a minus sign.

3.1. Proposition. [1] Let L be a simplicial Lie algebra, n > 0 and D, the ideal in L,
generated by degenerate elements. We suppose Ly, = D, and let I, be the ideal generated
by elements of the form Ma g(za,ys) with (o, B) € P(n), where to € NLp_44, yg €
NLp_yp with 1 <r,s <n. Then NL, = I, and as a corollary 0n(NL,) = 0n(I,). O

Using the above proposition for n = 2 and 3, Akca and Arvasi have show what the
image of I, looks like by using . The image of I using d- is [ker do, kerd;]. For n = 3,
the ideal I3 in N L3 is generated by the elements; for z € NL; and y € N Lo,

M ,0),2) (%, y) = [s1502 — 5250, 529,
M0y, (,y) = [s250x — s2512, 81y — S29],
My, 0) (%, y) = [s17, S0y — 51Y] + [527, 529,
Mz),0) (2,y) = [s22, s0y],
My, 0y (z,y) = [s2z, s1y — say].

For the images of these elements, see [1].

Now, we construct a functor from the simplicial Lie algebras to the quadratic modules
of Lie algebras by using the functions M, g. Suppose that E,, = D, for all n > 0.
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Let L be a simplicial Lie algebra with Moore complex NL. We will obtain a quadratic
module of Lie algebras by using the following diagram:

NL1 X NLl

NLy/d5(NLs) = NI, - NLo

2 1
where the map w is given by
w(z,y) = [sodiz, y] — [z,y]
for z,y € NL1, and the map w’ by
w'(z,y) = ([soz, s1y] — [s12, 51y]) + 03(N Ls)
for x,y € NLi. We see that
da([sow, s1y] — [s12, 519]) = [sodaz,y] — [z, 4] = w(z,y).
Let P3(01) be the ideal of NL; generated by elements of the form
w(z,w(y,z)) and w(w(z,y), )
for x,y,z € NL;. Since
di(w(z, w(y, 2))) = di([sodiz, w(y, 2)] — [z, w(y, 2)])
= [diz, diw(y, 2)] — [diz, diw(y, 2)]
=0
and
di(w(w(z,y), 2)) = di([sodiw(z,y), 2] — [w(z,y),2])
= [diw(z,y), d12] — [diw(z,y), d1 2]
=0
we can write dy(P3(01)) = 0. Then, 9 : NL1/P5(01) — NLg given by 9(xz + Ps(01)) =

diz for x € NL; is a well defined homomorphism. Thus, we obtain the following com-
mutative diagram

dq

NL; NLg

NL,/P;3(01)

where ¢; is the quotient map and 8 : NL;/P3(01) — N Lo becomes a nil(2)-module.

Let P3(01) be an ideal of NL2/85(NL3) generated by the formal Peiffer elements of
x,y, z, i.e., generated by elements of the form

w'(w(z,y),2) and w'(z, w(y, 2))
for x,y,z € NL;. Since
Do’ (2, w(y, 2)) = d2([soz, s10(y, 2)] — [s12, s1w(y, 2)])
= [sod1z, w(y, 2)] — [z, w(y, )]
=w(z,w(y,2)) € Ps(01)
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8_260/(11/(227:1/)72:) = d2([80w($7y)7812] - [Slw(x7y)7slz])
= [sodlw(:c,y),z] - [w(xvy)vz]
= w(w(xvy)vz) € P3(81)7

we obtain 02(P4(61)) C P3(61). Let
M = NL1/P5(d1)

and
L= (NL2/85(NL3))/P5(6).

We thus see that the map
§:(NL2/O03NLs3))/P5(61) — NL1/P3(01)

given by §(a+P5(91)) = 02(a)+P3(d1) is a well defined homomorphism since 92 (P5(91)) C
P5(01). Therefore, we obtain the following commutative diagram,

ceC
L M N
$ 9
a2 a1
NL3/83(NL3) ——> NL; 8 NLo
22 1

where C' = M /[M°", M°"] and q1, ¢ are the quotient maps, and the quadratic map w
can be given by

w(lg2] @ [nny)) = @w'(z,y)
and
w([gz] @ [q1y]) = 0(a1(2)) - 1 (y) — [a1(), g1 (y)]
for qrz, 1y € M and [1z] ® [1y] € C ® C. Thus we have:
3.2. Proposition. The diagram
ceC

L M N
s E)

is a quadratic module of Lie algebras.

Proof. We show that all the axioms of a quadratic module are verified by using the
images of the M, s functions from [1].
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0M1)- Clearly, 0 : M — N is a nil(2)-module. Because, for x + P3(01), y + P3(01),
z 4+ P3(81) c M= NL1/P3(81),

(z + Ps(01), (y + P3(0r), 2 + P5(01))) = (z,(y, 2)) + P5(0h)
=0+ P3(01) (by (z,(y,z)) € Ps(01))
= P3(0h).
0OM2)- For z,y € NL1, iz,q1y € M and [q1z] ® [q1y] € C ® C, we have
dw(lqr2] @ [1y]) = dgew'(z @ y)
= q(da2([s0x, s19] — [s12,s19]) (" 0g2 = u02)
= q([sodrz,y] — [z, 9])
=diqi(z) y — [z, q1y]
= w(qz] ® [q1y]).
0OM3)- For g2a € L and g1z € M, we have
w ([0g2a] ® [17]) = w ([q1020] ® [q12])
= g’ (020 @ x)
= q2([s1d2a, (s12 — sox)]).
We have from [1], for z € NL; and a € NLs,
03(M1,0y(2) (2, a)) = [s1d2a, (s12 — sox)] — [s12,a] € O3(NLs),
and then we get
w ([0g2a] @ [q12]) = g2([s12,a]) mod (93(NLs))
=q@(z-a).
On the other hand,
w([q17] ® [6gza]) = w([q17] ® [q102a])
= qgw'(m ® O2a)
= q2([sox, s1d2a] — [s1%, s1d2a]).
Again from [1] we have for x € NL; and a € NLg,
03(M2,0y1) (2, a)) = [sox, s1d2a] — [s12, s1dza) — [sox,a) + [s1z,a] € D3(NLs),
and then
w([grz] ® [0g20a]) = q2([sox, a] — [s12,a]) mod Os(NLs)
= q2([s180d1z,a] — [s12,qa])
=0q1(2) - g2(a) — q2(z - a).
Thus we obtain
w ([0g2a] @ [q12] + [17] @ [0g2a]) = D11 () - g2(a).
0MA4)- For gza, q2b € L, we have
w([0g2a] @ [0g2b]) = w([g102a] ® [q10:])
= qgw'(aza ® 02b)
= q2([s1d2a, s1d2b] — [s1d2a, sod2a]).
Similarly from [1] we have for a,b € N Lo,
03(M1)(0y(a, b)) = [s1dza, s1d2b] — [s1d2a, sod2a] — [a,b] € O3(NLz),
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and then we get
w([g20] @ [dq28]) = ga([a,b]) mod Ds(NLs)
= [g20, ¢2b].
d
If the Moore complex of the simplicial Lie algebra is of length 2, we have d3(NL3) = 0

and thus we have a functor from the category of simplicial Lie algebras with Moore
complex of length 2 to that of the quadratic modules

GimpLieAlg, —> QM.

Therefore, the situations observed in this paper can be summarized in the following
diagram of unbroken arrows

GimpLieAlg,

am X290
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