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Abstract

The purpose of this paper is to prove a strong convergence theorem for a
finite family of uniformly L-Lipschitzian mappings through the viscosity
parallel iterative algorithm in Banach spaces. The results presented in
the paper improve and extend some recent results announced by Chang,
Ofoedu, Schu and Zeng, and many others.
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1. Introduction and preliminaries

Let E be a real Banach space with norm || - || and J the normalized duality mapping
from FE into E* give by

J(@)={f € E": (z, f) = |l[I* = IfII*, IIfI| = ll=[]}
for z € E, where E* denotes the dual space of E and (-, -) is the generalized duality
pairing between E and E*. The single-valued normalized duality mapping is denoted by
j-
1.1. Definition. Let K be a nonempty closed convex subset of £, T : K — K a
mapping.
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is said to be uniformly L-Lipschitzian if there exists L > 0 such that for any
1) T is said to b ; ly L-Lipschitzian if th ists L > 0 such that f
z,y € K
T2 = T"y|| < llo — yll, ¥n > 1;
(2) T is said to be asymptotically nonexpansive if there exists a sequence {kn} C
[1,00) with k, — 1 such that for any given z, y € K,
IT"z — T"y|| < knllz —yll, Vn > 1;

(3) T is said to be asymptotically pseudo-contractive if there exists a sequence {k, } C
[1,00) with k, — 1 such that for any given z, y € K, there exists j(z — y) €

J(:Z? - y)7

(T"x — Ty, j(x —y)) < kallz —y|>, Yn > 1.
1.2. Remark. (1) It is easy to see that if T' is an asymptotically nonexpansive mapping,
then T is a uniformly L-Lipschitzian mapping, where L = sup,,», k». And every asymp-

totically nonexpansive mapping is asymptotically pseudo-contractive, but the inverse is
not true, in general.

(2) The concept of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [3], while the concept of asymptotically pseudo-contractive mappings was in-
troduced by Schu [6], who proved the following theorem:

1.3. Theorem. (Schu [6]) Let H be a Hilbert space, K a nonempty bounded closed
convex subset of H and T : K — K a completely continuous, uniformly L-Lipschitzian,
and asymptotically pseudo-contractive mapping with a sequence {kn} C [1,00) satisfying
the following conditions:

(1) kn — 1 asn — oo;

(i) >0 (g2 — 1) < oo, where gn = 2kn — 1.
Suppose further that {an} and {Bn} are two sequences in [0, 1] such that € < an < Brn <
b Vn>1, wheree >0 and b € (0, L™*[(1+ Lz)% —1]) are some positive numbers. For
any gwen x1 € K, let {z,} be the iterative sequence defined by

Tnt1 = (1 — an)Tn + anT " Tp.

Then {zn} converges strongly to some fized point of T in K. O

In [1] the author extended Theorem 1.3 to a real uniformly smooth Banach space and
proved the following theorem:

1.4. Theorem. (Chang [1]) Let E be a uniformly smooth Banach space, K be a nonempty
bounded closed conver subset of £, T : K — K an asymptotically pseudo-contractive
mapping with a sequence {kn} C [1, 00), kn — 1 and F(T) # 0, where F(T) is the
set of fized points of T in K. Let {an} be a sequence in [0, 1] satisfying the following
conditions:

(i) an — 0;
(i) 357 an = oo.

For any given xo € K, let {zn} be the iterative sequence defined by
Znt1 = (1 — an)Tn + nT"xn, Y > 0.

If there ezists a strict increasing function ¢ : [0, co0) — [0, c0), ¢(0) =0, such that
("0 — 2%, (@ —2") < kalln —2* I = ¢(llen —a*|l), ¥ > 1,

where ™ € F(T) is some fized point of T in K, then ©, — x* as n — 0. a

Recently, in [5] Ofoedu proved the following theorem.
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1.5. Theorem. (Ofoedu [5]) Let E be a real Banach space, K a nonempty closed convex
subset of E, T : K — K a uniformly L-Lipschitzian asymptotically pseudo-contractive
mapping with a sequence {kn} C [1, 00), kn — 1 such that ™ € F(T), where F(T) is
the set of fized points of T in K. Let {a,} be a sequence in [0, 1] satisfying the following
conditions:
(1) ZZO:() Qp = O0;
(i) Yoneyam < oo;
(i) Yoo g an(kn —1) < co.
For a given zo € K, let {xn} be the iterative sequence defined by
ZTnt1 = (1 — an)xn + anT"xn, Yn > 0.
If there exists a strictly increasing function ¢ : [0, 00) — [0, 00), ¢(0) =0, such that
(T — @, j(z— ")) < kalle — 1% = #(1J — o"[]), Vo € K,
then {zn} converges strongly to z*. d

1.6. Remark. It should be pointed out that although Theorem 1.5 extends Theorem 1.4
from real uniformly smooth Banach spaces to arbitrary real Banach spaces and removes
the boundedness condition imposed on K, we have the following questions:

1.7. Question. Can Theorems 1.3-1.5 be extended from one L-Lipschitzian mapping
to a finite family of uniformly L-Lipschitzian mappings?

1.8. Question. What happens if algorithm (1.1) is replaced by the parallel iterative
algorithm?

1.9. Question. What happens if algorithm (1.1) is replaced by the viscosity iterative
algorithm?

The purpose of this paper is to give affirmative answers to the questions mentioned
above. We introduce a new approximation scheme combining the viscosity method with
the parallel method for finding a common fixed point of a family of finitely uniformly L-
Lipschitzian mappings in a Banach space. We use a simple and quite different method to
prove the same conclusion as given in Theorem 1.5 without the assumption that 7" is an
asymptotically pseudo-contractive mapping. Based on this result, we also get some new
and interesting results. The results in this paper extend and improve some well-known
results in the literature.

For this purpose we first give the following lemmas which will be needed in proving
our main results.

1.10. Lemma. (Chang [2]) Let E be a real Banach space and J : E — 2F7 the normalized
duality mapping. Then for any x,y € E we have
lle +yl* < llell* +2(y, j(x+y)), Vi@ +y) € J(@+y). O

1.11. Lemma. (Moore and Nnoli [4]) Let {6, } be a sequence of nonnegative real numbers
and {\n} a real sequence satisfying the following conditions:

oo
0<A <1, Y A =00
n=0
If there exists a strictly increasing function ¢ : [0, 00) — [0, 00) such that
01 < 07 — Ang(Ont1) + 0 V1 > o,

where no is some nonnegative integer and {on} is a sequence of nonnegative numbers
such that on = 0(An). Then 0, — 0 (asn — o0). O
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1.12. Lemma. (Tan and Xu [7]) Let {an},{bn}, be two nonnegative real sequences
satisfying:

An+1 S (1 + )\n)an + b’l’by

where {A\n} is a sequence in (0,1) with Y07 An < 00. If 377 by < 00, then limy o0 an
exists. O

2. Main results
In this section, we shall prove our main theorems.

2.1. Theorem. Let E be a real Banach space, K a nonempty closed convex subset of
E, T : K — K,i=1,2,...,m be m uniformly L;-Lipschitzian mappings with F' =
ﬂilil F(T;) # 0, where F(T;) is the set of fized points of T; in K and x* be a given point
in F. Let {k,} C [1, 00) be a sequence with k, — 1.

Let f be a contraction of K into itself, {un} a bounded sequence in K, {an}, {Bn},
{1} and {6»} four sequences in [0, 1] satisfying the following conditions:

i) an+Pn+m+on=1 Yn>0;

(ii) o V2 < oo;

(ili) Y07 g an < 00 and an = o(Vn);

(iv) >0 ) 0n < 00 and 6n = o(Vn);

(V) ZZO:O ’Yn(kn — 1) < 00.
For any given z1 € K, let {z,} be the iterative sequence defined by

m
(21) Tn+1 — Oénf(xn) + ﬂnxn + Yn ZtiTinmn + 57LU7L7 Vn> 07

i=1
where {t;}iX, is a finite sequence of positive number such that y ;- t; = 1. If there ezists
a strict increasing function ¢ : [0, co) — [0, 00), ¢(0) =0 such that

(T'z — 2", j(z — ")) < kallz — 2"[]” = ¢(|]x — 2™[|)

forall j(x—z*) € J(x—z") andz € K, i =1,2,...,m, then {x,} converges strongly to

T .

Proof. The proof is divided into two steps.

(I) Denote L = max{L1, L2, ..., Ln} and M = max{sup,, >, {[lun—z"||, || f(z") —z"|[}.
First, we prove that the sequence {x,} defined by (2.1) is bounded.

In fact, since f be a contraction of K into itself, there exists a € [0,1) such that
I1f (@) = fFW)l < allz —yl|
for all z,y € K. It follows from (2.1) and Lemma 1.10 that

llens — "]

2

n(F() ="l + (ST =D 0" ) 4 Buun=a)
i=1 i=1

< Ballwn — 21?4 20m (f(#n) — 2%, (g1 —2"))

m
29 Y (T — 2%, j(@ni1 — 27)) + 200 (tn — 2%, j(Tni1 — 27))
i=1
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< Brllzn — 2|7 + 200 (f(xn) — (&), G(@nir — 7))
+ 20, (f(z") — 2%, j(Zn41 —27))

429 Y (T i1 — 2", j(@apr — 7))
i=1

m
+ 27n Z ti<Tinxn_Tinxn+17j(xn+l _x*)>
i=1
T %8ulun =" - msa —a”]
< B2z — "I + 2anallzn — 2°]| - [2nss — 2]

+ 20ull (@) — & || llenss — o
+ 290 {knll@nt1 — " |* = ¢(||zns1 — 27}
m
+ 27, ZtiHTfacn =Tl wng|| - lznss — 27|

=1
+ 28, M|[z41 — 27|

< (1= 3z — 2| + 20mallan — || lfznss — 7|
(22) 20 M - fnss — &I+ 20 {Eallznss — 2|2 = $(lnss — o)}
+ 290 Ll|zn = Tngal| - [|Tns1 — 27| + 200 M ||Tnsr — 27|
Since
[|Zn+1 — znl|
i=1 i=1
< onllf(zn) = f(@7) + f(2") — 2" + 2" — 2]
F 9 Y Tl — 2" + 2 = x|+ Onllun — 27 + 27 — |
i=1
< on(a+Dllzn =27 + an||f(z7) — 27
3 (1T w0 — 2| + |20 — 27[]) + 8ullun — 27| + Gnllwn — 2|
i=1
<A{an(a+1) + (L +1) + dn}|zn — || + anM + 5, M
(2.3) <1+ ana+yL)||zn —x*|| + anM + 5, M

Substituting (2.3) into (2.2) we have
lZnsr — ||
< (1 =) l[2n — 2" IP + 29nkallonss — 7 |1* = 290 ([2ass — 7]
+ 2{ana+ mL(an(a+ 1) + (L + 1) + 0n) Hlzn — 27| - [[ena — 27|
+ 2(0m + 62) (1 + Y L)M - [|zps1 — 27|
< (1 =) l[2n — 2" I* + 29nkallonss — 7 |1* = 290([2ass — 2]
(2.4) + {ana + ynL(an(a@ + 1) +vn (L + 1) + 6) H||zn — 2]
Fllzner — 2P} + (an + 62) 1+ L) (M? + [|znsr — ")
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Simplifying this, we have

[E—E

< 22 on — &I = 22 g((lans — ) + L2t 2N E D)
B 1+27n(kn_1)+’Y'r27,+2{ana+7nL(an(a+1)+7n(L+1)+6n)}
- "
(2.5) +(a+])3¢}llwn—m 112
29n * an +0n)(1+ nLM2
= 20 g — a7 + {2 DR

where
Ap = (1 =v0) 4 {ana+ ynLlan(a + 1) + (L 4+ 1) + 6,)},
Bn =1—2v3kn — {ana+nL(an(a+1) + (L + 1)+ dn)}
— (an + 0n) (1 + v L).

Since an — 0, 7 = 0, dp = 0, kn — 1 (as n — 00), there exists a positive integer no
such that 3+ < Bn < 1,Vn > no. Therefore it follows from (2.5) that

lZnsr — 7|
< {14229 (kn — 1) + 732 + 2(@na +ynL(an (e + 1) +vu (L + 1) + 8n))
(2.6) + (an + 62) (L + 3 L) Hlzn — 2" ||* = 290 6(|[@ns1 — 27|])
+2(an +0n)(1 + ’ynL)M27 Vn > ng.
Therefore we have
[
< {14227 (kn — 1) + 73 + 2(@na +ynL(an (e + 1) +vu (L + 1) + 8n))
(2.7) + (@ + 6n) (L + Y L) Hlzn — 2*()* + 2(an + 32) (1 + v L)M?, Y1 > no.

By conditions (ii)—(v), we have
23 {nlkn — 1)+75+2(ana+yn L(om (a+1) +yn (L+1)+6,))
n=0

+(an+6n)(14+vnL) } < oo,

and
2 " {(om +62) (1 + v L)M?} < 0.
n=0

It follows from Lemma 1.12 that the limit limp— oo ||zn — || exists. Therefore the
sequence {||z, — z*||} is bounded. Without loss of generality, we can assume that

llzn — "> < M,
where M™ is some positive constant.
(II) Now we consider (2.6) and prove that z, — z* (as n — c0).
Taking 6, = ||zn — 27|, An = 279, and
on = 2[2yn(kn — 1) + 75 4+ 2(ana + Y L(an(a 4+ 1) + vu (L + 1) 4 3,))
+ (an 4 82) (1 4+ 4 L) M 4 2(v + 6,)(1 4+ L)M?,
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inequality (2.6) can be written as:
Ore1 <00 = And(Ons1) + 0.

By conditions (i)—(v) we know that all the conditions in Lemma 1.11 are satisfied. There-
fore

[|zn —2¥]] = 0 (asn — o0),

that is, zn — ™ (as n — o0). This completes the proof of Theorem 2.1. O

2.2. Remark. (1) Theorem 2.1 extends and improves the corresponding results in Chang
[1], Ofoedu [5], Schu [6] and Zeng [8, 9];

(2) The method used in the proof of Theorem 2.1 is quite different the method given
in Ofoedu [5].

(3) Theorem 2.1 extends and improves Theorem 3.1 of Ofoedu [5], it abolishes the
assumption that 7T is an asymptotically pseudo-contractive mapping.

2.3. Remark. If a,, = 0Vn > 1 in Theorem 2.1, then we can obtain corresponding
results for the parallel iterative algorithm, but these are omitted here.

The following theorem can be immediately obtained from Theorem 2.1:

2.4. Theorem. Let E be a real Banach space, K a nonempty closed convex subset of E,
T: K — K a uniformly L-Lipschitzian mapping with F(T) # 0, where F(T) is the set of
fized points of T in K, and x* is a point in F(T'). Let {kn} C [1, 00) be a sequence with
kn — 1. Let f be a contraction of K into itself, {un} a bounded sequence in K, {an},
{Bn}, {7} and {0n} four sequences in [0, 1] satisfying the following conditions:

(i) an+fBn+m+6n =1, Vn > 0;

(ii) o V2 < oo;

(ili) Y07 g an < 00 and an = o(Vn);

(iv) >0 ) 0n < 00 and 6n = o(Vn);

(V) ZZO:O ’Yn(kn — 1) < 0.
For any given z1 € K, let {z,} be the iterative sequence defined by

(2.8)  Tnt1 = anf(Tn) + BnTn + VT " Tn + Sntn, ¥Yn > 0.

If there exists a strictly increasing function ¢ : [0, o0) — [0, 0o) with ¢(0) = 0 such that
(T"x —a", j(z —2")) < knlle —2"||* = o(||lz — 2™]))

for all j(x — ™) € J(x — 2*) and x € K, then {xn} converges strongly to z*. O

2.5. Remark. In Theorem 2.4 it is not assumed that 7" is an asymptotically pseudo-

contractive mapping. Thus, Theorem 2.4 is a generalization and improvement of Ofoedu
[5, Theorem 3.2].

2.6. Remark. If §, = 0, Vn > 1 in Theorems 2.1 and 2.4, then we can obtain cor-
responding results for the viscosity iterative process without errors, but this is omitted
here.
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