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Abstract

Let ω1 and ω2 be weight functions on R
d, R

d × R+, respectively.
Throughout this paper, we define Dp,q

ω1,ω2

(
R

d
)

to be the vector space

of f ∈ Lp
ω1

(
R

d
)

such that the wavelet transform Wgf belongs to

Lq
ω2

(
R

d × R+

)
for 1 ≤ p, q < ∞, where 0 6= g ∈ S

(
R

d
)
. We en-

dow this space with a sum norm and show that Dp,q
ω1,ω2

(
R

d
)

becomes
a Banach space. We discuss inclusion properties, and compact em-
beddings between these spaces and the dual of Dp,q

ω1,ω2

(
R

d
)
. Later we

accept that the variable s in the space Dp,q
ω1,ω2

(
R

d
)

is fixed. We denote

this space by
(
Dp,q

ω1,ω2

)
s

(
R

d
)
, and show that under suitable conditions(

Dp,q
ω1,ω2

)
s

(
R

d
)

is an essential Banach Module over L1
ω1

(
R

d
)
. We ob-

tain its approximate identities. At the end of this work we discuss the
multipliers from

(
Dp,q

ω1,ω2

)
s

(
R

d
)

into L∞

ω
−1
1

(
R

d
)
, and from L1

ω1

(
R

d
)

into
(
Dp,q

ω1,ω2

)
s

(
R

d
)
.
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1. Introduction

In this paper we work on R
d with Lebesgue measure dx. Cc

(
R

d
)

and S
(
R

d
)

denote the

space of complex-valued continuous functions on R
d with compact support and the space

of complex-valued continuous functions on R
d rapidly decreasing at infinity, respectively.

Also Lp
(
R

d
)
, (1 ≤ p <∞) denotes the usual Lebesgue space. For any function f : R

d →
C, the translation, modulation and dilation operators Tx, Mω and Ds are given by

Txf (t) = f (t− x), Mωf (t) = e2πiωtf (t) and Dsf (t) = |s|− d
2 f

(
t
s

)
for all x, ω ∈ R

d,
0 6= s ∈ R, respectively. The parameters in wavelet theory are “time” x and “scale”
s. The dilation operator Ds preserves the shape of f , but it changes the scale. In
this paper we also use weight functions, which are positive real valued, measurable and
locally bounded functions ω on R

d which satisfy ω (x) ≥ 1, ω (x+ y) ≤ ω (x)ω (y) for all
x, y ∈ R

d. Let a ≥ 0. A weight ω (x, s) = (1 + |x| + |s|)a which is defined on R
d × R+ is

called a weight of polynomial type. We have the inequality ω (x+ z, s) ≤ ω (x, s)ω (z, t)
for x, z ∈ R

d and s, t ∈ R+. Indeed

ω (x+ z, s) = (1 + |x+ z| + |s|)a ≤ (1 + |x+ z| + |s+ t|)a

≤ (1 + |x| + |s|)a (1 + |z| + |t|)a = ω (x, s)ω (z, t) .

We set

Lp
ω

(
R

d
)

=
{
f : fω ∈ Lp

(
R

d
)}

for 1 ≤ p < ∞. It is known that Lp
ω

(
R

d
)

is a Banach space under the norm ‖f‖
p,ω

=

‖fω‖
p
. Particularly L1

ω

(
R

d
)

is called a Beurling algebra, because it is a Banach convo-
lution algebra. Let ω1 and ω2 are two weight functions. We write ω1 ≺ ω2 if there exists
C > 0 such that ω1 (x) ≤ Cω2 (x) for all x ∈ R

d. Two weight function ω1 and ω2 are
called equivalent, written ω1 ≈ ω2, if and only if ω1 ≺ ω2 and ω2 ≺ ω1.

Let 〈x, t〉 =
d∑

i=1

xiti be the usual scalar product on R
d. For f ∈ L1

(
R

d
)
, the Fourier

transform
∧

f is given by

∧

f (t) =

∫

Rd

f (x) e−2πi〈x,t〉 dx.

Given any fixed 0 6= g ∈ L2
(
R

d
)

(called a wavelet function), the wavelet transform of a

function f ∈ L2
(
R

d
)

with respect to g is defined by

Wgf (x, s) = |s|− d
2

∫

Rd

f (t) g

(
t− x

s

)
dt = 〈f, TxDsg〉

for x ∈ R
d and 0 6= s ∈ R. We can write the wavelet transform as the convolution

Wgf (x, s) = f ∗ Dsg
∗ (x), where g∗ (t) = g (−t). Also, the wavelet transform of a

function f ∈ Lp
(
R

d
)

with respect to 0 6= g ∈ L1
(
R

d
)

is defined similarly. It is easy to
see that Wg (Tzf) = T(z,0)Wgf .

For g1,g2 ∈ L2
(
R

d
)
, d ≥ 1, assume that for almost all ω ∈ R

d with |ω| = 1,

(1)

∫ ∞

0

∣∣∣ ∧
g1 (sω)

∧
g2 (sω)

∣∣∣ ds
s
<∞,

and

(2)

∫ ∞

0

∧
g1 (sω)

∧
g2 (sω)

ds

s
= K.
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Then for all f1,f2 ∈ L2
(
R

d
)
,

∞∫

0

∫

Rd

Wg1
f1 (x, s)Wg2

f2 (x, s)
dx ds

sd+1
= K 〈f1, f2〉 .

The conditions (1) and (2) are called the wavelet admissibility conditions.

Let f ∈ L2
(
R

d
)
. If g1,g2 ∈ L2

(
R

d
)

satisfy the admissibility conditions, then f is
reconstructed from its wavelet transform by

f =
1

K

∫

Rd

∞∫

0

Wg1
f (x, s)TxDsg2

dx ds

sd+1
.

For two Banach modules B1 and B2 over a Banach algebra A, we write MA (B1, B2) or
HomA (B1, B2) for the space of all bounded linear operators from B1 into B2 satisfying
T (ab) = aT (b) for all a ∈ A, b ∈ B1. These operators are called (right) multipliers. It
is known that

HomA (B1, B
∗
2 ) ∼= (B1 ⊗A B2)

∗ ,

where B∗
2 is the dual of B2 and B1 ⊗A B2 is the A-module tensor product of B1 and B2

[18].

2. The space D
p,q
ω1,ω2

(
R

d
)

2.1. Definition. Let 0 6= g ∈ S
(
R

d
)
, and let ω1, ω2 be weight functions on R

d and

R
d × R+, respectively. For 1 ≤ p, q <∞, we set

Dp,q
ω1,ω2

(
R

d
)

=
{
f ∈ Lp

ω1

(
R

d
)
|Wgf ∈ Lq

ω2

(
R

d × R+

)}
.

It is easy to see that ‖f‖
D

p,q
ω1,ω2

= ‖f‖
p,ω1

+ ‖Wgf‖q,ω2
is a norm on the vector space

Dp,q
ω1,ω2

(
R

d
)
.

2.2. Theorem.
(
Dp,q

ω1,ω2

(
R

d
)
, ‖ · ‖

D
p,q
ω1,ω2

)
is a Banach space.

Proof. Suppose that (fn)
n∈N

is a Cauchy sequence in Dp,q
ω1,ω2

(
R

d
)
. Clearly (fn)

n∈N

and (Wgfn)
n∈N

are Cauchy sequences in Lp
ω1

(
R

d
)

and Lq
ω2

(
R

d × R+

)
, respectively.

Since Lp
ω1

(
R

d
)

and Lq
ω2

(
R

d × R+

)
are Banach spaces, there exist f ∈ Lp

ω1

(
R

d
)

and

h ∈ Lq
ω2

(
R

d × R+

)
such that ‖fn − f‖

p,ω1
→ 0, ‖Wgfn − h‖

q,ω2
→ 0. This implies

‖Wgfn − h‖q → 0.Then (Wgfn)n∈N
has a subsequence (Wgfnk

)
nk∈N

which converges

pointwise to h almost everywhere. It is easy to show that ‖fnk
− f‖

p
→ 0. Also by

Hölder’s inequality, we have

|Wgf (x, s) − h (x, s)| = |Wgf (x, s) − h (x, s) +Wgfnk
(x, s) −Wgfnk

(x, s)|
≤ |〈fnk

, TxDsg〉 − 〈f, TxDsg〉| + |Wgfnk
(x, s) − h (x, s)|

≤
∫

Rd

|(fnk
− f) (t)| |TxDsg (t)| dt+ |Wgfnk

(x, s) − h (x, s)|

≤ s
d
r
− d

2 ‖fnk
− f‖

p
‖g‖

r
+ |Wgfnk

(x, s) − h (x, s)| .
By using this inequality it is easily seen that Wgf = h almost everywhere. Since
the equivalence classes of Wgf and h are equal then ‖fn − f‖

D
p,q
ω1,ω2

→ 0 and f ∈
Dp,q

ω1,ω2

(
R

d
)
. That means Dp,q

ω1,ω2

(
R

d
)

is a Banach space. �
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2.3. Lemma. We have the inclusion

Cc

(
R

d × R+, dxds
)
⊂ L2

(
R

d × R+,
dxds

sd+1

)
,

where dxds

sd+1 is the weighted Lebesgue measure on R
d × R+.

Proof. Take any h ∈ Cc

(
R

d × R+, dxds
)
. Let supph = K and f (x, s) = |h(x,s)|

sd+1 . Since
s > 0 and f is continuous, then suppf = K. If we set max f (x, s) = m, then

‖h‖
L2

(
Rd×R+, dxds

sd+1

) =

∫∫

Rd×R+

|h (x, s)|2
sd+1

dx ds

≤ m

∫∫

K

dx ds = mµ (K)

is finite. Hence we obtain h ∈ L2
(
R

d × R+,
dxds

sd+1

)
. �

The following example shows that Dp,q
ω1,ω2

(
R

d
)
6= ∅.

2.4. Example. Let ω2 be any weight function on R × R+. Take the weight function
ω1 (t) = 1 + |t| on R. Assume that g ∈ S (R) satisfies the admissibility conditions. Now,
we consider the space D2,q

ω1,ω2
(R) for 1 ≤ q < ∞. Take any F ∈ Cc (R × R+, dxds) ⊂

L2
(
R × R+,

dx ds
s2

)
. Then

1

K

∫∫

R×R+

F (x, s)TxDsg (t)
dx ds

s2
= f (t) .

Thus we have

(3)

‖f‖2,ω1
=

∥∥∥∥∥
1

K

∫∫

R×R+

F (x, s)TxDsg (t)
dx ds

s2

∥∥∥∥∥
2,ω1

≤ 1

K

∫∫

R×R+

|F (x, s)|
s2

‖TxDsg‖2,ω1
dx ds

≤ 1

K

∫∫

R×R+

|F (x, s)|
s2

ω1 (x) ‖Dsg‖2,ω1
dx ds

=
1

K

∫∫

R×R+

|F (x, s)| (1 + |x|)
s2

‖Dsg‖2,ω1
dx ds.

Also

‖Dsg‖2
2,ω1

≤
(

1√
s

)2

s

∫

R

|g (u)|2 ω1 (u)2 ω1 (s)2 du = ω1 (s)2 ‖g‖2
2,ω1

.

Hence

(4) ‖Dsg‖2,ω1
≤ ω1 (s) ‖g‖2,ω1

= (1 + s) ‖g‖2,ω1
.

Combining (3) and (4), we obtain

(5) ‖f‖2,ω1
≤ 1

K
‖g‖2,ω1

∫∫

R×R+

|F (x, s)| (1 + |x|)
s2

(1 + s) dx ds.
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Since F is continuous and s 6= 0, |F (x,s)|(1+|x|)(1+s)

s2 is continuous. If we set suppF = A,

then also supp
(

|F (x,s)|(1+|x|)(1+s)

s2

)
= A. Moreover if we set max

(x,s)∈A

(
|F (x,s)|(1+|x|)(1+s)

s2

)
=

N , by (5) we have

‖f‖2,ω1
≤ N

K
‖g‖2,ω1

µ (A) <∞,

where µ (A) is the area of the set A. Then we obtain f ∈ L2
ω1

(R) ⊂ L2 (R). Hence by

Theorem 10.2 in [9], we have Wgf ∈ L2
(
R × R+,

dxds

s2

)
. Since the wavelet transform is

one-to-one, this implies Wgf = F . It is also known that Cc (R × R+) ⊂ Lq
ω2

(R × R+).

Thus we have Wgf ∈ Lq
ω2

(R × R+). That means f ∈ D2,q
ω1,ω2

(R).

2.5. Theorem. Let ω1 be a weight function and ω2 a weight function of polynomial

type.Then

(1) Dp,q
ω1,ω2

(
R

d
)

is invariant under translations.

(2) The mapping f 7→ Tzf is continuous from Dp,q
ω1,ω2

(
R

d
)

into Dp,q
ω1,ω2

(
R

d
)

for

every fixed z ∈ R
d.

Proof. 1) Let f ∈ Dp,q
ω1,ω2

(
R

d
)
. Then we have f ∈ Lp

ω1

(
R

d
)

and Wgf ∈ Lq
ω2

(
R

d × R+

)
.

Since ‖Tzf‖p,ω1
≤ ω1 (z) ‖f‖p,ω1

, we see that Tzf ∈ Lp
ω1

(
R

d
)

for all z ∈ R
d [7].

Also, since ω2 is a weight function of polynomial type then we write ω2 (x+ z, s) ≤
ω2 (x, s)ω2 (z, t) for every fixed t ∈ R+. By using the equality Wg (Tzf) = T(z,0)Wgf , we
have

‖Wg (Tzf)‖
q,ω2

≤ ω2 (z, t) ‖Wgf‖q,ω2

for all fixed z ∈ R
d and t ∈ R+. Thus, we obtain

‖Tzf‖D
p,q
ω1,ω2

≤ ω1 (z) ‖f‖
p,ω1

+ ω2 (z, t) ‖Wgf‖q,ω2
.

Hence Tzf ∈ Dp,q
ω1,ω2

(
R

d
)
. This means that Dp,q

ω1,ω2

(
R

d
)

is invariant under translations.

2) Let f ∈ Dp,q
ω1,ω2

(
R

d
)
. Since f 7→ Tzf is linear, it is enough to prove the theorem for

f = 0. Let ε > 0 be given. Choose δ > 0 to be δ = ε
ω1(z)+ω2(z,t)

. Thus, if ‖f‖
D

p,q
ω1,ω2

< δ,

then ‖f‖
p,ω1

≤ ‖f‖
D

p,q
ω1,ω2

< δ and ‖f‖
q,ω2

≤ ‖f‖
D

p,q
ω1,ω2

< δ. Also, similarly to the proof

of ‖Wg (Tzf)‖
q,ω2

≤ ω2 (z, t) ‖Wgf‖q,ω2
in 1), we obtain

‖Tzf‖
D

p,q
ω1,ω2

= ‖Tzf‖p,ω1
+ ‖Wg (Tzf)‖

q,ω2

< δ {ω1 (z) + ω2 (z, t)} = ε. �

3. Inclusion properties of the space D
p,q
ω1,ω2

(
R

d
)

3.1. Proposition. For every 0 6= f ∈ Dp,q
ω1,1

(
R

d
)

there exists C (f) > 0 such that

C (f)ω1 (z) ≤ ‖Tzf‖
D

p,q
ω1,1

≤ ω1 (z) ‖f‖
D

p,q
ω1,1

.

Proof. Let 0 6= f ∈ Dp,q
ω1,1

(
R

d
)
. By [7, Proposition 1.7], there exists C (f) > 0 such that

C (f)ω1 (z) ≤ ‖Tzf‖p,ω1
≤ ω1 (z) ‖f‖

p,ω1
.

By using Wg (Tzf) = T(z,0)Wgf , we write

C (f)ω1 (z) ≤ ‖Tzf‖p,ω1
+ ‖Wg (Tzf)‖

q
≤ ω1 (z) ‖f‖

p,ω1
+ ‖Wgf‖q

≤ ω1 (z) ‖f‖
p,ω1

+ ω1 (z) ‖Wgf‖q

= ω1 (z)
{
‖f‖p,ω1

+ ‖Wgf‖q

}
= ω1 (z) ‖f‖

D
p,q
ω1,1
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for all f ∈ Dp,q
ω1,1

(
R

d
)
. Hence, we obtain

C (f)ω1 (z) ≤ ‖Tzf‖
D

p,q
ω1,1

≤ ω1 (z) ‖f‖
D

p,q
ω1,1

. �

3.2. Lemma. Let ω1, ω2, ω3 and ω4 be weight functions. If Dp,q
ω1,ω3

(
R

d
)
⊂ Dp,q

ω2,ω4

(
R

d
)
,

then Dp,q
ω1,ω3

(
R

d
)

is a Banach space under the norm ‖f‖
D

= ‖f‖
D

p,q
ω1,ω3

+ ‖f‖
D

p,q
ω2,ω4

.

Proof. Suppose that (fn)
n∈N

is a Cauchy sequence in
(
Dp,q

ω1,ω3

(
R

d
)
, ‖ · ‖

D

)
. Then (fn)

n∈N

is a Cauchy sequence in
(
Dp,q

ω1,ω3

(
R

d
)
, ‖ · ‖D

p,q
ω1,ω3

)
and

(
Dp,q

ω2,ω4

(
R

d
)
, ‖ · ‖D

p,q
ω2,ω4

)
. Since

these spaces are Banach spaces, there exist f ∈ Dp,q
ω2,ω4

(
R

d
)

and h ∈ Dp,q
ω1,ω3

(
R

d
)

such
that ‖fn − f‖

D
p,q
ω2,ω4

→ 0, ‖fn − h‖
D

p,q
ω1,ω3

→ 0. Using the inequalities ‖ · ‖
p
≤ ‖ · ‖

D
p,q
ω2,ω4

and ‖ · ‖
p
≤ ‖ · ‖

D
p,q
ω1,ω3

, we obtain ‖fn − f‖
p
→ 0, and ‖fn − h‖

p
→ 0. Also by using the

inequality ‖f − h‖
p
≤ ‖fn − f‖

p
+ ‖fn − h‖

p
, we see that ‖f − h‖

p
= 0, and then f = h.

Thus ‖fn − f‖
D

→ 0 and f ∈
(
Dp,q

ω1,ω3

(
R

d
)
, ‖ · ‖

D

)
. That means

(
Dp,q

ω1,ω3

(
R

d
)
, ‖ · ‖

D

)

is a Banach space. �

It is easy to prove the following Lemma 3.3.

3.3. Lemma. Let k be a constant number and 1 ≤ p <∞. If ω ≈ k, then

Lp
ω

(
R

d × R+

)
= Lp

(
R

d × R+

)
. �

3.4. Theorem. Suppose that ω1 and ω2 are weight functions. Then Dp,q
ω1,1

(
R

d
)

⊂
Dp,q

ω2,1

(
R

d
)

if and only if ω2 ≺ ω1.

Proof. Let ω2 ≺ ω1. Then there exists C > 0 such that ω2 (z) ≤ Cω1 (z) for all z ∈ R
d.

We can choose C > 1. Take any f ∈ Dp,q
ω1,1

(
R

d
)
. Thus we write ‖f‖p,ω2

≤ C ‖f‖p,ω1
.

Furthermore, since ‖Wgf‖q
<∞, we have

‖f‖
D

p,q
ω2,1

= ‖f‖
p,ω2

+ ‖Wgf‖q

≤ C ‖f‖
p,ω1

+ C ‖Wgf‖q
= C ‖f‖

D
p,q
ω1,1

<∞.

Therefore, Dp,q
ω1,1

(
R

d
)
⊂ Dp,q

ω2,1

(
R

d
)
.

Conversely, suppose that Dp,q
ω1,1

(
R

d
)
⊂ Dp,q

ω2,1

(
R

d
)
. For every f ∈ Dp,q

ω1,1

(
R

d
)
, we have

f ∈ Dp,q
ω2,1

(
R

d
)
. By Proposition 3.1, there are constants C1, C2, C3, C4 > 0 such that

(6) C1ω1 (z) ≤ ‖Tzf‖
D

p,q
ω1,1

≤ C2ω1 (z)

and

(7) C3ω2 (z) ≤ ‖Tzf‖
D

p,q
ω2,1

≤ C4ω2 (z)

for all z ∈ R
d. Also, from Lemma 3.2 the space Dp,q

ω1,1

(
R

d
)

is a Banach space under
the norm ‖f‖

D
= ‖f‖

D
p,q
ω1,1

+ ‖f‖
D

p,q
ω2,1

. Then by the closed graph theorem, there exists

C > 0 such that

(8) ‖f‖
D

p,q
ω2,1

≤ C ‖f‖
D

p,q
ω1,1

for all f ∈ Dp,q
ω1,1

(
R

d
)
. Furthermore, by Proposition 3.1 Tzf ∈ Dp,q

ω1,1

(
R

d
)
, and by (8)

we write

(9) ‖Tzf‖
D

p,q
ω2,1

≤ C ‖Tzf‖
D

p,q
ω1,1

.
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Hence, combining (6), (7) and (9), we obtain

C3ω2 (z) ≤ ‖Tzf‖
D

p,q
ω2,1

≤ C ‖Tzf‖
D

p,q
ω1,1

≤ CC2ω1 (z) .

Thus, ω2 (z) ≤ CC2

C3
ω1 (z). If we take k = CC2

C3
, then we find ω2 (z) ≤ kω1 (z). �

3.5. Proposition. Let ω1, ω2 be weight functions and ω3 ≈ k1, ω4 ≈ k2, where k1, k2

are constant numbers. Then Dp,q
ω1,ω3

(
R

d
)
⊂ Dp,q

ω2,ω4

(
R

d
)

if and only if ω2 ≺ ω1.

Proof. Since ω3 ≈ k1 and ω4 ≈ k2, by Lemma 3.3 we can write Lp
ω3

(
R

d × R+

)
=

Lp
(
R

d × R+

)
and Lp

ω4

(
R

d × R+

)
= Lp

(
R

d × R+

)
. By using Theorem 3.4, we obtain

Dp,q
ω1,ω3

(
R

d
)
⊂ Dp,q

ω2,ω4

(
R

d
)

if and only if ω2 ≺ ω1. �

3.6. Corollary. Let ω3 ≈ k1 and ω4 ≈ k2. Then Dp,q
ω1,ω3

(
R

d
)

= Dp,q
ω2,ω4

(
R

d
)

if and only

if ω1 ≈ ω2.

Proof. Follows easily from Proposition 3.5. �

3.7. Proposition. Assume that ω1, ω2, ω3, and ω4 are weight functions. If ω =
max {ω1, ω3} and m = max {ω2, ω4}, then we have

Dp,q
ω1,ω2

(
R

d
)
∩Dp,q

ω3,ω4

(
R

d
)

= Dp,q
ω,m

(
R

d
)
.

Proof. For every f ∈ Dp,q
ω,m

(
R

d
)
, we have

‖f‖
D

p,q
ω1,ω2

= ‖f‖
p,ω1

+ ‖Wgf‖q,ω2
≤ ‖f‖

p,ω
+ ‖Wgf‖q,m

<∞.

Hence, f ∈ Dp,q
ω1,ω2

(
R

d
)
. Similarly we have f ∈ Dp,q

ω3,ω4

(
R

d
)
. Then we obtainDp,q

ω,m

(
R

d
)
⊂

Dp,q
ω1,ω2

(
R

d
)
∩Dp,q

ω3,ω4

(
R

d
)
.

Conversely take any f ∈ Dp,q
ω1,ω2

(
R

d
)
∩ Dp,q

ω3,ω4

(
R

d
)
. Since ω = max {ω1, ω3} and

m = max {ω2, ω4}, it easily shown that

‖f‖
D

p,q
ω,m

= ‖f‖
p,ω

+ ‖Wgf‖q,m
<∞.

Thus, we may write Dp,q
ω1,ω2

(
R

d
)
∩Dp,q

ω3,ω4

(
R

d
)
⊂ Dp,q

ω,m

(
R

d
)
. Finally, we obtain

Dp,q
ω1,ω2

(
R

d
)
∩Dp,q

ω3,ω4

(
R

d
)

= Dp,q
ω,m

(
R

d
)
. �

3.8. Proposition. Let ω1, ω2, ω3, and ω4 be weight functions. If ω3 ≺ ω1 and ω4 ≺ ω2,

then

Dp,q
ω1,ω2

(
R

d
)
⊂ Dp,q

ω3,ω4

(
R

d
)

for all f ∈ Dp,q
ω1,ω2

(
R

d
)
.

Proof. Let ω3 ≺ ω1 and ω4 ≺ ω2. Then there exist C1, C2 > 0 such that ω3 (t) ≤
C1ω1 (t) and ω4 (z, u) ≤ C2ω2 (z, u) for all t ∈ R

d, (z, u) ∈ R
d × R+. Take any

f ∈ Dp,q
ω1,ω2

(
R

d
)
. Since f ∈ Lp

ω1

(
R

d
)

and Wgf ∈ Lq
ω2

(
R

d × R+

)
, we have ‖f‖

p,ω3
≤

C1 ‖f‖p,ω1
and ‖Wgf‖q,ω4

≤ C2 ‖Wgf‖q,ω2
. Therefore, we find f ∈ Dp,q

ω3,ω4

(
R

d
)
, and

hence Dp,q
ω1,ω2

(
R

d
)
⊂ Dp,q

ω3,ω4

(
R

d
)
. �

3.9. Proposition. Let ω1, ω2, ω3, and ω4 be weight functions. If Dp,q
ω1,ω2

(
R

d
)

⊂
Dp,q

ω3,ω4

(
R

d
)
, then there exists a C > 0 such that

‖f‖
D

p,q
ω3,ω4

≤ C ‖f‖
D

p,q
ω1,ω2

for every f ∈ Dp,q
ω1,ω2

(
R

d
)
.
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Proof. We endow the space Dp,q
ω1,ω2

(
R

d
)

with the norm ‖ · ‖
D

= ‖ · ‖
D

p,q
ω1,ω2

+ ‖ · ‖
D

p,q
ω3,ω4

.

By Lemma 3.2, the space
(
Dp,q

ω1,ω2

(
R

d
)
, ‖ · ‖

D

)
is Banach space. If we use the closed

graph theorem, then there exists C > 0 such that ‖f‖
D

p,q
ω3,ω4

≤ C ‖f‖
D

p,q
ω1,ω2

for every

f ∈ Dp,q
ω1,ω2

(
R

d
)
. �

3.10. Lemma. Let ω1 be any weight function and ω2 a weight function of polynamial

type. Then, there exists C (f) > 0 such that

C (f)ω1 (z) ≤ ‖Tzf‖
D

p,q
ω1,ω2

≤ (ω1 (z) + ω2 (z, t)) ‖f‖
D

p,q
ω1,ω2

for every 0 6= f ∈ Dp,q
ω1,ω2

(
R

d
)

and t ∈ R+.

Proof. Let 0 6= f ∈ Dp,q
ω1,ω2

(
R

d
)

be given. Since f ∈ Lp
ω1

(
R

d
)
, then by [7, Proposition

1.7] there exists C (f) > 0 such that

C (f)ω1 (z) ≤ ‖Tzf‖p,ω1
≤ ω1 (z) ‖f‖

p,ω1
.

Furthermore, using the inequality ‖Wg (Tzf)‖q,ω2
≤ ω2 (z, t) ‖Wgf‖q,ω2

in the proof of
Theorem 2.5, we have

C (f)ω1 (z) ≤ ‖Tzf‖p,ω1
+ ‖Wg (Tzf)‖

q,ω2

≤ ω1 (z) ‖f‖
p,ω1

+ ω2 (z, t) ‖Wgf‖q,ω2

≤ ω1 (z) ‖f‖
D

p,q
ω1,ω2

+ ω2 (z, t) ‖f‖
D

p,q
ω1,ω2

= {ω1 (z) + ω2 (z, t)} ‖f‖
D

p,q
ω1,ω2

for all t ∈ R+. �

4. Compact embeddings of the space D
p,q
ω1,ω2

(
R

d
)

4.1. Lemma. Let (fn)
n∈N

be a sequence in Dp,q
ω1,ω2

(
R

d
)
. If (fn)

n∈N
converges to zero

in Dp,q
ω1,ω2

(
R

d
)
, then

∫

Rd

fn (x) k (x) dx→ 0

as n→ ∞ for all k ∈ Cc

(
R

d
)
.

Proof. Let k ∈ Cc

(
R

d
)

and 1
p

+ 1
s

= 1. Then we may write

(10)

∣∣∣∣∣∣

∫

Rd

fn (x) k (x) dx

∣∣∣∣∣∣
≤ ‖k‖s ‖fn‖p ≤ ‖k‖s ‖fn‖D

p,q
ω1,ω2

.

Therefore, by the assumption and (10), we obtain
∫

Rd

fn (x) k (x) dx → 0 as n → ∞ for

all k ∈ Cc

(
R

d
)
. �

4.2. Theorem. Let ω1, ω2 be weight functions of polynomial type on R
d, R

d × R+

respectively, and let ν be a weight function on R
d. If ν ≺ ω1 and

ν(x)
ω1(x)+ω2(x,s)

9 0 for

every fixed s and for x → ∞, then the embedding of the space Dp,q
ω1,ω2

(
R

d
)

into Lp
ν

(
R

d
)

is never compact.
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Proof. Since ν ≺ ω1, there exists C1 > 0 such that ν (x) ≤ C1ω1 (x) for all x ∈ R
d. This

implies Dp,q
ω1,ω2

(
R

d
)
⊂ Lp

ν

(
R

d
)
. Let (tn)

n∈N
be a sequence with tn → ∞ as n → ∞ in

R
d. Since ν(x)

ω1(x)+ω2(x,s)
does not tend to zero as x → ∞, then there exists δ > 0 such

that ν(x)
ω1(x)+ω2(x,s)

≥ δ > 0 for x→ ∞. For any fixed f ∈ Dp,q
ω1,ω2

(
R

d
)

and fixed t0 ∈ R+,

define a sequence (fn)n∈N
by

fn = (ω1 (tn) + ω2 (tn, t0))
−1 Ttnf.

This sequence is bounded in Dp,q
ω1,ω2

(
R

d
)
. Indeed, since the wavelet transform is linear,

we can write

(11)
‖fn‖D

p,q
ω1,ω2

=
∥∥(ω1 (tn) + ω2 (tn, t0))

−1 Ttnf
∥∥

D
p,q
ω1,ω2

= (ω1 (tn) + ω2 (tn, t0))
−1 ‖Ttnf‖D

p,q
ω1,ω2

.

By using (11) and Lemma 3.10, we obtain

‖fn‖D
p,q
ω1,ω2

≤ (ω1 (tn) + ω2 (tn, t0))
−1 ‖Ttnf‖D

p,q
ω1,ω2

≤ (ω1 (tn) + ω2 (tn, t0))
−1 (ω1 (tn) + ω2 (tn, t0)) ‖f‖D

p,q
ω1,ω2

= ‖f‖D
p,q
ω1,ω2

.

Now we show that there cannot exist a norm convergent subsequence of (fn)
n∈N

in

Lp
ν

(
R

d
)
. For all k ∈ Cc

(
R

d
)
, we have

(12)

∣∣∣∣∣∣

∫

Rd

fn (x) k (x) dx

∣∣∣∣∣∣
≤ 1

ω1 (tn) + ω2 (tn, t0)

∫
|(Ttnf) (x)| |k (x)|

Rd

dx

≤ 1

ω1 (tn) + ω2 (tn, t0)
‖k‖

s
‖Ttnf‖p

=
1

ω1 (tn) + ω2 (tn, t0)
‖k‖

s
‖f‖

p
,

where 1
p

+ 1
s

= 1. Since the right hand side of (12) tends to zero as n→ ∞, then we have
∫

Rd

fn (x) k (x) dx→ 0.

Therefore, by Lemma 4.1 the only possible limit of (fn)
n∈N

in Lp
ν

(
R

d
)

is zero. On the
other hand it is known by [6] that ‖Ttnf‖p,ν

≈ ν (tn). Thus there exist C1, C2 > 0 such
that

(13) C1ν (tn) ≤ ‖Ttnf‖p,ν
≤ C2ν (tn) .

By using the inequality (13), we obtain

(14)
‖fn‖p,ν

=
∥∥(ω1 (tn) + ω2 (tn, t0))

−1 Ttnf
∥∥

p,ν
= (ω1 (tn) + ω2 (tn, t0))

−1 ‖Ttnf‖p,ν

≥ C1 (ω1 (tn) + ω2 (tn, t0))
−1 ν (tn) .

Also, since ν(tn)
ω1(tn)+ω2(tn,t0)

≥ δ > 0 for all tn, by using (14), we can write

‖fn‖p,ν
≥ C1 (ω1 (tn) + ω2 (tn, t0))

−1 ν (tn) ≥ δC1 > 0.

This means that it is not possible to find a norm convergent subsequence of (fn)
n∈N

in

Lp
ν

(
R

d
)
, and the proof is complete. �
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4.3. Corollary. Let ω1, ω2 be weight functions of polynamial type on R
d, R

d × R+,

respectively. Also, let ω3, ω4 be any weight functions on R
d, R

d × R+ respectively. If

ω3 ≺ ω1, ω4 ≺ ω2 and
ω3(x)

ω1(x)+ω2(x,s)
9 0 for every fixed s as x→ ∞, then the embedding

of the space Dp,q
ω1,ω2

(
R

d
)

into Dp,q
ω3,ω4

(
R

d
)

is never compact.

Proof. Since ω3 ≺ ω1 and ω4 ≺ ω2, by Proposition 3.8, we haveDp,q
ω1,ω2

(
R

d
)
⊂ Dp,q

ω3,ω4

(
R

d
)
.

Also, the unit map is continuous from Dp,q
ω1,ω2

(
R

d
)

into Dp,q
ω3,ω4

(
R

d
)
. Now, assume that

the unit map is compact. Take any bounded sequence (fn)
n∈N

in Dp,q
ω1,ω2

(
R

d
)
. If there

exists a convergent subsequence of (fn)
n∈N

in Dp,q
ω3,ω4

(
R

d
)
, this sequence also converges

in Lp
ω3

(
R

d
)
. But this is not possible by Theorem 4.2. This completes the proof. �

5. Dual space of D
p,q
ω1,ω2

(
R

d
)

Consider for each p, q, (1 ≤ p, q <∞), the mapping Φ : Dp,q
ω1,ω2

(
R

d
)
→ Lp

ω1

(
R

d
)
×

Lq
ω2

(
R

d × R+

)
defined by Φ (f) = (f,Wgf). Let H = Φ

(
Dp,q

ω1,ω2

(
R

d
))

. Then

|‖Φ(f)‖| = |‖(f,Wgf)‖| = ‖f‖
p,ω1

+ ‖Wgf‖q,ω2

is a norm on Lp
ω1

(
R

d
)
×Lq

ω2

(
R

d × R+

)
. Also, Φ is an linear isometry from Dp,q

ω1,ω2

(
R

d
)

into Lp
ω1

(
R

d
)
× Lq

ω2

(
R

d × R+

)
. Now, we define a set K by

K =

{
(ϕ,ψ) ∈ Lp′

ω
−1
1

(
R

d
)
× Lq′

ω
−1
2

(
R

d × R+

) ∣∣∣∣∣

∫

Rd

f (y)ϕ (y) dy

+

∫∫

Rd×R+

Wgf (x, s)ψ (x, s) dx ds = 0, ∀ (f,Wgf) ∈ H
}
,

where 1
p

+ 1
p′ = 1 and 1

q
+ 1

q′
= 1.

5.1. Proposition. The dual space of Dp,q
ω1,ω2

(
R

d
)

is Lp′

ω
−1

1

(
R

d
)
× Lq′

ω
−1

2

(
R

d × R+

)
/K,

where 1
p

+ 1
p′ = 1 and 1

q
+ 1

q′
= 1.

Proof. Since Dp,q
ω1,ω2

(
R

d
)

is a Banach space, then H = Φ
(
Dp,q

ω1,ω2

(
R

d
))

is closed. If we
use the duality theorem in [15], we obtain

(15) H∗ ∼= Lp′

ω
−1

1

(
R

d
)
× Lq′

ω
−1

2

(
R

d × R+

)
/K,

where H∗ is the dual of H . Moreover, since Φ is an isometry, then
(
Dp,q

ω1,ω2

(
R

d
))∗ ∼= H∗.

Finally by using (15) we obtain
(
Dp,q

ω1,ω2

(
R

d
))∗ ∼= Lp′

ω
−1
1

(
R

d
)
× Lq′

ω
−1
2

(
R

d × R+

)
/K. �

6. The space
(
D

p,q
ω1,ω2

)
s

(
R

d
)

Throughout this section we accept that the scale s in Dp,q
ω1,ω2

(
R

d
)

is fixed. We denote

this new space by
(
Dp,q

ω1,ω2

)
s

(
R

d
)
. That means

(
Dp,q

ω1,ω2

)
s

(
R

d
)

is the vector space of

functions f ∈ Lp
ω1

(
R

d
)

such that their wavelet transforms Wgf are in Lq
ω2

(
R

d
)
, where s

is fixed. We endow this space with the sum norm ‖f‖(D
p,q
ω1,ω2)

s

= ‖f‖
p,ω1

+ ‖Wgf‖q,ω2
.

By using the method in Theorem 2.2, it is easy to see that this space is a Banach space
with this sum norm.
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6.1. Proposition. Let ω2 be a weight function of polynomial type. Then
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is dense in Lp
ω1

(
R

d
)
.

Proof. Since ω2 is a weight of polynomial type, then Dsg
∗ ∈ L1

ω2

(
R

d
)
. Take any

f ∈ Cc

(
R

d
)
. Then f ∈ Lp

ω1

(
R

d
)
. Also, by [7, Theorem 1.11], Lq

ω2

(
R

d
)

is a Banach

convolution module over L1
ω2

(
R

d
)
. Thus if we use the equality Wgf = f ∗ Dsg

∗, we
obtain

‖Wgf‖q,ω2
= ‖f ∗Dsg

∗‖q,ω2
≤ ‖f‖q,ω2

‖Dsg
∗‖1,ω2

<∞.

Hence Cc

(
R

d
)
⊂

(
Dp,q

ω1,ω2

)
s

(
R

d
)
⊂ Lp

ω1

(
R

d
)
. Since Cc

(
R

d
)

is dense in Lp
ω1

(
R

d
)
, the

proof is complete. �

6.2. Proposition. Let k be a constant number and ω2 ≈ k.Then the spaces
(
Dq,q

ω1,ω2

)
s

(
R

d
)

and Lq
ω1

(
R

d
)

are algebraically isomorphic and homeomorphic.

Proof. By the definition of the space
(
Dq,q

ω1,ω2

)
s

(
R

d
)
, we have

(
Dq,q

ω1,ω2

)
s

(
R

d
)
⊂ Lq

ω1

(
R

d
)
.

Since ω2 ≈ k, there exists C > 0 such that ‖ · ‖
q,ω2

≤ C ‖ · ‖
q
. Now, take any f ∈

Lq
ω1

(
R

d
)
. By using Wgf = f ∗Dsg

∗, we have

(16) ‖f‖
q,ω1

+ ‖Wgf‖q,ω2
≤ ‖f‖

q,ω1
+C ‖f ∗Dsg

∗‖
q
.

It is also known that Lq
(
R

d
)

is a Banach convolution module over L1
(
R

d
)
. Thus from

(16), we have

(17)
‖f‖

q,ω1
+ C ‖f ∗Dsg

∗‖
q
≤ ‖f‖

q,ω1
+ C ‖f‖

q
‖Dsg

∗‖1

≤ ‖f‖
q,ω1

{
1 + C ‖Dsg

∗‖1

}
<∞.

Combining (16) and (17), we find f ∈
(
Dp,q

ω1,ω2

)
s

(
R

d
)
, and Lq

ω1

(
R

d
)
⊂

(
Dp,q

ω1,ω2

)
s

(
R

d
)
.

Finally we have
(
Dp,q

ω1,ω2

)
s

(
R

d
)

= Lq
ω1

(
R

d
)
. Moreover, if we takeM =

{
1 + C ‖Dsg

∗‖1

}
,

by (16) and (17) we have

‖f‖
q,ω1

≤ ‖f‖(D
p,q
ω1,ω2)

s

≤M ‖f‖
q,ω1

for all f ∈
(
Dp,q

ω1,ω2

)
s

(
R

d
)
. That means

(
Dp,q

ω1,ω2

)
s

(
R

d
)

and Lq
ω1

(
R

d
)

are algebraically
isomorphic and homeomorphic. �

6.3. Theorem.
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is invariant under translations and the translation map-

ping z 7→ Tzf is continuous from R
d into

(
Dp,q

ω1,ω2

)
s

(
R

d
)
.

Proof. Let f ∈
(
Dp,q

ω1,ω2

)
s

(
R

d
)

be given. Then we write

‖Tzf‖(D
p,q
ω1,ω2)s

= ‖Tzf‖p,ω1
+ ‖Wg (Tzf)‖

q,ω2

≤ ω1 (z) ‖f‖p,ω1
+ ω2 (z) ‖Wgf‖q,ω2

<∞.

Hence
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is translation invariant. Moreover, it is known that the translation

mapping is continuous from R
d into Lp

ω1

(
R

d
)

[7]. Thus, for any given ε > 0, there exists

δ1 (ε) > 0 such that if ‖z − u‖ < δ1 for z, u ∈ R
d, then

‖Tzf − Tuf‖p,ω1
<
ε

2
.

Also, since the translation mapping is continuous from R
d into Lq

ω2

(
R

d
)
, then for the

same ε > 0, there exists δ2 (ε) > 0 such that if ‖z − u‖ < δ2 for all z, u ∈ R
d, then

‖Wg (Tzf − Tuf)‖
q,ω2

<
ε

2
.
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If we set δ = min {δ1, δ2}, and if ‖z − u‖ < δ for z, u ∈ R
d, then

‖Tzf − Tuf‖(D
p,q
ω1,ω2)s

= ‖Tzf − Tuf‖p,ω1
+‖Wg (Tzf − Tuf)‖

q,ω2
<
ε

2
+
ε

2
= ε.

This completes the proof. �

6.4. Proposition.
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is Banach function space.

Proof. Take any function f ∈
(
Dp,q

ω1,ω2

)
s

(
R

d
)
, and a compact subset K ⊂ R

d. Since

K ⊂ R
d is compact and p ≥ 1, then there exists C > 0 such that

∫

K

|f (x)| dx ≤ C ‖f‖
p
.

Then
∫

K

|f (x)| dx ≤ C
{
‖f‖

p,ω1
+ ‖Wgf‖q,ω2

}
= C ‖f‖(D

p,q
ω1,ω2)s

.

Since
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is Banach space, the proof is complete. �

6.5. Theorem. Suppose that ω2 = k, where k is a constant number. Then
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is an essential Banach module over L1
ω1

(
R

d
)
.

Proof. It is known that
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is a Banach space. Now we take any f ∈(
Dp,q

ω1,ω2

)
s

(
R

d
)

and h ∈ L1
ω1

(
R

d
)
. Since Lp

ω1

(
R

d
)

is a Banach convolution module over

L1
ω1

(
R

d
)
, we can write

(18) ‖f ∗ h‖
p,ω1

≤ ‖f‖
p,ω1

‖h‖1,ω1
.

Thus by using Wgf = f ∗Dsg
∗, we have

(19)

‖Wg (f ∗ h)‖q,ω2
= ‖(f ∗ h) ∗Dsg

∗‖q,ω2

≤ ‖h‖1 ‖f ∗Dsg
∗‖

q,ω2
= ‖h‖1 ‖Wgf‖q,ω2

.

Thus Wg (f ∗ h) ∈ Lq
ω2

(
R

d
)
. Combining (18) and (19), we obtain

‖f ∗ h‖(D
p,q
ω1,ω2)s

= ‖f ∗ h‖
p,ω1

+ ‖Wg (f ∗ h)‖
q,ω2

≤ ‖f‖p,ω1
‖h‖1,ω1

+ ‖h‖1,ω1
‖Wgf‖q,ω2

= ‖h‖1,ω1
‖f‖(D

p,q
ω1,ω2)s

.

Hence
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is a Banach module over L1
ω1

(
R

d
)
.

In order to show that
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is an essential Banach module overL1
ω1

(
R

d
)
,

we will use the Module Factorization Theorem [20]. For this, it suffices to prove that
L1

ω1

(
R

d
)
∗

(
Dp,q

ω1,ω2

)
s

(
R

d
)

is dense in
(
Dp,q

ω1,ω2

)
s

(
R

d
)
. It is known that L1

ω1

(
R

d
)

has a

bounded approximate identity [8]. Let U be a neighbourhood of the unit element of R
d.

We can choose an approximate identity (eα)α∈I which is positive bounded and satisfies

suppeα ⊂ U , ‖eα‖1 = 1 for all α ∈ I . Take any h ∈
(
Dp,q

ω1,ω2

)
s

(
R

d
)
. For fixed α0 ∈ I ,
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we have

‖eα0
∗ h− h‖(D

p,q
ω1,ω2)

s

=

∥∥∥∥∥∥

∫

Rd

eα0
(z)Tzh (y) dz −

∫

Rd

eα0
(z)h (y) dz

∥∥∥∥∥∥
(D

p,q
ω1,ω2)

s

=

∥∥∥∥∥∥

∫

Rd

eα0
(z) (Tzh (y) − h (y)) dz

∥∥∥∥∥∥
(D

p,q
ω1,ω2)s

≤
∫

Rd

eα0
(z) ‖Tzh− h‖(D

p,q
ω1,ω2)s

dz.

We know by Theorem 6.3 that the translation mapping z 7→ Tzf is continious from R
d

into
(
Dp,q

ω1,ω2

)
s

(
R

d
)
. Hence for given any ε > 0, we can make ‖Tzh− h‖(D

p,q
ω1,ω2)s

< ε.

Then, we obtain

‖eα ∗ h− h‖(D
p,q
ω1,ω2)s

≤
∫

Rd

eα0
(z) εdz = ε.

Therefore L1
ω1

(
R

d
)
∗
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is dense in
(
Dp,q

ω1,ω2

)
s

(
R

d
)
. Finally, from the Module

Factorization Theorem, the proof is complete. �

By using [4, Theorem 6.5 and Corollary 15.3], it easy to prove following Corollary 6.6.

6.6. Corollary. Let (eα)
α∈I

be an approximate identity in L1
ω1

(
R

d
)
, and let ω2 =

k where k is constant number. Then (eα)
α∈I

is an approximate identity of the space(
Dp,q

ω1,ω2

)
s

(
R

d
)
. �

7. Space of multipliers of (Dp,q
ω1,ω2)s

(
R

d
)

Consider the mapping Φ from
(
Dp,q

ω1,ω2

)
s

(
R

d
)

into Lp
ω1

(
R

d
)
× Lq

ω2

(
R

d
)

defined by

Φ (f) = (f,Wgf). This mapping is a linear isometry of
(
Dp,q

ω1,ω2

)
s

(
R

d
)

into Lp
ω1

(
R

d
)
×

Lq
ω2

(
R

d
)

with the norm

|‖Φ(f)‖| = |‖(f,Wgf)‖| = ‖f‖p,ω1
+ ‖Wgf‖q,ω2

for all f ∈
(
Dp,q

ω1,ω2

)
s

(
R

d
)
. Let H = Φ

((
Dp,q

ω1,ω2

)
s

(
R

d
))

. Define the set K to be

K =

{
(ϕ,ψ) ∈ Lp′

ω
−1

1

(
R

d
)
× Lq′

ω
−1

2

(
R

d
) ∣∣∣∣∣

∫

Rd

f (y)ϕ (y) dy+

+

∫

Rd

Wgf (x, s)ψ (x, s) dx = 0, ∀ (f,Wgf) ∈ H
}

where 1
p

+ 1
p′ = 1 and 1

q
+ 1

q′
= 1.

7.1. Proposition. The dual space
((
Dp,q

ω1,ω2

)
s

(
R

d
))∗

is isomorphic to Lp′

ω
−1

1

(
R

d
)
×

Lq′

ω
−1
2

(
R

d
)
/K where 1

p
+ 1

p′ = 1 and 1
q

+ 1
q′

= 1.

Proof. This result follows easily from the Duality Theorem in [15]. �
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7.2. Theorem. Let ω2 = k, where k is a constant number. Then the spaces Lp′

ω
−1
1

(
R

d
)
×

Lq′

ω
−1
2

(
R

d
)
/K and HomL1

ω1

((
Dp,q

ω1,ω2

)
s

(
R

d
)
, L∞

ω
−1
1

(
R

d
))

are algebrically isomorphic and

topologically homeomorphic.

Proof. By Theorem 6.5,
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is an essential Banach module over L1
ω1

(
R

d
)
. If

we use [17, Theorem 1.4] and Proposition 7.1, we obtain

HomL1
ω1

((
Dp,q

ω1,ω2

)
s

(
R

d
)
, L∞

ω
−1
1

(
R

d
))

= HomL1
ω1

((
Dp,q

ω1,ω2

)
s

(
R

d
)
,
(
L1

ω1

(
R

d
))∗)

∼=
((
Dp,q

ω1,ω2

)
s

(
R

d
)
∗ L1

ω1

(
R

d
))∗

=
((
Dp,q

ω1,ω2

)
s

(
R

d
))∗ ∼= Lp′

ω
−1
1

(
R

d
)
× Lq′

ω
−1
2

(
R

d
)
/K,

and the proof is complete. �

Let ω2 = k. Suppose that (eα)
α∈I

is a bounded approximate identity in L1
ω1

(
R

d
)
.

The relative completion
(
D̃p,q

ω1,ω2

)

s

(
R

d
)

of
(
Dp,q

ω1,ω2

)
s

(
R

d
)

is defined by

(
D̃p,q

ω1,ω2

)

s

(
R

d
)

=
{
f ∈ Lp

ω1

(
R

d
) ∣∣∣ f ∗ eα ∈

(
Dp,q

ω1,ω2

)
s

(
R

d
)

for all α ∈ I and sup
α∈I

‖f ∗ eα‖(D
p,q
ω1,ω2)s

<∞
}
.

(
D̃p,q

ω1,ω2

)

s

(
R

d
)

is a Banach space with the norm

‖f‖(D̃
p,q
ω1,ω2)

s

= sup
α∈I

‖f ∗ eα‖(D
p,q
ω1,ω2)s

,

and this space does not depend on the approximate identity [5].

7.3. Theorem. Let ω2 = k for a constant number k.Then the spaces
(
D̃p,q

ω1,ω2

)

s

(
R

d
)

and M
(
L1

ω1

(
R

d
)
,
(
Dp,q

ω1,ω2

)
s

(
R

d
))

are algebrically isomorphic and topologically homeo-

morphic

Proof. Since
(
D̃p,q

ω1,ω2

)

s

(
R

d
)

is the relative completion of
(
Dp,q

ω1,ω2

)
s

(
R

d
)
, it is easy to

prove this theorem using [5, Theorem 2.6]. �
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