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Abstract

The main objective of this paper is to present a comparison criteria for
the oscillation of solutions to mixed-type impulsive difference equation
with continuous arguments, without imposing sign restrictions on the
coefficients.
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1. Introduction

This paper is concerned with the oscillatory nature of solutions of the following im-
pulsive difference equation (IDE) with continuous arguments:

(1.1)

{

∆ρx(t) + p(t)x(t− τ ) + q(t)x(t+ σ) = 0 for t ∈ [t0,∞)\{θk}k∈N

x(θ+k ) = λkx(θk) for k ∈ N,

where t0 ∈ R, ρ ∈ (0,∞), p, q ∈ C
(

[t0,∞),R
)

, τ, σ ∈ [0,∞), {λk}k∈N ⊂ (0,∞)
and {θk}k∈N ⊂ [t0,∞) is the increasing unbounded sequence of impulse points. Here,
∆ρx(t) := x(t+ ρ) − x(t) for t ∈ [t0,∞) and x(θ+k ) denotes the right sided limit of x at
the impulse point θk for some k ∈ N, and the left sided limits are defined similarly. It
should be noted that all solutions of (1.1) are oscillatory in the absence of a subsequence
{θkℓ

}ℓ∈N such that {λkℓ
}ℓ∈N ⊂ (−∞, 0), since the solution always changes sign at the

impulse points {θkℓ
}ℓ∈N.
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In the sequel, for simplicity in the notation, we shall assume that the empty product
is the unit.

In general, oscillation theory is focused on the following problems:

(1) Sufficient conditions for the existence of a nonoscillatory solution.
(2) Sufficient conditions for all solutions to be oscillatory.

Significantly different methods are employed for the investigation of problems 1 and 2.
For problem 1, it is enough to prove the existence of a solution with a constant sign. In
this case, various fixed point methods are applied, or a monotone sequence converging to a
nonoscillatory solution is defined. The investigation of problem 2 cannot employ methods
characterizing only some solutions of the equation. The proof is therefore usually given
by contradiction, i.e., the assumption that there exists a nonoscillatory solution is shown
to be absurd given the conditions assumed to hold for the parameters of the equation.

Necessary and sufficient conditions for all solutions of (1.1) to be oscillatory are ob-
tained by comparing with mixed type difference equations with continuous arguments
and without impulse effects. The method employed here for this result gives us the ad-
vantage of no sign restriction on the coefficients. However, as far as we know, there is
no result in the literature to test the oscillation of all solutions of mixed type difference
equations with continuous arguments and without impulse effects in the case where the
coefficients are of different signs, or of alternating signs.

When there is no sign condition imposed on the coefficients, the monotonicity prop-
erties of the nonoscillatory solutions disappear, and the oscillation properties of the
solutions therefore become difficult to check. This is why, later on, we shall restrict our
attention to (1.1) with fixed coefficients of the same sign, so that we will be able to give
explicit oscillation results for the equation. Our method here allows us to consider (1.1)
with several coefficients, but for simplicity of notation we shall be interested in (1.1),
which involves a single coefficient for the delay and a single coefficient for the advanced
term.

The explicit oscillation results we will give depend on making comparison with known
differential equations. Hence, we find it useful the recall that

lim sup
t→∞

∫ t

t−τ

p(η)dη > 1 or lim inf
t→∞

∫ t

t−τ

p(η)dη >
1

e

implies oscillation of all solutions to the delay differential equation

x′(t) + p(t)x(t− τ ) = 0 for t ∈ [t0,∞),

where p ∈ C([t0,∞), [0,∞)) and τ > 0. The same conditions also prevent

x′(t) + p(t)x(t− τ ) ≤ 0 for t ∈ [t0,∞)

and

x′(t) − p(t)x(t+ τ ) ≥ 0 for t ∈ [t0,∞)

from admitting eventually positive solutions, where the parameters are the same as given
above (see [1, § 2 and § 3]).

By a solution of (1.1), we mean a function x : [t0−τ,∞) → R such that x is continuous
on (θk, θk+1) for all k ∈ N and satisfies (1.1), and that x(θ±k ) exists as a finite constant

with x(θ−k ) = x(θk) for all k ∈ N. From now on, to make the definition of the solution
consistent, we shall assume that t 6∈ {θk}k∈N implies t+ ρ 6∈ {θk}k∈N, t− τ 6∈ {θk}k∈N for
all t+ σ 6∈ {θk}k∈N.
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Together with the impulsive difference equation (1.1), it is customary to specify an
initial condition of the form

(1.2) x = ϕ on [t0 − τ, t0 + max{σ, ρ}],

where the initial function ϕ is a prescribed real-valued function on the interval [t0 −
τ, t0 + max{σ, ρ}] such that ϕ is continuous on the interval [t0 − τ, t0), and is piecewise
continuous on [t0, t0 + max{σ, ρ}]\{θk}k∈N satisfying the consistency condition

(1.3)

{

∆ρϕ(t0) + p(t0)ϕ(t0 − τ ) + q(t0)ϕ(t0 + σ) = 0 for t0 6= θ0

ϕ(θ+0 ) = λ0ϕ(θ0) for t0 = θ0.

By the method of steps, one can easily conclude that (1.1) admits a unique solution
x which satisfies the initial condition (1.2) and the consistency condition (1.3). For
convenience, we denote this solution by x = x( · , t0, ϕ). As is customary, a solution x
of (1.1) is called nonoscillatory if it is eventually of fixed sign, otherwise, it is called
oscillatory.

Readers are referred to [3, 4, 5] for the oscillation of difference equations with con-
tinuous arguments and without impulses, and [2, 6, 7] for impulsive difference equations
with continuous arguments. In this paper, we shall make use of the method introduced
in [8] for differential equations.

2. Comparison criteria for IDEs

The primary assumptions for this section are as follows:

a1 There exists a constant α > 0 such that
∏

t−ρ≤θℓ<t λℓ ≡ α for all t ∈ [t0 +ρ,∞).

a2 There exists a constant β > 0 such that
∏

t−τ≤θℓ<t λℓ ≡ β for all t ∈ [t0 + τ,∞).

a3 There exists a constant γ > 0 such that
∏

t≤θℓ<t+σ λℓ ≡ γ for all t ∈ [t0,∞).

Above it is assumed that the empty product is unity. Consider the following difference
equation without impulse effects:

(2.1) ∆ρx(t) +
ατ/ρ

β
p(t)x(t− τ ) +

γ

ασ/ρ
q(t)x(t+ σ) = 0 for t ∈ [t0,∞).

As is customary, a solution of the equation (2.1) is a function x ∈ C([t0 − τ,∞),R)
satisfying (2.1) on [t0,∞).

2.1. Theorem. Assume that a1, a2 and a3 hold. If y = y( · , t0, ϕ) is a solution of (2.1),
then x = x( · , t0, ψ), where

ψ(t) =















ϕ(t), t ∈ [t0 − τ, t0)

1

αt/ρ

[

∏

t0≤θℓ<t

λℓ

]

ϕ(t), t ∈
[

t0, t0 + max{σ, ρ}
]

,

defined by

(2.2) x(t) :=
1

αt/ρ

[

∏

t0≤θℓ<t

λℓ

]

y(t) for t ∈ [t0,∞)

is a solution of (1.1).

Proof. Let y = y( · , t0, ϕ) be the solution of (2.1). We shall prove that x defined by (2.2)
satisfies (1.1). It is obvious that x is continuous on each interval (θn, θn+1) for all n ∈ N.
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From (2.2), we get

∆ρy(t) =
α(t+ρ)/ρ

∏

t0≤θℓ<t+ρ λℓ
x(t+ ρ) − αt/ρ

∏

t0≤θℓ<t λℓ
x(t)

=
αt/ρ

∏

t0≤θℓ<t λℓ
x(t+ ρ) − αt/ρ

∏

t0≤θℓ<t λℓ
x(t)

=
αt/ρ

∏

t0≤θℓ<t λℓ
∆ρx(t)(2.3)

for all t ∈ [t0,∞). Moreover, for all t ∈ [t0,∞), we have

y(t− τ ) =
α(t−τ)/ρ

∏

t0≤θℓ<t−τ λℓ
x(t− τ )

=
βαt/ρ

ατ/ρ
∏

t0≤θℓ<t λℓ
x(t− τ ),(2.4)

and

y(t+ σ) =
α(t+σ)/ρ

∏

t0≤θℓ<t+σ λℓ
x(t+ σ)

=
ασ/ραt/ρ

γ
∏

t0≤θℓ<t λℓ
x(t+ σ).(2.5)

Substituting (2.3), (2.4) and (2.5) into (2.1), and canceling the positive term

αt/ρ/
∏

t0≤θℓ<t

λℓ,

we see that x defined by (2.2) solves the first equation in (1.1). On the other hand, for
all k ∈ N, we have

x(θ+k ) = lim
t→θ+

k

(

1

αt/ρ

[

∏

t0≤θℓ<t

λℓ

]

y(t)

)

=
1

αθk/ρ

[

∏

t0≤θℓ≤θk

λℓ

]

y(θk) = (1 − λk)x(θk),

which shows that x satisfies the second equation in (1.1) too. Similarly, one can show
that ψ is the initial function for this solution. The proof is therefore completed. �

The following result can be regarded as the converse of Theorem 2.1, and we state it
without proof.

2.2. Remark. Assume that a1, a2 and a3 hold. If x = x( · , t0, ψ) is a solution of (1.1),
then y = y( · , t0, ϕ), where

ϕ(t) =











ψ(t), t ∈ [t0 − τ, t0)

αt/ρ

∏

t0≤θℓ<t λℓ
ψ(t), t ∈

[

t0, t0 + max{σ, ρ}
]

,

defined by

(2.6) y(t) =
αt/ρ

∏

t0≤θℓ<t λℓ
x(t) for t ∈ [t0,∞)

is a solution of (2.1).
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2.3. Theorem. Assume that a1, a2 and a3 hold. Every solution of (1.1) is oscillatory

if and only if every solution of (2.1) is oscillatory.

Proof. The proof follows from Theorem 2.1, Remark 2.2, and the fact that {λk}k∈N ⊂
(0,∞). �

3. An application of IDEs

In this section, we give the following application which considers the autonomous case.

3.1. Example. Let ρ ∈ (0,∞), p, q ∈ R and τ, σ ∈ [0,∞), and consider

(3.1)

{

∆ρx(t) + px(t− ρτ ) + qx(t+ ρσ) = 0 for t ∈ [0,∞)\{ρk}k∈N,

x(k+) = λx(k) for k ∈ ρN,

where λ ∈ (0,∞). Then we have α = λ, β = λτ and γ = λ−σ, so that the associated
difference equation without impulses is

(3.2) ∆ρx(t) + pλτ(1−ρ)/ρx(t− ρτ ) + qλσ(ρ−1)/ρx(t+ ρσ) = 0 for t ∈ [0,∞).

By the result in [3], we can infer that every solution of (3.2) (and hence of (3.1)) is
oscillatory if and only if the following characteristic equation

(3.3) 1 − e−ρs + pλτ(1−ρ)/ρe−ρτs + qλσ(ρ−1)/ρeρσs = 0

has no real roots. For instance, when ρ = 1/2, λ = 1/3, p = e − 1, τ = 1, q = 1/e
and σ = 1/2, then (3.1) admits a nonoscillatory solution. Figure 1 shows that the
characteristic equation

1 +
1

e

√
3es/4 − 1

3
(4 − 2e)e−s/2 = 0

has a negative root.

Figure 1. The graph of the characteristic equation (3.3) with parameters
ρ = 1/2, λ = 1/3, p = e − 1, τ = 1, q = 1/e and σ = 1/2
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Table 1 illustrates the oscillation of the solutions of (3.1) by changing the parameters
λ, p and q one by one when ρ, τ and σ are fixed to be 1/2, 1 and 1/2, respectively.
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Table 1. A table illustrating the oscillation/nonoscillation behaviour of
solutions for particular values of the parameters ρ, λ, p, τ , q, and σ

ρ λ p τ q σ Oscillation/Nonoscillation

1

2

1

3
e − 1

1

e
1

1

2
Nonoscillation

1

2

2

3
e − 1

1

e
1

1

2
Oscillation

1

2

2

3
−(e − 1)

1

e
1

1

2
Nonoscillation

1

2

2

3
−(e − 1) −1

e
1

1

2
Oscillation

4. Comparison criteria for IDEs with Differential Equations

In this section to give explicit oscillation results for (1.1). We will confine our attention
to the case where either p, q ∈ C([t0,∞), [0,∞)) or p, q ∈ C([t0,∞), (−∞, 0]) holds. This
is due to the ensuing technical difficulties mentioned previously.

4.1. IDEs with positive coefficients. Our first result for this section reads as follows.

4.1. Theorem. In addition to a1, a2 and a3, assume that p, q ∈ C([t0,∞), [0,∞)). If

the differential inequality

(4.1) x′(t)+
ατ/ρ

ρβ

(

min
s∈[t,t+ρ]

p(s)
)

x(t−τ )+ γ

ρασ/ρ

(

min
s∈[t,t+ρ]

q(s)
)

x(t+σ) ≤ 0, t ∈ [t0,∞)

has no eventually positive solutions, then every solution of (1.1) is oscillatory.

Proof. Assume the contrary that x is an eventually positive solution of (1.1), then we
see that y defined by (2.2) satisfies (2.1). Assume that x(t), x(t− ρ), x(t− τ ) > 0 for all
t ∈ [t1,∞) for some t1 ∈ [t0,∞). Set

(4.2) z(t) :=

∫ t+ρ

t

y(η)dη for t ∈ [t1,∞).

Clearly, we have z(t) > 0 and z′(t) = ∆ρy(t) ≤ 0 for all t ∈ [t1,∞). Integrating (2.1)
from t to t+ ρ, we have

0 =∆ρz(t) +
ατ/ρ

β

∫ t+ρ

t

p(η)y(η− τ )dη +
γ

ασ/ρ

∫ t+ρ

t

q(η)y(η + σ)dη

≥∆ρz(t) +
ατ/ρ

β

(

min
s∈[t,t+ρ]

p(s)
)

z(t− τ ) +
γ

ασ/ρ

(

min
s∈[t,t+ρ]

q(s)
)

z(t+ σ)(4.3)

for all t ∈ [t1,∞). Now, set

(4.4) w(t) :=

∫ t+ρ

t

z(η)dη for t ∈ [t1,∞),

then we obtain w(t) > 0, w′(t) = ∆ρz(t) and w(t) ≤ ρz(t) for all t ∈ [t1,∞). Therefore,
from (4.3), we get

w′(t) +
ατ/ρ

ρβ

(

min
s∈[t,t+ρ]

p(s)
)

w(t− τ ) +
γ

ρασ/ρ

(

min
s∈[t,t+ρ]

q(s)
)

w(t+ σ) ≤ 0
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for all t ∈ [t1,∞), i.e., the eventually positive w solves (4.1). This contradiction completes
the proof. �

As an immediate consequence of Theorem 4.1, we can give the following corollary.

4.2. Corollary. In addition to a1, a2 and a3, assume that p, q ∈ C([t0,∞), [0,∞)) and

that τ > ρ. Then either

(4.5)

lim sup
t→∞

∫ t

t−τ

(

min
s∈[η,η+ρ]

p(s)
)

dη >
ρβ

ατ/ρ
, or

lim inf
t→∞

∫ t

t−τ

(

min
s∈[η,η+ρ]

p(s)
)

dη >
ρβ

ατ/ρe

implies that every solution of (1.1) is oscillatory.

Proof. Assume on the contrary that x is an eventually positive solution of (1.1), then
we see that y defined by (2.2) satisfies (2.1). Assume that for some t1 ∈ [t0,∞) e have
x(t), x(t− ρ), x(t− τ ) > 0 for all t ∈ [t1,∞). Then we have

x′(t) +
ατ/ρ

ρβ

(

min
s∈[t,t+ρ]

p(s)
)

x(t− τ ) ≤ 0 for t ∈ [t1,∞),

which cannot admit eventually positive solutions if any of the conditions in (4.5) hold
(see [1, Theorem 2.3.1 and Theorem 3.4.3]). This completes the proof. �

4.3. Remark. If the coefficients p and q in Theorem 4.2 are nonincreasing, then we can
replace (4.1) with

(4.6) x′(t)+
ατ/ρ

ρβ

(
∫ t+ρ

t

p(η) dη

)

x(t−τ )+ γ

ρασ/ρ

(
∫ t+ρ

t

q(η) dη

)

x(t+σ) ≤ 0, t ∈ [t0,∞).

In this case, either

lim sup
t→∞

∫ t

t−τ

∫ η+ρ

η

p(ζ) dζdη >
ρβ

ατ/ρ
or lim inf

t→∞

∫ t

t−τ

∫ η+ρ

η

p(ζ) dζdη >
ρβ

ατ/ρe

implies that every solution of (1.1) is oscillatory.

4.2. IDEs with negative coefficients. The results of this section can be easily shown,
we therefore state the results without proof (see [1]).

4.4. Theorem. In addition to a1, a2 and a3, assume that p, q ∈ C([t0,∞), (−∞, 0]). If

the differential inequality

(4.7) x′(t)+
ατ/ρ

ρβ

(

max
s∈[t,t+ρ]

p(s)
)

x(t−τ )+ γ

ρασ/ρ

(

max
s∈[t,t+ρ]

q(s)
)

x(t+σ) ≥ 0, t ∈ [t0,∞)

has no eventually positive solutions, then every solution of (1.1) is oscillatory. �

4.5. Corollary. In addition to a1, a2 and a3, assume that p, q ∈ C([t0,∞), (−∞, 0]).
Then either

lim sup
t→∞

∫ t

t−σ

(

− max
s∈[η,η+ρ]

q(s)
)

dη >
ρασ/ρ

γ
or

lim inf
t→∞

∫ t

t−σ

(

− max
s∈[η,η+ρ]

q(s)
)

dη >
ρασ/ρ

γe

implies that every solution of (1.1) is oscillatory. �
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4.6. Remark. If the coefficients p and q in Theorem 4.4 are nondecreasing, then we can
replace (4.7) with

x′(t)+
ατ/ρ

ρβ

(
∫ t

t−ρ

p(η) dη

)

x(t−τ )+ γ

ρασ/ρ

(
∫ t

t−ρ

q(η) dη

)

x(t+σ) ≥ 0, t ∈ [t0,∞).

In this case, either

lim sup
t→∞

∫ t

t−σ

∫ η+ρ

η

(

− q(ζ)
)

dζdη >
ρβ

ατ/ρ
, or

lim inf
t→∞

∫ t

t−σ

∫ η+ρ

η

(

− q(ζ)
)

dζdη >
ρβ

ατ/ρe

implies that every solution of (1.1) is oscillatory.
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