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Abstract

In this study, the existence of a solution of the non-linear singular
integral equation system

w(z) = f1

(

z, w(z), h(z), TGg1( · , w( · ), h( · ))(z),

ΠGg1( · , w( · ), h( · ))(z)
)

,

h(z) = f2

(

z, w(z), h(z), TGg2( · , w( · ), h( · ))(z),

ΠGg2( · , w( · ), h( · ))(z)
)

,

has been investigated. This system is more general than the one

w(z) = f1

(

z, w(z), h(z), TGg1( · , w( · ), h( · ))(z)
)

,

h(z) = f2

(

z, w(z), h(z), ΠGg2( · , w( · ), h( · )
)

(z)),

studied by Musayev and Duz (Existence and uniqueness theorems for a
certain class of non linear singular integral equations SJAM 10 (1), 3–
18, 2009). Here, TGf(z) and ΠGf(z) are the Vekua integral operators
defined by

TGf(z) = − 1

π

∫∫

G

f(ς)

ς − z
dξ dη,

ΠGf(z) = − 1

π

∫∫

G

f(ς)

(ς − z)2
dξ dη.
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1. Introduction

Let G ⊂ C be a simply connected region with smooth boundary. As known, the
system of real partial differential equations of the form

ux − vy = H1(x, y, u, v, ux, uy , vx, vy)

uy + vx = H2(x, y, u, v, ux, uy , vx, vy)

is equivalent to the complex partial differential equation

(1.1) ∂zw = F (z, w, ∂zw)

where

w = u + iv, z = x + iy, ∂z =
1

2

( ∂

∂x
+ i

∂

∂y

)

, ∂z =
1

2

( ∂

∂x
− i

∂

∂y

)

.

The existence of a solution of the equation (1.1) satisfying the Dirichlet boundary con-
ditions

Rew|∂G = g(z), g ∈ C
α(∂G),

Imw(z0) = c0, z0 ∈ G,

in Holder space Cα(G), under suitable conditions, had been investigated by Tutschke [4].
Let the function F in (1.1) be a complex valued scalar function defined on the region

D = {(z, w, h) : z ∈ G, w, h ∈ C} = G × C
2
,

and let us consider the operators

TGf(z) = − 1

π

∫∫

G

f(ζ)

ζ − z
dξ dη,

ΠGf(z) = − 1

π

∫∫

G

f(ζ)

(ζ − z)2
dξ dη,

ζ = ξ + iη, for f ∈ Cα(G). In this case, the solutions w of the equation (1.1) satisfy the
system of nonlinear singular integral equations

(1.2)
w(z) = φ(z) + TGF ( · , w( · ), h( · ))(z),

h(z) = φ
′(z) + ΠGF ( · , w( · ), h( · ))(z),

where h = ∂zw and φ(z) are arbitrary holomorphic functions defined on G. The system
(1.2), under weaker conditions on the function F using a variant of the Banach fixed
point principle was studied by Altun, Koca and Musayev [1]. In [3], the less restrictive
nonlinear singular integral equation system

(1.3)
w(z) = f1(z, w(z), h(z), TGg1( · , w( · ), h( · ))(z)),

h(z) = f2(z, w(z), h(z), ΠGg2( · , w( · ), h( · ))(z)),

has been studied. In this paper, the more general nonlinear singular integral equation
system

(1.4)
w(z) = f1( · , w( · ), h( · ), TGg1( · , w( · ), h( · )), ΠGg1( · , w( · ), h( · )))(z),

h(z) = f2( · , w( · ), h( · ), TGg2( · , w( · ), h( · )), ΠGg2( · , w( · ), h( · )))(z),

will be discussed for given functions f1, f2, g1, g2 under some conditions.
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2. Main results

In this section, we will present some theorems related to the solutions of the system
(1.4) under suitable conditions.

2.1. Definition. If for every z1, z2 ∈ G there are constants H > 0 and α satisfying the
inequality:

|w(z2) − w(z1)| ≤ H |z2 − z1|α, 0 < α < 1,

then the function w : G → C is said to satisfy the Holder condition in the region G, or
to be Holder continuous.

Let us denote the class of Holder continuous functions defined on G by Cα(G). This

class is a vector space. On the other hand, C0(G) ≡ C(G) is the class of all continuous
functions on G, and for w ∈ C(G) in this class, the norm is defined to be

‖w‖∞ ≡ ‖w‖C(G) = max
G

{

|w(z)| : z ∈ G
}

.

On the other hand, if the norm for w ∈ Cα(G) is defined as

‖w‖α ≡ ‖w‖C(α)(G) = ‖w‖∞ + H(w,α)

where

H(w, α) = sup
G

{

|w(z1) − w(z2)||z1 − z2|−α : z1 6= z2, z1, z2 ∈ G
}

,

then the class Cα(G) becomes a Banach space with this norm.

Let us denote the Holder continuous functions defined on G and having partial deriva-
tives of first order with respect to the variables z and z by C(1,α)(G). This class consti-
tutes a Banach space with norm

‖w‖1,α ≡ ‖w‖C(1,α)(G) = max
{

‖w‖α, ‖∂zw‖α, ‖∂zw‖α

}

for w ∈ C(1,α)(G). Moreover, the vector spaces

C
2(G) = C(G) × C(G) =

{

(w, h) : w, h ∈ C(G)
}

,

C
(α),2(G) = C

α(G) × C
α(G) =

{

(w, h) : w, h ∈ C
α(G)

}

,

having norms

‖(w, h)‖∞,2 ≡ ‖(w, h)‖C2(G) = max
{

‖w‖∞, ‖h‖∞
}

‖(w, h)‖α,2 ≡ ‖(w, h)‖C(α),2(G) = max
{

‖w‖α, ‖h‖α

}

become Banach spaces. We denote these spaces by

(C2(G); ‖( · , · )‖∞,2) and (C(α),2(G); ‖( · , · )‖α,2),

respectively. Let

Lp(G) =

{

f :

∫∫

G

|f(z)|p dx dy < ∞
}

, 1 ≤ p < ∞.

Then, for w ∈ Lp(G) consider the norm

‖(w, h)‖p,2 ≡ ‖(w, h)‖L2
p
(G) = max

{

‖w‖p, ‖h‖p

}

,

defined for (w, h) ∈ L2
p(G), where

L
2
p(G) = Lp(G) × Lp(G)



44 M. Düz

and

‖w‖p ≡ ‖w‖Lp(G) =

(

∫∫

G

|w(ζ)|p dξ dη

) 1
p

.

Let d = max
z1,z2∈G

|z1 − z2|.

2.2. Lemma. [1] If then for 1 < p < ∞ and 0 < ε ≤ d we have the following inequality:

‖(w, h)‖∞,2 ≤ 2.ε
α‖(w, h)‖α,2 +

1

(πǫ2)
1
p

‖(w, h)‖p,2. �

2.3. Theorem. [1] For (w, h) ∈ C(α),2(G), 0 < α < 1 and 1 < p < ∞, the following
inequality holds:

(2.1) ‖(w, h)‖∞,2 ≤ M(α, p)‖(w,h)‖
2

2+αp

α,2 ‖(w, h)‖
αp

2+αp

p,2 .

Here

M(α, p) = max{M1(α, p), M2(α, p)},
where

m(α, p) = (αp p
√

π)−
p

2+αp ,

M1(α, p) = 2m
α(α, p) + (πm

2(α, p))
−

1
p ,

M2(α, p) =
2 p
√

4
p
√

4 − 1
m

α(α, p). �

2.4. Definition. Let

h : D → C,

where D = G × C
4 be given. If for every

(z1, p1, q1, r1, s1), (z2, p2, q2, r2, s2) ∈ D

there are positive numbers

l1, l2, l3, l4, l5

satisfying

(2.2)
|h(z1, p1, q1, r1, s1) − h(z2, p2, q2, r2, s2)|

≤ l1|z1 − z2|α + l2|p1 − p2| + l3|q1 − q2| + l4|r1 − r2| + l5|s1 − s2|

then the function h is said to be of class Hα,1,1,1,1(l1, l2, l3, l4, l5; D) over D, and we write

h ∈ Hα,1,1,1,1(l1, l2, l3, l4, l5; D).

2.5. Definition. Let h∗ : D1 → C, where D1 = G×C
2. If for every (z1, p1, q1), (z2, p2, q2) ∈

D1 there are positive numbers m1, m2, m3 satisfying

(2.3) |h∗(z1, p1, q1) − h
∗(z2, p2, q2)| ≤ m1|z1 − z2|α + m2|p1 − p2| + m3|q1 − q2|

then the function h∗ is said to be of class Hα,1,1(m1, m2, m3; D1) over D1, and we write

h∗ ∈ Hα,1,1(m1, m2, m3; D1).

Let us define a norm for the bounded operators TG and ΠG as follows:

‖TG‖α = sup
{

‖TGw‖α : w ∈ C
(α)(G), ‖w‖α < 1

}

,

‖ΠG‖α = sup
{

‖ΠGw‖α : w ∈ C
(α)(G), ‖w‖α < 1

}

.
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2.6. Lemma. Let fk ∈ Hα,1,1,1,1(lk1, lk2, lk3, lk4, lk5; D), gk ∈ Hα,1,1(mk1, mk2, mk3; D1),
(k = 1, 2), θ = (0, 0) and Sα(θ, R) = {(w, h) : ‖(w, h)‖α,2 ≤ R}. If

l0k = max
{

|fk(z, 0, 0, 0, 0)| : z ∈ G
}

,

mok = max
{

|gk(z, 0, 0)| : z ∈ G
}

,

K1 = l01 + l11 + 2(l12 + l13)R + [2m01 + 4m11 + 4(m12 + m13)R]

×
(

l14‖TG‖α + l15‖ΠG‖α

)

,

K2 = l02 + l21 + 2(l22 + l23)R + [2m02 + 4m21 + 4(m22 + m23)R]

×
(

l24‖TG‖α + l25‖ΠG‖α

)

,

max{K1, K2} ≤ R,

then for

w̃(z) = f1(z, w(z), h(z), TGg1( · , w( · ), h( · ))(z),ΠGg1( · , w( · ), h( · ))(z))

h̃(z) = f2(z, w(z), h(z), TGg2( · , w( · ), h( · ))(z),ΠGg2( · , w( · ), h( · ))(z))

the operator

A : C
(α),2(G) → C

(α),2(G), 0 < α < 1,

(w, h) 7→ A(w, h) = (w̃, h̃)

transforms the ball Sα(θ; R) into itself.

Proof. From the definition of w̃(z),

|w̃(z)| =
∣

∣f1(z, w(z), h(z), TGg1( · , w( · ), h( · ))(z),ΠGg1( · , w( · ), h( · ))(z))
∣

∣

≤
∣

∣f1

(

z, w(z), h(z), TGg1( · , w( · ), h( · ))(z), ΠGg1( · , w( · ), h( · ))(z)
)

− f1(z, 0, 0, TGg1( · , 0, 0)(z), ΠGg1( · , 0, 0)(z))
∣

∣

+
∣

∣f1(z, 0, 0, TGg1( · , 0, 0)(z), ΠGg1( · , 0, 0)(z)) − f1(z, 0, 0, 0, 0)
∣

∣

+ |f1(z, 0, 0, 0, 0)|.

From the inequality (2.2) we can write

(2.4)

|w̃(z)| ≤ l12|w(z)| + l13|h(z)| + l14|TG[g1( · , w( · ), h( · ))(z) − g1( · , 0, 0)(z)]|
+ l15|ΠG[g1( · , w( · ), h( · ))(z) − g1( · , 0, 0)(z)]| + l14|TGg1( · , 0, 0)(z)|

+ l15|ΠGg1( · , 0, 0)(z)| + l01

≤ l12|w(z)| + l13|h(z)| + l14‖TG‖α‖g1( · , w( · ), h( · )) − g1( · , 0, 0)‖Cα(D1)

+ l15‖ΠG‖α‖g1( · , w( · ), h( · )) − g1( · , 0, 0)‖Cα(D1)

+ l14‖TG‖α‖g1( · , 0, 0)‖Cα(D1) + l15‖ΠG‖α‖g1( · , 0, 0)‖Cα(D1) + l01

Now let us obtain a bound for

‖g1( · , w( · ), h( · )) − g1( · , 0, 0)‖C(α)(D1).

For every z, z1, z2 ∈ G from (2.3),

(2.5) |g1(z, w(z), h(z)) − g1(z, 0, 0)| ≤ m12|w(z)| + m13|h(z)| ≤ (m12 + m13)R
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and

∣

∣

[

g1( · , w( · ), h( · )) − g1( · , 0, 0)
]

(z1) − [g1( · , w( · ), h( · )) − g1( · , 0, 0)](z2)
∣

∣

= |g1(z1, w(z1h(z1)) − g1

(

z2, w(z2)h(z2)
)

− [g1(z1, 0, 0) − g1(z2, 0, 0)]|
≤ m11|z1 − z2|α + m12|w(z1) − w(z2)|

+ m13|h(z1) − h(z2)| + m11|z1 − z2|α

≤ 2m11|z1 − z2|α + m12‖w‖C(α) (G)|z1 − z2|α

+ m13‖h‖C(α)(G)|z1 − z2|α

≤ [2m11 + (m12 + m13)R]|z1 − z2|α

from the inequality(2.5), we can write

(2.6) ‖g1(( · , w( · ), h( · )) − g1( · , 0, 0)‖C(α)(D1) ≤ 2[m11 + (m12 + m13)R]

Now let us obtain a bound for ‖g1( · , 0, 0)‖C(α)(D1). For any z1, z2 ∈ G, since

|g1( · , 0, 0)(z2) − g1( · , 0, 0)(z1)| = |g1(z2, 0, 0) − g1(z1, 0, 0)|
≤ m11|z1 − z2|α,

we can write

(2.7) ‖g1( · , 0, 0)‖C(α)(D1) ≤ m11 + m01.

Using the inequalities (2.6) and (2.7) in (2.4), for every z ∈ G, we obtain

|w̃(z)| ≤ (l12 + l13)R + (l14‖TG‖α + l15‖ΠG‖α)2[m11 + (m12 + m13)R]

+ (l14 ‖TG‖α + l15‖ΠG‖α)(m11 + m01) + l01.

Now, let us obtain the Holder constant H(w̃, α). For every z1, z2 ∈ G,

|w̃(z1) − w̃(z2)| ≤ |f1(z1, w(z1), h(z1), TGg1( · , w( · ), h( · ))(z1),

ΠGg1( · , w( · ), h( · )))(z1)

− f1(z2, w(z2), h(z2), TGg1( · , w( · ), h( · ))(z2),

ΠGg1( · , w( · ), h( · ))(z2))|
≤ l11|z1 − z2|α + l12|w(z1) − w(z2)| + l13|h(z1) − h(z2)|
+ l14|TG[g1( · , w( · ), h( · ))(z1) − g1( · , w( · ), h( · ))(z2)]|
+ l15|ΠG[g1( · , w( · ), h( · ))(z1) − g1( · , w( · ), h( · ))(z2)]|

≤ [l11 + (l12 + l13)R]|z1 − z2|α + (l14‖TG‖α

+ l15‖ΠG‖α)‖g1( · , w( · ), h( · ))‖α|z1 − z2|α

= [l11 + (l12 + l13)R + (l14‖TG‖α

+ l15‖ΠG‖α)‖g1( · , w( · ), h( · ))‖α]|z1 − z2|α.

Moreover, for every z, z1, z2 ∈ G,

|g1(z, w(z), h(z))| ≤ |g1(z, w(z), h(z)) − g1(z, 0, 0)| + |g1(z, 0, 0)|
≤ (m12 + m13)R + m01.
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From (2.3),

|g1(z1, w(z1), h(z1)) − g1(z2, w(z2), h(z2))|
≤ [m11 + (m12 + m13)R]|z1 − z2|α,

‖g1( · , w( · ), h( · ))‖α ≤ [m01 + m11 + 2(m12 + m13)R].

Hence, for any z1, z2 ∈ G,

|w̃(z2) − w̃(z1)
∣

∣ ≤ [l11 + (l12 + l13)R +
(

l14‖TG‖α + l15‖ΠG‖α

)

× (m01 + m11 + 2(m12 + m13)R)]
∣

∣z1 − z2|α,

so we obtain

H(w̃, α) = [l11+(l12+l13)R+(l14‖TG‖α+l15‖ΠG‖α)(m01+m11+2(m12+m13)R)].

Thus, for

K1 = l01+l11+2(l12+l13)R+[2m01+4m11+4(m12+m13)R]
(

l14‖TG‖α+l15‖ΠG‖α

)

we get

‖w̃‖α ≤ K1.

In a similar way, for

K2 = l02+l21+2(l22+l23)R+[2m02+4m21+4(m22+m23)R]
(

l24‖TG‖α+l25‖ΠG‖α

)

it can be shown that

‖h̃‖α ≤ K2.

Therefore,

‖(w̃, h̃)‖α,2 = max{‖w̃‖α, ‖h̃‖α} ≤ max{K1, K2}.

If max{K1, K2} ≤ R, then ‖(w̃, h̃)‖α,2 ≤ R, i.e., A(w, h) = (w̃, h̃) ∈ Sα(θ, R). �

2.7. Lemma. [3] The ball Sα(θ, R) is compact in (C(α),2(G); ‖( · , · )‖∞,2). �

2.8. Lemma. The sphere Sα(θ, R) is a complete subspace of (C(α),2(G); ‖( · , · )‖∞,2).
�

For (w, h), (w̃, h̃) ∈ C(α),2(G), (0 < α < 1), let

d∞,2[(w, h), (w̃, h̃)] = ‖(w, h) − (w̃, h̃)‖∞,2,

and for 1 ≤ p < ∞,

dα,2[(w, h), (w̃, h̃)] = ‖(w, h) − (w̃, h̃)‖α,2,

dp,2[(w, h), (w̃, h̃)] = ‖(w, h) − (w̃, h̃)‖p,2.

The transformations

d∞,2, dp,2 : C
(α),2(G) × C

(α),2(G) → [0,∞)

define metrics on C(α),2(G). Thus, (C(α),2(G); d∞,2) and (C(α),2(G); dp,2) become metric
spaces.

2.9. Lemma. [1] Let 0 < α < 1 and 1 ≤ p < ∞. Then convergence on the ball Sα(θ, R)
with respect to the metrics d∞,2 and dp,2 are equivalent. �
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2.10. Lemma. Let

fk ∈ Hα,1,1,1,1(lk1, lk2, lk3, lk4, lk5; D) and gk ∈ Hα,1,1(mk1, mk2, mk3; D1),

k = 1, 2, 0 < α < 1 and 1 < p < ∞. In this case, for the operator A defined in
Lemma 2.6, the inequality

(2.8) dp,2[A(w1, h1), A(w2, h2)] ≤ M3(p)d∞,2[(w1, h1), (w2, h2)]

is satisfied for all (w1, h1), (w2, h2) ∈ Sα(θ, R), where

M3(p) = (mG)
1
p max{l12 + l13 +

(

l14‖TG‖p + l15‖ΠG‖p

)

(m12 + m13),

l22 + l23 + (l24‖TG‖p + l25‖ΠG‖p)(m22 + m23)}.

Proof. For all

(w1, h1), (w2, h2) ∈ Sα(θ, R)

and z ∈ G, using

‖A(w1, h1)−A(w2, h2)‖p,2 = ‖(w̃1, h̃1)−(w̃2, h̃2)‖p,2 max{‖w̃1−w̃2‖p, ‖h̃1−h̃2‖p}
let us find upper bounds for

‖w̃1 − w̃2‖p and ‖h̃1 − h̃2‖p.

For all z ∈ G, since

‖w̃1 − w̃2‖p ≤ l12|w1(z) − w2(z)| + l13|h1(z) − h2(z)|
+ l14|TG(g1( · , w1( · ), h1( · )) − g1( · , w2( · ), h2( · )))(z)|

+ l15|ΠG(g1( · , w1( · ), h1( · )) − g1( · , w2( · ), h2( · )))(z)|,

from Minkowski’s inequality and g1 ∈ Hα,1,1(m11, m12, m13; D1), we obtain
(

∫∫

G

|w̃1(z) − w̃2(z)|p dx dy

) 1
p

≤
{

∫∫

G

t[l12|w1(z) − w2(z)| + l13|h1(z) − h2(z)|

+ l14|TG[g1( · , w1( · ), h1( · )) − g1( · , w2( · ), h2( · ))]|

+ l15|ΠG[g1( · , w1( · ), h1( · )) − g1( · , w2( · ), h2( · ))]|p dx dy

}1/p

≤
(

l12‖w1 − w2‖p + l13‖h1 − h2‖p

+ l14‖TG‖p‖g1( · , w1( · ), h1( · )) − g1( · , w2( · ), h2( · ))‖p.

+ l15‖ΠG‖p‖g1( · , w1( · ), h1( · )) − g1( · , w2( · ), h2( · ))‖p

)

(mG)
1
p

≤
(

(l12 + l13) max{‖w1 − w2‖p, ‖h1 − h2‖p}
+ l14‖TG‖p(m12‖w1 − w2‖p + m13‖h1 − h2‖p)

+ l15‖ΠG‖p(m12‖w1 − w2‖p + m13‖h1 − h2‖p)
)

(mG)
1
p

≤
(

[(l12 + l13) + (l14‖TG‖p + l15‖ΠG‖p)(m12 + m13)]

× max{‖w1 − w2‖p, ‖h1 − h2‖p}
)

(mG)
1
p

≤ (mG)
1
p [l12 + l13 +

(

l14‖TG‖p + l15‖ΠG‖p

)

(m12 + m13)]

× d∞,2[(w1, h1), (w2, h2)].
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Thus we get

(2.9) ‖w̃1 − w̃2‖p ≤ (mG)
1
p [l12 + l13 + (l14‖TG‖p + l15‖ΠG‖p)(m12 + m13)]d̂∞,2.

Similarly

(2.10) ‖h̃1 − h̃2‖p ≤ (mG)
1
p [l22 + l23 + (l24‖TG‖p + l25‖ΠG‖p)(m22 + m23)p]d̂∞,2,

where

d̂∞,2 = d∞,2[(w1, h1), (w2, h2)].

The required inequality (2.8) is obtained with the help of the inequalities (2.9) and
(2.10). �

2.11. Lemma. [1] Assume the conditions of Lemma 2.6 are satisfied. Let max{K1, K2} ≤
R. In this case, the operator A : Sα(θ; R) → Sα(θ; R) defined in Lemma 2.6, is a contin-
uous operator with respect to the metric d∞,2. �

2.12. Theorem. [3] Let,

fk ∈ Hα,1,1,1,1(lk1, lk2, lk3, lk4, lk5; D), gk ∈ Hα,1,1(mk1, mk2, mk3; D1),

k = 1, 2 and max{K1, K2} ≤ R. The nonlinear singular integral equation system (1.4)
has at least one solution on the sphere Sα(θ, R). �

Now, let us study the uniqueness of the solution of the system (1.4) and how to find
it. For this, we use a variant of Banach’s fixed point theorem:

2.13. Theorem. [2] Assume that the following hypothses hold:

(1) Let (X, ρ1) be a compact metric space.
(2) Let ρ2 be another metric on X such that any sequence converging with respect

to ρ1 is also convergent in ρ2.
(3) Let the operator A : X → X be a contraction mapping with respect to ρ2, i.e. let

for any x, y ∈ X there exist a number 0 ≤ q < 1 such that

ρ2(Ax, Ay) ≤ qρ2(x, y).

Then the equation x = Ax has a unique solution x∗ and x0 ∈ X being any initial element,
the sequence (xn) defined by xn = Axn−1, n = 1, 2, . . ., converges to x∗ with speed

ρ2(xn, x∗) ≤ qn

1 − q
ρ2(x1, x0). �

2.14. Theorem. Let the conditions

fk ∈ Hα,1,1,1,1(lk1, lk2, lk3, lk4, lk5; D), gk ∈ Hα,1,1(mk1, mk2, mk3; D1),

k = 1, 2), 0 < α < 1, max{K1, K2} ≤ R, and

l = max{l12 + l13 + (l14‖TG‖p + l15‖ΠG‖p)(m12 + m13),

l22 + l23 + (l24‖TG‖p + l25‖ΠG‖p)(m22 + m23)} < 1

hold. Then the system (1.4) of nonlinear singular integral equations has a unique solution
(w∗, h∗) ∈ Sα(θ, R). This solution is the limit of the sequence (wn, hn) defined by

(2.11)

wn(z) = f1(z, wn−1(z), hn−1(z), TGg1( · , wn−1( · ), hn−1( · )),
ΠGg1( · , wn−1( · ), hn−1( · )))(z)

hn(z) = f2(z, wn−1(z), hn−1(z), TGg2( · , wn−1( · ), hn−1( · )),
ΠGg2( · , wn−1( · ), hn−1( · )))(z)
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n = 1, 2, . . ., where (w0, h0) ∈ Sα(θ, R) is any initial element. Moreover, the inequality

dp,2[(wn, hn), (w∗, h∗)] ≤
ln

1 − l
dp,2[(w1, h1), (w0, h0)]

holds.

Proof. Let X = Sα(θ, R), ρ1 = dα,2 and ρ2 = dp,2 in Theorem 2.13. Let A be an operator
defined in the Lemma 2.6. Since max{K1, K2} ≤ R, the operator A transform the space
(X, dα,2) into itself.

Now let us show that when l < 1, the operator A is a contraction operator on the
sphere Sα(θ, R) with respect to the metric dp,2.

For (w, h) ∈ Sα(θ, R),

A(w, h)(z) = (A1(w, h)(z), A2(w, h)(z)),

where

A1(w, h)(z) = f1(z, w(z), h(z), TGg1( · , w( · ), h( · )), ΠGg1( · , w( · ), h( · ))(z)),

A2(w, h)(z) = f2(z, w(z), h(z), TGg2( · , w( · ), h( · )), ΠGg2( · , w( · ), h( · ))(z)).

Thus for any
(

w
(1)

, h
(1))

,
(

w
(2)

, h
(2)) ∈ S

α(θ; R)

we can write

dp,2

(

A
(

w
(1)

, h
(1))

, A
(

w
(2)

, h
(2))
)

= max
{

‖A1

(

w
(1)

, h
(1))− A1

(

w
(2)

, h
(2))‖p,

‖A2

(

w
(1)

, h
(1)
)

− A2

(

w
(2)

, h
(2)
)

‖p}.

Since f1 ∈ Hα,1,1,1,1(l11, l12, l13, l14, l15; D), g1 ∈ Hα,1,1(m11, m12, m13; D1),
∥

∥A1

(

w
(1)

, h
(1))− A1(w

(2)
, h

(2))
∥

∥

p

=
∥

∥f1

(

w
(1)

, h
(1)

, TGg1

(

· , w(1)
, h

(1)
)

, ΠGg1

(

· , w(1)
, h

(1)
))

− f1

(

w
(2)

, h
(2)

, TGg1

(

· , w(2)
, h

(2)
)

, ΠGg1

(

· , w(2)
, h

(2)
))
∥

∥

p

= l12
∥

∥w
(1) − w

(2)
∥

∥

p
+ l13

∥

∥h
(1) − h

(2)
∥

∥

p
+ l14

∣

∣TG

(

g1

(

· , w(1)( · ), h(1)( ·
))

− g1

(

· , w(2)( · ), h(2)( · )
))

(z)
∣

∣+ l15
∣

∣ΠG

(

g1

(

· , w(1)( · ), h(1)( · )
)

− g1( · , w(2)( · ), h(2)( · ))
)

(z)|]p dx dy}
1
p

≤ l12
∥

∥w
(1) − w

(2)
∥

∥

p
+ l13

∥

∥h
(1) − h

(2)
∥

∥

p
+ l14

(

∫∫

G

∣

∣TG

(

g1

(

· , w(1)( · ), h(1)( · )
)

− g1

(

· , w(2)( · ), h(2)( · )
))

(z)
∣

∣

p
dx dy

)1
p

+ l15

(

∫∫

G

∣

∣ΠG(g1( · , w(1)( · ), h(1)( · ))

− g1( · , w(2)( · ), h(2)( · )))(z)|p dx dy

)1
p

≤ l12
∥

∥w
(1) − w

(2)
∥

∥

p
+ l13

∥

∥h
(1) − h

(2)
∥

∥

p

+ l14
∥

∥TG

∥

∥

p

(

∫∫

G

∣

∣

(

g1(z, w
(1)(z), h(1)(z)) − g1

(

z, w
(2)(z), h(2)(z)

)

)
∣

∣

p
dx dy

)1
p

≤ l1dp,2

((

w
(1)

, h
(1)
)

,
(

w
(2)

, h
(2)
))
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where

l1 = l12 + l13 + (m12 + m13)(l14‖TG‖p + l15‖ΠG‖p).

Similarly
∥

∥A2

(

w
(1)

, h
(1)
)

− A2

(

w
(2)

, h
(2)
)
∥

∥

p
≤ l2dp,2

((

w
(1)

, h
(1)
)

,
(

w
(2)

, h
(2)
))

,

where

l2 = l22 + l23 +
(

m22 + m23

)(

l24‖TG‖p + l25‖ΠG‖p

)

.

Thus, for

l = max{l1, l2}
we can write

dp,2

[

A
(

w
(1)

, h
(1)
)

, A
(

w
(2)

, h
(2)
)]

≤ ldp,2

[(

w
(1)

, h
(1)
)

,
(

w
(2)

, h
(2)
)]

.

Thus, when l < 1, the operator A is a contraction operator on the sphere Sα(θ, R) with
respect to the metric dp,2.

By Theorem 2.13, the system (2.11) has at least one solution in the ball Sα(θ, R). Let
us show this is indeed the case. Since

(wn, hn) = A(wn−1, hn−1), n = 1, 2, . . . ,

we obtain

dp,2[(wn+1, hn+1), (wn, hn)] = dp,2[A(wn, hn), A(wn−1, hn−1)]

≤ ldp,2[(wn, hn), (wn−1, hn−1)].

Repeating this process, it follows that

dp,2[(wn+1, hn+1), (w0, h0)] ≤ l
n
dp,2[(w1, h1), (w0, h0)].

Thus, for any two natural numbers m and n we can write

(2.12) dp,2[(wn+m, hn+m), (wn, hn)] = l
n 1 − lm

1 − l
dp,2[(w1, h1), (w0, h0)].

Since lim
n→∞

ln = 0, the sequence {(wn, hn)}∞1 is Cauchy by (2.12). Since (X, dp,2) is

complete, there is an element (w∗, h∗) ∈ X such that lim
n→∞

(wn, hn) = (w∗, h∗). On the

other hand,

dp,2[(wn+1, hn+1), A(w∗, h∗)] = dp,2[A(wn, hn), A(w∗, h∗)]

≤ ldp,2[(wn, hn), (w∗, h∗)]

and

lim
n→∞

dp,2[(wn, hn), (w∗, h∗)] = 0

imply that

lim
n→∞

dp,2[(wn+1, hn+1), A(w∗, h∗)] = 0,

and thus

lim
n→∞

dp,2(wn+1, hn+1) = A(w∗, h∗).

So we get (w∗, h∗) = A(w∗, h∗), and this shows that (w∗, h∗) is a solution to the equation
(w, h) = A(w, h).



52 M. Düz

Now let us prove the uniqueness of this solution: Let (w∗∗, h∗∗) be another solution
of the system (2.11). In this case, we can write

dp,2[(w∗, h∗), (w∗∗, h∗∗)] = dp,2[A(w∗, h∗), A(w∗∗, h∗∗)]

≤ ldp,2[(w∗, h∗), (w∗∗, h∗∗)].

However, this is possible only if dp,2[(w∗, h∗), (w∗∗, h∗∗)] = 0. �

2.15. Remark. Since, by (2.11), the sequence {(wn, hn)}∞1 , whose terms are defined by
(wn, hn) = A(wn−1, hn−1) is convergent to the solution (w∗, h∗) in the ball Sα(θ, R) with
respect to the metric dp,2, it is also convergent with respect to the metric d∞,2. Thus
the metrics d∞,2 and dp,2 are equivalent on X.
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