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Abstract

In this study, the existence of a solution of the non-linear singular
integral equation system

w(z) = fi (2 w(2), h(2), Tegr (-, w(- ), h())(2),
Megi (-, w(-),h())(2)),
h(z) = fa (2 w0(=), h(2), Toga( - (), h(-))(2),
Moga(-,w(-),h(-)(2)),
has been investigated. This system is more general than the one
w(z) = f1(z,w(2), h(2), Tagi (-, w(+), h(-))(2)),
h(z) = f2 (z7 w(z)7 h(z)v HGQQ( . 711)( . )7 h( . )) (Z))7
studied by Musayev and Duz (Ezistence and uniqueness theorems for a
certain class of non linear singular integral equations SJTAM 10 (1), 3

18, 2009). Here, T f(z) and Ilg f(z) are the Vekua integral operators
defined by

Tof(z) = —%//gfi—gldédm
G
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1. Introduction

Let G C C be a simply connected region with smooth boundary. As known, the
system of real partial differential equations of the form

Uz — Vy = H1(m7y7u,v,ux,uy7vx7vy)

Uy + Vo = Hz(:l?, Y, Uy U, Uz, Uy, U,y 'Uy)
is equivalent to the complex partial differential equation
(1.1) Gzw = F(z,w,0w)

where

The existence of a solution of the equation (1.1) satisfying the Dirichlet boundary con-
ditions

Rew|sc = g(2),g € C%(0G),

Imw(20) = co, 20 € G,

in Holder space C* (@), under suitable conditions, had been investigated by Tutschke [4].
Let the function F in (1.1) be a complex valued scalar function defined on the region

D ={(z,w,h):z€ G,w,h e C} =G x C?,

and let us consider the operators

S
He f(z // dédm

¢ =¢&+in, for f € C*(G). In this case, the solutions w of the equation (1.1) satisfy the
system of nonlinear singular integral equations

w(z) = ¢(2) + TaF (-, w(-),h(-))(2),

h(z) = ¢'(z) + e F (-, w(-), h(-))(2),

where h = 0.w and ¢(z) are arbitrary holomorphic functions defined on G. The system
(1.2), under weaker conditions on the function F using a variant of the Banach fixed

point principle was studied by Altun, Koca and Musayev [1]. In [3], the less restrictive
nonlinear singular integral equation system

w(z) = fi(z,w(z),h(z), Tagi(-,w(-),h(-))(2)),
h(z) = f2(z7w(z)7h(z)7HG92( : 711/( : )7h( : ))(z))7

has been studied. In this paper, the more general nonlinear singular integral equation
system

(1.3)

w(z) = fi(-,w(-),h(-), Tagr(-,w(-),h(-)), Hagr (-, w(-),h(-)))(2),
h(z) = f2('7w(')7h(')7TGg2('7w(')7h('))7HGg2('7w(')7h(')))(z)7

will be discussed for given functions fi, f2, g1, g2 under some conditions.

(1.4)
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2. Main results

In this section, we will present some theorems related to the solutions of the system
(1.4) under suitable conditions.

2.1. Definition. If for every zi, 22 € G there are constants H > 0 and « satisfying the
inequality:

[w(z2) —w(z1)| < Hlze —21]%, 0 < a < 1,

then the function w : G — C is said to satisfy the Holder condition in the region G, or
to be Holder continuous.

Let us denote the class of Holder continuous functions defined on G by C*(G). This

class is a vector space. On the other hand, C°(G) = C(G) is the class of all continuous
functions on G, and for w € C(G) in this class, the norm is defined to be

lwlloe = llwllo) = max {lw(2)|: z € G}.

On the other hand, if the norm for w € C*(G) is defined as
[wlla = [[wllow@ @) = [wlleo + H(w,a)
where
H(w,a) = stip{|w(zl) —w(z2)|lz1 — 22| 1 21 # 22,21, 22 € G},
G

then the class C*(G) becomes a Banach space with this norm.

Let us denote the Holder continuous functions defined on G and having partial deriva-
tives of first order with respect to the variables z and Z by C*®) (G). This class consti-
tutes a Banach space with norm

[wlia = llwllca.m @) =max {[w]a, [|0:w]a, [|0zw]la }
for w € C*)(G). Moreover, the vector spaces

C*(@) = C(@) x C(@) = {(w,h) : w,h € C@)},

(@) = C*(G) x C*(G) = {(w,h) : w,h € C*(G)},
having norms

1w, B)los,2 = | (w, B)ll 2 @) = max {[[wlloo, [Alloo }

[[(w, B

a2 = [|(w, W)l o2 @) = max {wlla, [[Alla }
become Banach spaces. We denote these spaces by

(C*(@); II(+ )lloo2) and (C2(@); [I(-, -)]
respectively. Let

04»2)7

L,@) = {f://lf(Z)l”dxdy<oo}7 1<p<oo
G

Then, for w € L,(G) consider the norm
1w, )lp,2 = (1w, Bl 12 @) = max {wllp, [|hllp },
defined for (w, h) € L2(G), where

L?)(G) = Lp(G) x Lp(G)
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and

olly = el @ = ( i Iw(C)I”dédn) .
fe

Let d = max_|z1 — 22
zl,zgea

2.2. Lemma. [1] If then for 1 < p < oo and 0 < ¢ < d we have the following inequality:

[(w, b,z < 2.6%||(w, h)]

1
a2+ 7||(w7h)|

me2)p

p,2- g

2.3. Theorem. [1] For (w,h) € C*(G), 0 < a <1 and 1 < p < oo, the following
inequality holds:
2 —op

21 l(w h)llec,2 < M(e,p)ll(w,h)]|2 5™ [I(w, h)[l,; 5"
Here

M (e, p) = max{M (e, p), M2(c, p)},
where

m(a,p) = (ap/7) 7w,

Mi(a,p) = 2m" (a,p) + (xm*(a,p) 7,

294
Va—1
2.4. Definition. Let

h:D —C,

Ma(a,p) =

m® (e, p). 0

where D = G x C* be given. If for every

(z1,p1,q1,71, 81), (22, P2, 2,72, 82) € D
there are positive numbers

li,l2, 13,14, 15
satisfying
(2.2) |h(21,p1,q1,71,51) — h(22, P2, g2, 72, 52)|
< )z — 22|™ + lalpr — p2| +s|qn — go| + la|r1 — 72| + Is|s1 — s2]

then the function h is said to be of class Ha,1,1,1,1(l1, 2,13, l4,15; ﬁ) over ﬁ7 and we write

he Haia,1,1(l,12,18,l,15; D).

IETESE T}

2.5. Definition. Let h* : D1 — C, where D; = GxC?2. If for every (z1,p1,q1), (22, p2,q2) €
D, there are positive numbers m1, ma, ms satisfying

(2.3) W (21,1, q1) = b (22, P2, @2)| < malz1 — 22|" + malpr — pa2| + malq1 — 2|

then the function h* is said to be of class Ha,1,1(m1, m2, ms; D_l) over ﬁl, and we write
h* € Ha1,1(m1, ma, ms; D).

Let us define a norm for the bounded operators T and Ilg as follows:
I Tela = sup {||Tew]a : w € @), [[w]la < 1},
T [l = sup {|[Hewllo : w € C (@), |w]la < 1}.
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2.6. Lemma. Let fr € Ha,1,1,1,1(Ik1, le2, I3y ks ks D), g € Ha1,1(met, maz, mas; D1),
(k=1,2), 0=(0,0) and Sa(0,R) = {(w,h) : |[(w, h)[la2 < R}. If

lox = max {|fx(2,0,0,0,0)| : z € 6}7

Mok = max {|g(2,0,0)| : z € G},

Ky =lor + li1 4 2(liz + l13) R + [2mo1 + 4ma1 + 4(maz2 + mas)R]

X (l14HTG”a +ll5||HG||a)7
Ky = loa + l21 4 2(l22 + l23) R + [2mo2 + 4m21 + 4(ma2 + mas) R)

X (laa|| T lla + l2s[| g |la)
max{Ki, K2} <R,

then for

the operator
A:C2(@) - C@), 0<a< 1,
(w, h) = A(w, h) = (@, h)

transforms the ball S (6; R) into itself.

Proof. From the definition of w(z),

[0(2)] = | f1(z,w(2), h(2), Taga (-, w(-), k()
< fi(zw(2), h(2), Taga (- w(-), h(+))( ) Hegi (- w(-), h(-
= [1(2,0,0,Tcgi(+,0,0)(2), g1 (-, 0,0)(= ))|
+|f1(z70707TG£/1('7070)(2)7HG 1(+,0,0)(2)) = f1(2,0,0,0,0)]
+ |f1(2,0,0,0,0)|.

)(2), agi (- w(-), h(-

—_—
—_ —
=
—~
0 N
~— ~—
— —

From the inequality (2.2) we can write

[ (2)] < hzlw(z)[ 4+ hslh(2)] + ha|Ta[g1(-, w(- ), h(-))(2) = 91(+,0,0)(2)]]
+ his|lalgi (-, w(-), h(+))(2) = g1(+,0,0)(2)]| + ha|Tag1 (-, 0,0)(2)]
+ Lis|Iag1(-,0,0)(2)| + lo
< hz|w(2)[ 4 hs|h(2)] + hal Tellallgr (- w(-), A(-)) = g1(+,0,0)lca oy
+ bis[[Tellallgi(-,w(-), h(-)) = g1(+,0,0)llca mry)
+ hal[Tellallgi(-,0,0)llga oy + hislcllallgi (- 0,0)llcapy) + lor

Now let us obtain a bound for
lgr(-,w(-),h(+)) —g1(+,0,0)[ e B7)-
For every z,z1,22 € G from (2.3),

(2.5)  g1(z,w(2), h(2)) — 91(2,0,0)| < mizfw(z)| + mis|h(2)] < (miz +mis)R
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and

{910 w(-),h(-)) = 91(+,0,0)] (1) = [g2 (-, w(+), h(+)) = g1(+,0,0)](22)|
= |91 (21, w(z1h(21)) — g1 (22, w(22)h(22))
—[91(21,0,0) — g1(22,0,0)]|
<mai)zr — 22| + mazw(z1) — w(z2)|
+mas|h(z1) — h(z2)| + ma1]z1 — 22|”
< 2mailz1 — 22|® + mazfwll o (G)|z1 — 22|
+masllhllc @ la — 22|®
< [2ma1 + (ma2 + mas)R]|z1 — 22|”
from the inequality(2.5), we can write
(26)  lg((-,w(-),h(+)) = g1(+,0,0)[|cter 7y < 2[mar + (maz + mas)R]

Now let us obtain a bound for [|g1(-,0,0)||c@) ;). For any 21,22 € G, since

|gl(' 7070)(’22) - gl('7070)(21)| = |gl(z2707 0) - 91(21707 0)'

«
mi1|z1 — 22|,

A\

we can write
(2.7) Hgl(':oao)”c(a)(p_l) < mi1 + mo1-
Using the inequalities (2.6) and (2.7) in (2.4), for every z € G, we obtain

[0(2)] < (liz + liz) R+ (Lia||Tclla + Lis||e|a)2[mir + (mi2 + mas) R]
+ (lua | Tella + lis||Tg|la) (mar + mo1) + lo1.

Now, let us obtain the Holder constant H (1, a). For every z1,22 € G,

[w(21) — w(z2)| < [fi(z1, w(21), h(21), Tagr (-, w(-), h(+))(21),
Hagi(-,w(+), h(-)))(z1)
— f1(z2,w(z2), h(22), Tagr (-, w(- ), h(-))(22),
Hagi(-,w(-), h(-))(22))]
< lhilz — z2|™ + liz|w(z1) — w(z2)| + lis|h(z1) — h(z2)]
+ ha|Talga (-, w(- ), h(-))(21) — g2(-,w(-), h(-))(22)]|
+ lisalg (-, w(-), h(-))(21) — g1(-,w(+), h(+))(22)]]
< [lin + (liz + Li3) R]|z1 — 22|® + (l14]| TG || o
+ s Talla)llgr (-, w(-), () llalzr — 22|
= [l + (liz + Lis) R+ (14| Tc ||
+ lis|ella)llgr (-, w(-), h(-))llallz1 — 22|

Moreover, for every z, z1, 22 € G,

|91 (2, w(2), h(2))] < |g1(2,w(2), h(2)) — g1(2,0,0)| +]g1(2,0,0)]
< (maz2 + mas) R + moz.
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From (2.3),

lg1 (21, w(z1), h(21)) — g1 (22, w(22), h(22))]

< [ma1 + (maz2 + mas)R]|z1 — 22|,

g1 (s w(-), h(-)lla < [mor +ma1 + 2(maz +maz)R].
Hence, for any z1, 2 € G,

[0 (z2) — 121(21)| <[hi+ (e +hs)R+ (l14HTG”a + ll5||HG||a)

X (mo1 + m11 + 2(mi2 + m13)R)]|Z1 — 22|,

so we obtain

H(w,a) = [lii+(liz+l3) R+H(la||Te |la+lis | el o) (mo1+ma1+2(miz+mas) R)].
Thus, for

Ky = loi+h1+2(Liz+1i3) R+[2mor+4mar +4(maiz+mas) R] (114||TGHa+ll5HHGHa)
we get

il < Ki.
In a similar way, for

Ko = loa+l214+2(la2+123) R+[2moz+4mar +4(maz+mas) R] (lz4||TGHa+lz5HHGHa)

it can be shown that

[hlla < Ka.
Therefore,

(@, B)lla.2 = max{[|@|a, 1o} < max{K, K2}.
If max{K1, K2} < R, then |(@,h)||a2 < R, i.e., A(w,h) = (0, h) € Sa(6, R). 0
2.7. Lemma. [3] The ball So (6, R) is compact in (C2(G);||(-, - )loo,2)- a

2.8. Lemma. The sphere So (6, R) is a complete subspace of (C“2(G);||(-, - )|loo,2)-
O

For (w,h), (,h) € C“2(@), (0 <a < 1), let
doo,Z[(U), h)7 (wv E)] = H(w7 h) - (wv E)”OO,?:
and for 1 < p < o0,
da,z[(w, h)7 (71)7 B)] = ||(w7 h) - (wv E)' a,2;
dp’z[(wv h)7 (71)7 h)] = ||(w7 h) - (zb7 h)HP,Q'
The transformations
doo.2, dpo : C2(@) x C(G) — [0, 00)

define metrics on C®2(G). Thus, (C®)>?(G); do,2) and (C'*)2(G); dp 2) become metric
spaces.

2.9. Lemma. [1] Let 0 < a <1 and 1 < p < co. Then convergence on the ball So(6, R)
with respect to the metrics doo,2 and dp 2 are equivalent. O
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2.10. Lemma. Let
fe € Han1,10(les be2, Lis,y Lea, Less D) and g € Ha1,1 (mit, miz, mys; D1),

k=12 0<a<landl < p < oco. In this case, for the operator A defined in
Lemma 2.6, the inequality

(28)  dp2[A(w1, h1), A(wz, he)] < M3(p)deo 2[(wr, h1), (w2, h2)]
is satisfied for all (w1, h1), (w2, h2) € Sa(6, R), where

Ms(p) = (mG)% max{liz2 + li3 + (ll4||TGHp + l15HHGHp) (m12 + mas),

lag + laz + (l24||Tc||lp + l2s||c||p) (22 + mas)}

Proof. For all

(w1, h1), (w2, h2) € Sa(6, R)
and z € G, using

| A(wr, ) = A(ws, ho)|lp2 = || (@1, h) = (2, ha)|
let us find upper bounds for

p2 max{ w1 —wz|lp, [[h1—h|lp}

[y — 1al|, and [[h1 — hallp.
For all z € G, since
i1 — W2l < liz|wi(z) — w2(2)| + liz|hi(2) — ha(2)]
+ha|Te(gi(-,wi(-), ha(+)) — g1(-, w2 (), ha(+)))(2)]
+ s (g1(-,wi(-), k() = g1(-,w2(-), k2 () (2)],

from Minkowski’s inequality and g1 € Ha,1,1(m11, mi2, m13;D_1), we obtain

( [[ 101~ we)p da dy> '
G

< { é / Hlrafwn () — wa(2)] + Lisla (2) — ha(2)
bl Talg (- wn () ki () = g1 (- wa(-) ha())]]

1/p
+lis|algr (-, wi(-), ha(-)) —91('7w2(')7h2('))]|pdwdy}

< (hzflwr = wallp + sk — hal,
+ hal|Tellpllgr (- wi(-), () = g1(-sw2(-), k2 ()l
1
+ lis||Ha|lpllg (- wi (), ha(-)) = g1 (- wa (- ), he(-))]lp) (mG)?
< ((h2 + hia) max{[lwi — wa|lp, |1 — hallp}
+ lal|Ta lp(mazllwr — wallp + mas|lhy — hal[p)
1
+ Lis | |lp(mazllwr — wallp + maz|lhs — hallp)) (mG)?
< ([(112 + 113) + (la||Tellp + Lis e ||p) (maz + mas)]
x max{|wr — wsl|p, [|hr — hallp}) (mG)?
1
< (mG)? |l + lis + (ll4||TGHp + l15HHGHp) (ma2 + mas)]
X doo,2[(w17 h1)7 (w27 h2)]
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Thus we get

1 N
(2.9) o1 — W2lp < (MG)? [li2 + L1z + (Lal|Tallp + Lis[|Te|lp) (Maz + mas)]doo,2.
Similarly

(2.10)  [lhn = hally < (mG) 7 [la2 + l2s + (24| Talp + tas [T |lp) (a2 + mas)p)doc,2,
where

doo2 = doo 2[(w1, h1), (w2, ha)].
The required inequality (2.8) is obtained with the help of the inequalities (2.9) and
(2.10). O

2.11. Lemma. [1] Assume the conditions of Lemma 2.6 are satisfied. Let max{K;, K2} <
R. In this case, the operator A : Sa(0; R) — Sa(0; R) defined in Lemma 2.6, is a contin-
uous operator with respect to the metric doo,2. O

2.12. Theorem. [3] Let,
fe € Ha11,10,0(Uk1, bz les, bea, es; D), g € Hoo1a (it , Mz, mes; D1)),

k=1,2 and max{K1, Ko} < R. The nonlinear singular integral equation system (1.4)
has at least one solution on the sphere So (6, R). a

Now, let us study the uniqueness of the solution of the system (1.4) and how to find
it. For this, we use a variant of Banach’s fixed point theorem:

2.13. Theorem. [2] Assume that the following hypothses hold:

(1) Let (X, p1) be a compact metric space.

(2) Let p2 be another metric on X such that any sequence converging with respect
to p1 is also convergent in pa.

(3) Let the operator A : X — X be a contraction mapping with respect to pa2, i.e. let
for any z,y € X there exist a number 0 < g < 1 such that

p2(Az, Ay) < gpa(z,y).
Then the equation x = Az has a unique solution x. and xo € X being any initial element,
the sequence (xrn) defined by xn = Azn_1, n=1,2,..., converges to . with speed

n

q_qu(am,aco). O

p2(Tn, ) < 1

2.14. Theorem. Let the conditions

Sr € Ha1,1,0,1(Ikns bia, ks, Uka, Irss D), gk € Ha,11 (mg, miz, mas; Di),
k=1,2),0<a<1, max{K1, K2} <R, and

I = max{li2 + lizs + (Lua||Tcllp + Lis||ILc||p) (M2 + mas),

lag 4+ lag + (l2a||Tc||p + los[|[He||p) (a2 + mas)} < 1

hold. Then the system (1.4) of nonlinear singular integral equations has a unique solution
(ws, hi) € Sa(0, R). This solution is the limit of the sequence (wn,hyn) defined by

wn(2) = f1(2, wn-1(2), hn-1(2), Tag1 (-, wn-1(+), An-1(+)),
Hagi (-, wn-1(")
hn(2) = fa(2, wn-1(2), hn-1(2), Teg2 (-, wn-1("), hn-1(")
Hega( -, wn-1(+)

(2.11)
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n=12,..., where (wo, ho) € Sa(0, R) is any initial element. Moreover, the inequality
ln
1-1

dp,z[(wnv hn)v (w*7 h*)] < dP’Q[(wlv hl)v (w(), ho)]

holds.

Proof. Let X = So(0, R), p1 = da,2 and p2 = dp,2 in Theorem 2.13. Let A be an operator
defined in the Lemma 2.6. Since max{K1, K2} < R, the operator A transform the space
(X, da,2) into itself.

Now let us show that when | < 1, the operator A is a contraction operator on the
sphere So (0, R) with respect to the metric dp 2.

For (w, h) € Sa(0, R),
A(w, h)(2) = (Ai(w, h)(2), Az(w, h)(2)),
where
Ai(w, h)(z) = fi(z,w(2), h(2), Tagi(-,w(-), h(-)), Hagi (-, w(-), h(-))(2)),
Ao(w,)(2) = fa(2,w0(2), h(2), Taga (-, w(-), h(-)), Taga(- w(-), h(-)(2).
Thus for any
(w(l),h(l)), (w(2)7h(2)) € 5°(6; R)
we can write
dp.o (A(w(1)7 h(l))7A(w(2)7 h(2))) — max{||A1(w(1)7 h(l)) — A (w(2)7 h(?)) llps
142 (w ™, hD) = Aa (™, A®)|]p}.
Since f1 € Ha11.1.1(l11, 2, s, lia, lis; D), g1 € Han1(mar, miz, mas; Dy),
HAl (w(l),h(l)) _ A1(w(2),h(2))]|p
= 1/ (0@, 5D Tagi (-, w®, 1D, Hagr (-, w®, hD))
- h (w(2), h(2),TGg1(- 7w(2)7 h(2)),Hcg1(~ ,w(2),h(2))) ”p
= a0 — w4 bl B~ A+ T (g (- 0D (), A0 (-)
— g1 (-, w? (), 2P ()))(2)] + lis|Te (g1 (-, w (), ()
— 91w (), kP () ) da dy

< l12||w(1) _ w(2)||p + l13Hh(1) _ h(z)Hp +l14( //|TG(91(,yw(l)(,)yh(:l)(.
‘@

)
_ g1(- 7w(2)(')7h(2)(')))(z)’pdmdy>
+l15< |Hg(g1(-7w(1)(.)7h(1)(,))
J

— a1 ( ~,w(2)( . ),h(2)( ()P da dy>p

bl =0, + A 1

=

+ha|[Ze]], ( / / (9102w (2), kD (2)) = 1 (2,02 (), 12 ()| da dy>
G

< lidy o ((w®, D), (@@, D))
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where

=l +hs + (M2 + mas) (hal| Tallp + hs [ Hallp)-
Similarly

HAz(w(l),h(l)) — A, (w(2), h(?)) ”p < lzdp,z((w“), h“)), (w(2),h(2))),
where

l2 = la2 + 23 + (m22 + mas) (l2al| Tc |l + l2s [ Tellp)-
Thus, for
I = max{ly,l2}
we can write
dp.2 [A(w“), h(l)),A(w(2), h(2))] <ldyo [(w(l)v h(l)), (w(2), h(?))].

Thus, when [ < 1, the operator A is a contraction operator on the sphere So (0, R) with
respect to the metric dp 2.

By Theorem 2.13, the system (2.11) has at least one solution in the ball S (6, R). Let
us show this is indeed the case. Since

(Wnyhn) = A(wn—1,hn-1), n=1,2,...,
we obtain
dp2[(Wn+1, hnt1), (Wn, ha)] = dp2[A(wn, hn), A(Wn—1, hn-1)]
< dp 2[(Wny hn), (W1, 1))
Repeating this process, it follows that
dp,2[(Wnt1, hny1), (wo, ho)] < 1" dp2[(wi, h1), (wo, ho)].

Thus, for any two natural numbers m and n we can write

nl—1"
(212) dpvz[(wn+m7 hn+m)7 (wTH hn)] =1 ﬁdp,Z[(wl, h1)7 (w07 h())]
Since lim [™ = 0, the sequence {(wn,hn)}7° is Cauchy by (2.12). Since (X, dp,2) is

complete, there is an element (w«,h«) € X such that lim (wn,hn) = (w«, hs). On the

other hand,
dp2[(Wny1, Ani1), A(ws, he)] = dp 2[A(Wn, hn), A(ws, ha)]
< ldp,2[(wn, hn), (we, b )]

and

i dp o[(wn, hn), (ws, he)] = 0
imply that

nhﬁrr;o dp2[(Wnt1, hnt1), A(ws, he)] =0,
and thus

Jim dp2(wnt1, hntr) = A(ws, ).

So we get (ws«, he) = A(wsx, hy), and this shows that (ws, hs) is a solution to the equation
(w,h) = A(w, h).
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Now let us prove the uniqueness of this solution: Let (w.«, h«s) be another solution
of the system (2.11). In this case, we can write

dP’Q[(w*v h*)7 (w**v h**)] = dpyz[A(w*v h*)7 A(w**7 h**)]
< ldpyz[(w*v h*)v (w**v h**)]'
However, this is possible only if dp 2[(ws, hx), (Wasx, hss)] = 0. O

2.15. Remark. Since, by (2.11), the sequence {(wn, hn)}7°, whose terms are defined by
(Wn, hn) = A(wn—1, hn—1) is convergent to the solution (wx, h.) in the ball S, (0, R) with
respect to the metric dp 2, it is also convergent with respect to the metric de,2. Thus
the metrics do,2 and dp 2 are equivalent on X.
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