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Abstract

In this paper we study multi-state systems consisting of two compo-
nents when the number of system states and the number of states of
each component are the same, i.e. the systems under consideration are
homogeneous multi-state systems. In particular we evaluate multi-state
series and cold standby systems assuming that the degradation in their
components follow a Markov process. The behaviour of systems with
respect to degradation rates is also investigated in terms of stochastic
ordering.
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1. Introduction

Reliability evaluation has a vital importance at all stages of processing and control-
ling modern engineering systems. It is a very common situation in which the system and
its components have a range of performance levels from perfect functioning to complete
failure. This situation can be handled and analyzed by multi-state reliability theory. For
example, networks and their components perform their tasks at different performance
levels. Therefore the performance degradation of the network occurs due to the degra-
dation in components over time. One of the most common and tractable assumptions
is that degradation in the system occurs according to a Markov process. The reader
is referred to Lisnianski and Levitin [7] for the use of Markov processes in multi-state
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system modeling. Much attention has been paid recently to the evaluation of multi-state
systems. Some recent contributions on the subject, among others, are the works of Zuo
and Tian [15], Li and Zuo [5], Eryilmaz and Iscioglu [3], and the references therein.

Some dynamic reliability measures used in binary state analysis have been extended
to the multi-state case in several works (see, e.g. Brunelle and Kapur [1]). Because there
are more than two states in multi-state system modeling, there is a necessity to define
the lifetime of a multi-state system in a specific state j or above. In fact, this lifetime
random variable is the time spent by the system in state j or above. Lisnianski and
Frenkel [9] studied a non-homogeneous Markov reward model for an aging multi-state
system under minimal repair.

Standby redundancy is widely used in engineering design to improve system reliability.
In this case, only one component is active in the system and the other components are
placed in the system in the standby condition. Several types of standby redundancy
have been defined and studied in the literature. The most recent results on binary
standby systems are in the works of Cha et al. [2], Li et al. [6]. Some redundancy
problems for multi-state systems including typical series and parallel connections, k-out-
of-n and consecutive k-out-of-n structures were studied in the literature [4, 7]. Recently
Lisnianski and Ding [8] discussed a new general type of redundancy which considers
two interconnected multi-state systems, where one multi-state system can satisfy its own
stochastic demand and can also provide abundant resource to another system.

In this paper we study multi-state series and cold standby systems under the assump-
tion that the degradation in their components follow a Markov process. In Section 2,
we present the definitions and obtain the reliability functions. In Section 3, we study
how the degradation rates influences the performance of systems in terms of stochastic
ordering.

2. Definitions and reliability functions

This section is devoted to the construction of the probabilistic frame for modeling the
multi-state series and cold standby systems. Below we provide the notation that will be
used throughout the paper.

{0,1,..., M} : The state set of the system and its components, where “0” and “M”
represent respectively the worst (completely failed) and best (perfect
functioning) states.

Xi(t) : The state of component ¢ at time ¢, X;(¢t) € {0,1,..., M}, i =1,2.

T;j : The lifetime of component 4 in the state subset {j,5 +1,..., M} (or the time
spent by the component 7 in state j or above), i = 1, 2.

ng : The lifetime of the multi-state series system in the state subset {j, 5+ 1,..., M}.

TCZj : The lifetime of the multi-state cold standby system in the state subset {j, 7+ 1,
j+2,...,M}.

2.1. Definition. The two component multi-state series system is in state j (j = 1, ..., M)
or above if and only if both of its components are in state j or above.

According to the above definition, the lifetime of a two component multi-state series
system in the state subset {j,7 + 1,..., M} is given by
(21)  T§ =min(T3, T57).
Under the assumption that the components are independent, the reliability function
corresponding to TSZJ is

(22)  P{T5’ >t} = P{T7? > t} P{T57 > t},
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forj=1,..., M.

In a multi-state cold standby system consisting of two components, the system is
put into operation with component 1 in active operation and component 2 in standby.
When the performance rate of component 1 falls below j, instantaneously component 2
is switched into operation.

2.2. Definition. A two component multi-state cold standby system is in state j (j =
1,..., M) or above as soon as its active component is in state j or above.

The lifetime of a two component multi-state cold standby system in the state subset
{j,j+1,...,M} is then defined by

(23) T =T +T57.

The basic assumptions for such a system can be listed as below:

(1) A standby component is switched into operation as soon as the performance rate
of the active component falls below j.

(2) The components degrade while they are in active state with time ¢ without repair
from the perfect state to lower states.

(3) A standby component does not degrade while the active component is working,
Le. P{Xy(T77) =M} =1.

Under the above assumptions the system reliability function can be computed as

P{T&" >t} = P{T77 + 157 > t}
o] t
_ >j >j >j
_/dP{Tl g:c}+/P{T2 >t -2} dP{T? <z}
’

t

t
= P12 > )+ [ P17 > - a}ap{Ty <),
0

for t > 0.

Assume that the degradation in the components follows a Markov process and that the
components have 3 states: 0 (failed), 1 (partially working) and 2 (perfectly functioning).
If the corresponding instantaneous degradation rates among the states for the components
are denoted by )\g% and )\g)h i = 1,2, then from (3.19) of Lisnianski and Levitin [7] we
have the following system of differential equations for the state probabilities p;(t) =
P{Xi(t)=4}, 7=0,1,2.

d
Zpo(t) = Ailgpi (1)

d
(25) (1) = Aapa(t) = Alopi (8)

d
Zp2(t) = =X5ipa(1)

with initial conditions p2(0) = 1, p1(0) = 0 = po(0).
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After solving this system one obtains

1 ( (1) =21y 1) Ay
— (A le TL0" — A\ e 2,1 )
1 D (2,1 1,0 )
Ag,% - Ag,())

(26) P{Xi(t)=0}=1

AL M o)
(27)  P{Xi(t)=1} 2,1 ( —Atot _ew,lt)

NG 1
-
(1)
(2.8)  P{Xi(t) =2} =e 21!
and hence
(e xR

1 1
A1 = Al

(29  P{T7' >t} =P{Xi(t) > 1} =

)

(1)
(210) P{TZ2>t} = P{Xi(t) > 2} = ¢ 21",

for t > 0. Under the Markov process assumption defined above the reliability functions
of the series system are

P{Ts' >t} = P{I7" > ¢} P{T5" >t}

) (A28~ a0 (e b -z )

)

1 1 2 2
Aot = AL A -0
and
(212) P{TZ? > 1} = e~ a0,

In the setup of a two component multi-state cold standby system, <)\§%8, Aéﬂ) denotes

the degradation rates for the active component, and ()\f())7 )\EQD denotes the degradation

rates for the standby component while it is in the active state. The reliability of a
multi-state cold standby system is found to be

) &)
plrt s gy - QST N 1
f > =
e} 1 1 1 1 2 2
A5 = A0 A = ADOE =a)
(2.13) t
. ) @)
« / (AR ) 3300
0

ENCON ENON
x (AAe 0" — Al e 207 | da

(1) 1)
(Agge Mot — Afge ) 1

_|_
1 1 1 1 2 2
AT = A =AM OE =A%)

(1) (2)
AD (1) @) —A (1 — e~ Pro—io))
X [A1gA21A21€ 5 NOBNC)
1,0 1,0

(2.14) e

(1—67 2,17 1,0 ) 1 1 2) (2

- D _ @ + ALoA A e et
)‘2,1 - )‘1,0

{ (1— e*(kéf{%f{)t) (1— e*(kif%%f{)t) H
1 2 - 1 2 )
A = AZ Ao = A
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and
(215) P{T2? >t} =e o1t ¢ Ao Qe e

. ST>t=e "2 —_— <e At — 772, )

C 1 2 )
Aot = A
1 2 2) (1 2 2

for ATY # A%, A5 # A2, ALy # A%, and AT # A5,

The mean lifetime of the cold standby system in the state subsets {1,2} and {2} are
found to be respectively

216) B2 = 4L 4 L 1
(210 Bl)=sm s tam ey
and
>2y 1 1
(217) E(T§ )7W+E.
2,1 2,1

3. Stochastic comparison of systems

We first adapt the definitions of some ageing and ordering properties from binary
systems to multi-state systems.

3.1. Definition. The lifetime of system A is stochastically smaller than the lifetime of
system B in the state subset {j,7 + 1,..., M}, if

(81 P{TF >t} <P{15 >}
for all t > 0, and we write Tfj <t ng.

3.2. Definition. A multi-state system is said to have an increasing failure rate (IFR)
in the state subset {j,j + 1,..., M} if the failure rate function defined by

r2(t) = lim iP{TZj <L+ AL T > t}

(3.2) At—0 At
' _ 4Lp{T=7 >t}
P{T=i >t}

is a nondecreasing function of .

3.3. Definition. The lifetime of system A is smaller than the lifetime of system B in
the state subset {j,7 + 1,..., M} in failure rate ordering, if

(33) 3’0 =5 ()

for all £ > 0, or equivalently P{ng > t}/P{TEj > t} is a nondecreasing function of ¢,
: > >j

and we write 177 <;. T5".

3.4. Definition. A vector x = (z1,..., %) is said to majorize a vector y = (y1,...,Yn),
denoted by x > y, if 27 @y < Y1 yu for j =1,...,n—1,and X7z, =
> im1 Yy, where (1) <+ < x(py and yay < -0 < Y.

3.5. Theorem. [14] Let X1, X2,Y1 and Ys2 be independent random variables such that
X1 < Y1 oand Xo <pr Yo. If X5,Y5,i = 1,2 are all IFR, then

(34) X1+ X2 <y Y1+ Yo,
3.6. Lemma. If o = (a1,0,02,1) =m A = (A1,0,A2,1), then the function defined by

55 o= Om1 =) (e g
' (2,1 — a1,0) (Ao,1e7 08 — Nq ge™A21t)

is nondecreasing for all t > 0.
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Proof. It is easy to compute that

ht) = 2g(t)

1 (A1 —Aip)
(3.6) = T(0) (as.1 —avo) [a2,1>\2,1(>\1,o —aip)e

+ az,1A1,0(01,0 — A2

—(a1,0tA1,0)t

)67(a1‘°+k2’1)t + 1,0 2,1 (2,1 — A1,0)

—(« +A t —(« +A t
% e (a2,1+A1,0) +C¥1,0)\1,0()\2,1—C¥2,1)6 (a2,1+A2,1) ,

where A(t) = ()\2’167&,015 — )\1,067>\2‘1t). The four possible cases we need to consider are:
(i) ai,0 < az1 and A1 < a1,
(i) a1,0 < a1 and A2;1 < Aqjo,
(111) Q21 S Q1,0 and )\1,0 S )\2,17
(iv) az,1 < oa1,0 and A2 < Ao,

Consider the case (i). If @ =, A, then a1,0 < A1,0,a1,0 + @2,1 = A1,0 + A2,1, which yield
a21 —a1,0 >0, Aot —A10 >0, Aio—a1,0 >0, a1,0—A2,10 <0, ag1 — A0 > 0, and
A2,1 — az,1 < 0. In this case

A= a2’1)\2y1()\1’0 _ al’o)e*(al,(rfkl,o)t Z 07 B= 052,1)\1)0(061’0 _ )\2,1)67(()1’0+>\2’1)t S 0
and
C = arode1(az1—Aro)e” 2T > 00 D = a5 g A 0( A2 —az)e” 21208 < g
but
A C
_Zs10<-%<1
D~ - B~

—(a1,0+A1,0)t —(az2,1+A2,1)t  —(a2,1+A1,0)t —(a2,1+X2,1)t  —(a1,0+A2,1)t
Because e >e , e >e , € >

e~ (@21 22,10t we have
A+B+C S Q21 — A1 1
D T A1 — a2 ’

which yields h(t) > 0. For the cases (ii), (iii) and (iv) we have —A/D > 1, —C/B < 1,
—A/D<1, —=C/B>1and —A/D <1, —C/B > 1, respectively. The other three cases
can be evaluated similarly and the proof is completed. O

In the sequel, the components of each system are assumed to have equal degradation
rates.

3.7. Theorem. Let TSZj = min (T12j7T22j) and Zgj = min (lej7Z§j) denote the life-
time of two independent multi-state series systems in the state subset {j,7+1,...,M}.
Assume that M = 2 and the degradations in the first and second systems’ components
follow a Markov process with degradation rates A = (A1,0, A2,1) and a = (a1,0,02,1),
respectively.

(a) Ifa=m X, then T3 <y, Z5".

(b) If o1 > o1, then T5> <jr Z5°.

Proof. We only prove part (a). The other part is simple. Because g(t) > 0,

P{Z3' >t} (ea—io)® [@zae 0" —anoe 21\ “(1)
P{TZ >t} (021 —a10)? \Dape Mo —dpge et ) — 9000

(3.7)

and from Lemma 3.6 g(t) is a nondecreasing function of ¢ > 0 for a =,, A. It follows
that 75" <;. Z3". 0
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3.8. Definition. A reliability function R is said to be a generalized finite mizture of the
reliability functions R1, Ra, ..., R, if

(3.8)  R(t) = Z wiRi(t),

for all ¢, where wi,,w, are real numbers such that Z?:l w; = 1.

For the properties and applications of generalized mixtures in reliability modelling
see, e.g. Navarro and Hernandez [10,12] and Navarro et al. [13].

3.9. Proposition. Let TS21 = min (lel,T;l) be the lifetime of a multi-state series
system in the state subset {1,2}. Assume that degradation in the components follow a
Markov process with degradation rates A = (A1,0,A2,1). Then the distribution of T§1 s a
generalized mizture of three exponential distributions, i.e.

(3.9) P{TS?1 > t} = wie POt 4 ppem B2l 4 wgef(h’[ﬁ&’l)t,

where

A2,1 2 A1,0 2 —2A1,0M2,1
310) wi= [ —221 ) = (20 ) = _TALeAzn 0
( ) ! ()\2,1 — )\1,0) 2 ()\2,1 — )\1,0) ’ (A2,1 — A1,0)?

3.10. Proposition. [10,11] If F' is a generalized mizture such that
(3.11)  F(t) =) wiF(t),
i=1

for allt, where w1, . ..,wy are real numbers such that le:l w; = 1. Let ri(t) be the failure
rate function corresponding to Fi(t),i=1,...,n. If

() ) . ri(t)
(3.12) tlirgo inf O & € (1,00], tlggo sup 0 < o0,

r(t)

fori=2,3,...,n, then lim;_. Ol

= 1, where r(t) is the failure rate function corre-
sponding to F(t).

The following result is a direct consequence of Propositions 3.9 and 3.10.

3.11. Proposition. Let TS21 = min (lel,T;l) be the lifetime of a multi-state series
system in the state subset {1,2}. Assume that degradation in components follow a Markov
process with degradation rates A = (1,0, A2,1). Then:

(3.13) tlirgo rz'(t) = 2min(A,0, A2;1). O

3.12. Theorem. [12] If the mizture representation in Proposition 3.10 holds, and the

mean residual life functions mi,ma,...,my of Fi, Fa, ... F, respectively, satisfy
t t
(3.14)  lim inf ma () > 1, lim sup ma () < 00,
t—oo myg t) t—oo ml(t)
fori=2,3,...,n, then the mean residual life function m of F satisfies lim¢_. o0 % =

1.

The mean residual lifetime function of a multi-state system in the state subset {j,7 + 1, ...

is defined as
(3.15) m=(t) = BE(T= —t| T > t).

The following result readily follows from Proposition 3.9 and Theorem 3.12.
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3.13. Proposition. Let TEI = min (T1217T221) be the lifetime of a multi-state series
system in the state subset {1,2} and m3'(t) = E(Tg"' —t | T5' > t). Assume that degra-
dation in components follow a Markov process with degradation rates X = (A1,0,A2,1)-
Then

(3.16)  lim mZ'(t) ! 0

t—o0 - Qmin()\l,m)\z,l)'

3.14. Theorem. Let ng =T + T and Zgj = 72 + 757 denote the lifetime of
two independent multi-state cold standby systems in the state subset {j,7+1,...,M}.
Assume that M = 2 and that the degradations in the first and second systems’ com-
ponents follow a Markov process while they are in active state, with degradation rates
A= (A1,0,A2,1) and a = (1,0, @2,1), respectively.

(a) Ifa=m X, then Ta" <y ZZ".

(b) If o1 > a1, then TG <j. Z3°.

Proof. By Lemma 3.6

_P{Z7 >t} (e = Awo) (azie @10 — agge 021t

3.17 t) = =
( ) g( ) P{T;l > t} (02,1 _ Oél,O) (Az’lefkl,ot _ )\1’067)\2,175)

)

i17 i = 1,2. Because
T2, T7', ZZ' and Z5' are IFR the proof of (a) follows from Theorem 3.5. The
proof of part (b) is simple and hence is omitted. |

is nondecreasing for all ¢ > 0, and this implies Ti21 <tr ZZ

3.15. Example. Let A = (0.23,0.22) and « = (0.27,0.18). Because o =, A and

A21 > a1, we have Tszj <fr Zgj and ng <fr Zg], j=1,2.
We can also compute
E(T5") = 5.5578, E(T3?) = 2.2727, E(Z3") = 5.7407, E(Z5°) = 2.7778,
E(T5") = 17.7866, E(T5?) = 9.0909 and E(Z5") = 18.5185, E(Z5%) = 11.1111.
For a series system having instantaneous degradation rate A,
Jlim. rg\(t) = 2min(A10, A2;1) = 0.44,

1

= ————— =2272
2111111()\1,0, )\271) 7 77

. >1
Jim mg (¢)

and for a series system with instantaneous degradation rate a,

tlim r%i(t) = 2min(a1,0, @2,1) = 0.36,

1
li 2L (t)= —————— = 2.7778.
tggoms*“() 2min(ai,0, ®2,1)

4. Conclusions

In this paper, we have studied some properties of multi-state series and cold standby
systems consisting of two components. The systems and components are assumed to have
three states and the degradation in components occurs according to a Markov process.
In the present study only minor failures occur. A minor failure is a failure that causes
the component transition from state ¢ to ¢ — 1. A more general model can be obtained by
considering a major failure, that is a failure that causes the component transition from
state i to state j < i [7].



Dynamic reliability and performance evaluation 133

We have presented some ordering results associated with failure rates of series and
cold standby systems. These results are useful for comparing the performances of multi-
state systems having different instantaneous degradation rates. The limiting properties
of failure rate and the mean residual life function of multi-state series system were also
investigated via generalized mixtures.

Acknowledgment. The author thanks the anonymous referees for their helpful com-
ments and suggestions, which have improved the presentation of the article.
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