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Abstract

In this study we define the Lucas Qr-matrix similar to the Fibonacci
Q-matrix. The Lucas Qr-matrix is different from the Fibonacci Q-
matrix, but is related to it. Using this matrix representation, we have
found some well-known equalities and a Binet-like formula for the Lucas
numbers.
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1. Introduction

Fibonacci and Lucas numbers and their generalization have many interesting proper-
ties and applications to almost every field of science and art. For the prettiness and rich
applications of these numbers and their relatives to science and nature one can see [1-5].

As in [4], let @ be the 2 x 2 matrix
1 1
=i i)
Then for an integer n with n > 1, Q™ has the form
n __ Fn+1 Fn
L) Q= { v F} .
This property provides an alternate proof of Cassini’s Fibonacci formula:

Fo1Fpy1 — F2 = (-1)"
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Also, let n and m be two integers such that m,n > 1. The following results are obtained
from the identity Q™" = Q"Q™ for the matrix (1.1):

Fm+n+1 = Fm+1Fn+1 + Fany
Fm+n - Fm+1Fn + Fanfl.

These are basically similar, but could be applied to derive new Fibonacci identities, such
as the following properties,

Lern = Fm+1Ln + Fanfh
2Fm+n = Fan + FnL'rrm
2Lmin = LinLn + 5Fp Fy.

Here, F), denotes the nth Fibonacci number and L,, the nth Lucas number. The following
properties of the Fibonacci and Lucas numbers are given in [3].

Fn+1 + anl = Lrw
Ln+1 + Lnfl = 5Fn-
In this study, we define the Lucas Qr-matrix by

(12)  Qu= E’ ;} .

It is easy to see that

Ln+1 _ Fn Fn+1 _ Ln

|:Ln:|7QL|:Fn71:| alnd5|:F‘n 7QL Lnfl
where F), and L,, are as above. Our aim, is not to compute powers of matrices. Our aim
is to find different relations between matrices containing Fibonacci and Lucas numbers.

That is, we obtain relations between the Fibonacci Q matrix and the Lucas Q1 matrix
in Theorem 2.1.

2. Matrix representation of the Lucas numbers

In this section, we will present a new matrix representation of the Fibonacci and
Lucas numbers. We obtain Cassini’s formulas and properties of these numbers by a
similar matrix method to the Fibonacci Q-matrix.

2.1. Theorem. Let Qr be as in (1.2). Then, for integers n > 1,

n | Fp F,
52 FH P for even n,
n n n—1
ey g=¢ Lo B
s " for odd n,
Ln Lnfl

where F,, and Ly are the nth Fibonacci and Lucas numbers, respectively.

Proof. We use mathematical induction on n. First, we consider odd n. For n =1,

L2 L
QL - |:L1 L0:| k)

since Ly =3, L1 =1 and Lo = 2. So, (2.1) is indeed true for n = 1. Now we suppose it
is true for n = k, that is

k k=1 |Lpy1r Ly
=52 .
@ { Ly, Lk71:|
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Using properties of the Lucas numbers and the induction hypothesis, we can write
P =QLoL
ik Liy3z  Lpyo
Lit+2  Lgta
as desired.
Secondly, let us consider even n. For n = 2 we can write
Fs; F:
2 _ 3 2
=3

So, (2.1) is true for n = 2. Now, we suppose it is true for n = k, that is

Using properties of the Fibonacci numbers and the induction hypothesis, we can write
QL =QLQL
_ 5% |:Fk+3 Fk+2:|
Fria Fra
as desired. Hence, (2.1) holds for all n. O

2.2. Theorem. Let Q7 be as in (1.2). Then the following equalities are valid for all
integers n > 1:
i) det(Q7) = 5",
ii) FryiFno1— Fy = (=1)",
iti) Ipy1Ln-1 — L2 =5(=1)"""1.
Proof. To establish (i) we use induction on n. Clearly det(Qr) = 5'. If we make

the induction hypothesis det(Q%) = 5*, then from the multiplicative property of the
determinant we have

det(Q} ™) = det(Qf) det(Q})
— 5k+1

I

which shows (i) for all n > 1.

The identities (ii) and (iii) easily seen by using (2.1) and (i) for even and odd values
of n, respectively. d

2.3. Theorem. Let n be any integer. The well-known Binet formulas for the Fibonacci
and Lucas numbers are

an_ﬁn
F="—
V5

where a = 1+2_\/g (golden ratio) and 3 = 177‘6

and L, = o™ + 3"

Proof. Let the matrix Qr, be as in (1.2). We can write the characteristic equation of Qr,
as

A’ —5A+5=0.
If we calculate the eigenvalues and eigenvectors of the matrix Q1 we obtain
AL = \/511, A2 = \/gﬁ

and

v1 = (17 _ﬁ)7 U2 = (17 —05)7
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where o = 1+2_\/g and 8 = 177\/57 respectively. Then we can diagonalize of the matrix Qr,
by
V=U""'Q.U,
where
v-olh) =L L
and

V = diag(A1, \2) = {\/50‘ 0 } .

0 V58

From properties of similar matrices, we can write

VvVt =UQ1U,
where n is any integer. Furthermore, we can obtain
QL =UvV"'U.

By (2.1) and taking the nth power of the diagonal matrix, we get
n_prgt (a"T (=BT at — (—B)" )
=572 n n n— n— .
oL (P A o
Thus, the proof is completed. O

2.4. Theorem. For all integers m and n, the following equalities are valid:

1) 5Fm+n = Lan+1 + Lnfle,

i) Foin = FpFoi1 + Foo1 Fp,

i) Lingn = Fop1Lm + FnLm-1,

’V) 5Fm—n = (_1)7L71(LmL7L+1 - Lm+1Ln);
)
)

—.

v men = (_1)7L(Fan+1 —Fm+1Fn);
i men = (—l)nil(Ferkkl - Fm+1Ln)-

vi
Proof. Q71" can be written, using (2.1), as

Fm+n+1 Fm“ﬁ’”

m+n

572

for m + n even,

m—4n Fm+n Fm+n71
(22 Qr= L ;
5itp=t [Tttt mEn for m 4+ n odd.

Lm+n Lm+n71

For the case of odd m and n,

m n_ m4n g Ln+1Lm+1 + Lan Ln+1Lm + Lanfl
(23) L QL =5 |:Lan+1 + Lnfle Lan + Lnflefl

Comparing the entries (1,2) of the matrices (2.2) and (2.3), we obtain
SFmtn = Lnt1Lm + LpnLim-1,

while comparing the entries (2,1) gives
5Fmin = LnLmy1 + Ly—1Lm.

For the case of even m and n,

(2 4) Qm . no_ 5”13'" Fn+1Fm+1 + FnFm Fn+1Fm + Fnmel
’ L L FnFerl +F7L71F77’L FnFm“!‘anlmel
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Comparing the entries (1,2) and (2,1) for the matrices (2.2) and (2.4), we find that
Froin = Fni1 Fon 4+ FnFo_1,
Frgn = FnFmi1 + Foo1 P

For cases of odd m and even n, or odd n and even m,

m n __ mtn—1 FnJrleJrl +Fan FanJrl +Fn71Lm
(25) QL QL =5 ’ Fn+1Lm + Fan71 Fan + anlefl

Comparing the entries (1,2) and (2,1) for the matrices (2.2) and (2.5), we obtain the
equations

Lm+n = Fan+1 + anleru
Liin = Fos1Lm + FrnLm—1.

The inverse of the matrix Q7 in (2.1) is given by

(=)™ anl _Fn f
g , or even n,
Q,n _ 52 _Fn Fn+1
L
n—1 | Ly_ —L
(712“ e ™1, for odd n.
552 | —Ln Lnpt1

Similarly, by computing the equality Q7 ™" = QT - Q" the desired results are obtained.
Indeed, for the case of odd m and n,

5Fm—n = (=1)"""(LmLn+1 — Lmy1Ln).

For the case of even m and n,
Fren = (=1)"(FnFnt1 — Fpa Fr).

Finally, for the cases of odd n and even m, odd m and even n,
Ly = (=1)"""(FmLns1 — Fpi1Lyn).
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