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Abstract

Using the Hadamard product, we define a new general integral operator.
The aim of this paper is to obtain new sufficient conditions for the
univalence of this general integral operator. Several corollaries and
consequences of the main results are also considered.

1. Introduction and definitions

Let A denote the class of functions of the form:
fz)=z+ Z anz",
n=2

which are analytic in the open unit disc U ={z : |z| < 1}. Further, by 8 we shall denote
the class of all functions in A which are univalent in U. For two functions, f(z) € A and

g(z) given by
(1.1)  g(2) :z+ibnz”,
n=2
their Hadamard product (or convolution) is defined by
(1.2)  (f*9)(z) =2+ i anbn2".
n=2

For a function g € A defined by (1.1), where b, > 0, (n > 2), we define the family B(g, u)
so that it consists of functions f € A satisfying the condition
2(f*9)'(2)
(1.3) |ZLr9 ) g
[(f *9)(2)]?
provided that (f % g)(z) # 0.

<l—p (z€eU; 0< <),
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Note that B (125, 1) = B(u), where the class B(u) of analytic and univalent functions
was introduced and studied by Frasin and Darus [10] (see also [8]).

Very recently, Frasin [7] and Frasin and Ahmad [9] defined the following new general
integral operators:

1.1. Definition. [7] Given f;,g; € A, a; € Cfor all i = 1,...,n, n € N, we define the
integral operator I(fi,..., fa;g1,-.-,9n) : A" — A by

(LA)  I(fiyees faiGroeeergn)(2) = /(M) (M)dt

t t

where (f xg)(2)/z #0, z € U.

1.2. Definition. [9] Given f;,g; € A, a; € Cforalli =1,...,n, n € N, 8 € C with
R(B) > 0. We define the integral operator Ig(f1,..., fa;g1,.-.,9n) : A" — A by

(05) Io(frrr foignsng)(z {/Btﬁ ( fl*gn())a}_,((fn*gnxt))“ndt}%

t

where (f xg)(2)/2 #0, z € U.

Using the Hadamard product defined by (1.2), we introduce the following new general
integral operator:

1.3. Definition. Given f;,g; € A foralli =1,...,n, n € N, v € C. We define the
integral operator Iy(f1,..., fn;gi,---,9n) : A" — A by
I’Y(flw"afn;glw"agn)(

(1.6) ((1 +n(y / (Frxg) () (fn % gn)(®)" dt) m7

0
where (f xg)(2)/2 #0, z € U.

1.4. Remark. Note that the integral operator I,(fi,..., fn;g1,-..,9n)(2) generalizes
many operators introduced and studied by several authors, for example:

(1) Forgi1=---=gn = %7 we obtain the integral operator

1—

(L7) F(2) = ((1 +n(y - 1) / (Fr@) e ()" dt) T
0
introduced and studied by Breaz and Breaz [3].

(2) Forgi=---=gn = ﬁ7 we obtain the integral operator
i TR
o=
G (2) = (0 ey = 1) [ 70D O7 a0y at)
0
introduced by Selvaraj and Karthikeyan [17].
(3)Forg1 =+ =gn =2+ Z [1 4+ (n—1))A]™2", we obtain the following integral

operator introduced and studled by Bulut [5].

z

(1.8)  Gumn(2) = ((1 +n(y-1) /(Dmfl(t))”*1 (D" (1) dt) T

0
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where D" f(z) = z+ >, [1 + (n — 1))A\]™anz", m € No = NU {0} is the Al-Oboudi
n=2
differential operator [1].

(@) For gy =0 = gu = 24 3 ottt

integral operator introduced and studied by Selvaraj and Karthikeyan [17].
F’y (051 s ﬁl 5 Z)

2™, we obtain the following

z

- ((1 by = 1>>/ (HE (o, B1) f(8)7 7" - (Hz(ahﬂl)fn(t)yfldt) R

0

where H (a1, 01)f(z) = z+ }::2 @ )Ei11)7~1i1(és.)(:iq1)(27i i anz" is the Dziok-Srivastava

operator [6].

z

(5) For g1 = -+ = gn = 7 and fi = --- = f, = f € A, we obtain the integral

operator

(L10) G"(z) = ((1 oy 1) /(f(t))"”*)dt) e e
0

introduced and studied by Breaz and Breaz [3].

ZZandflz--~:fn:feA,n:Lweobtainthe

(6) For g1 = -+ = gn = T

integral operator

(1.11)  G,(2) = (yb/(f(t))ﬁ” dt) , neN

introduced and studied by Pescar [14].

(MForgi=-=gn=2+ >, C’;’cun,l:/:”7 we obtain the following integral operator

n=2

1
1+n(y—1)

(112)  L(f1,- -5 fa)(2) = ((1+n(7—1))/(ka1(t))%l"'(kan(t))%ldt) ;

where RFf(2) = 2+ Y. Cf . 1an2", k € Np is the Ruscheweyh differential operator
n=2
[15].

o0
(8) For g1 = -~ =gn = 2+ . n*2", we obtain the following integral operator
n=2

z 1
TFn(y—1)
(113) DEF(E) = (= 1) [ 0 0 ey ae) T
0
where D¥f(2) = 2+ 3 n*anz", k € Np is the Siligean differential operator [16].
n=2

In order to derive our main results, we have to recall here the following univalence
criteria.
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1.5. Lemma. [12, 13] Let ﬂ € C with Re(B) > 0. If f € A satisfies

| |2RC(B)
‘ <1,
f(z
for all z € "L(, then the mtegml operator
z :
Fy(z) = {6 [ere dt}
0

is in the class S.

1.6. Lemma. [14] Let f € C with Re(8) > 0, ¢ € C with || < 1, ¢ # —1.
satisfies

claf? + (1 - 1227) 2L

Bf'(2)
for all z € U then the integral operator
z 5

Fy(z) = {ﬂ [ t“f’(t)dt}

0
is in the class 8.

Also, we need the following Schwarz Lemma

If feA

1.7. Lemma. [11] Let the function [ be regular in the disk U with f(0) = 0. If |f(2)] < 1,

(z€U), then
lf(2)] < |2, (z € W).
Equality can hold only if
f(z)=Kz, (z€lU),
where |K| = 1.

2. Univalence conditions for I, (fi,..., faig1,---,9n)
2.1. Theorem. Let f; € A foralli=1,...,n, vy€C, and M > 1 with
Re(v) '
;[(2 — pi) M +1]
If foralli=1,...,n, fi € B(gi,pi), 0 < i <1, and
I(fi* g:)(2)] < M, (z € W),

then the integral operator I,(fi,..., fn;g1,...,9n) defined by (1.6) is analytic
valent in U.

21 h-1<

Proof. Define

—/H ((fi*tgi)(t))“ W
0

i=1

we observe that h(0) = h'(0) — 1 = 0. On the other hand, it is easy to see that

(2.2) ﬁ( fl*g’ ))71.

i=1

and uni-
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Now if we differentiate logarithmically and multiply with z on both sides of (2.2), we

obtain W . 1)i (M _ 1) .

W (2) —\ (fixgi)(z)
Thus we have
Zh”( ) f’L * g'L _ ‘
(2.3) W) <y f@ o) 1],
SO
L— [2PRO) 2" (2) | 1~ |z|2R°”> (|2 90/ (2)
Re(r) | W() | = Re() {'” 3 ( RGN 1”
1- |z|2Re”> - (fixgi) (2
= TRe() %‘”2( i r 0) (P

o |Uix90)(2) 1)( )

+1)]

Since |(fi*gi)(z)| < M, (z € U, ¢ =1,...,n), and f; € B(gi,ps) foralli =1,...,n
then from Schwarz Lemma and (1.3), we obtain

2Re(v)

_ " _ 2Re(y) ’
1— |7 zh" (z) 1— |7 Iy — 1|Z 2(fixg) (2 R
Re(7) W (z) Re(7) fz *gi)(2)]?
M 1)}
=1/ v
< - Hi ) )
< Rely) ;[(2 p)M+1]), (z € W)
which, in the light of the hypothesis (2.1), yields
1 |Z|2Rc(w) zh"(z)
<1 .
Re() | W) | =0 FEY
Applying Lemma 1.5 for the function h(z) we obtain that I,(f1,..., fa;g1,..-,9n) €
S. O
. (al)n 1---(aq)n71 n .
Lettin = =Qgn = 2+ 2", wi = 0 (for all ¢ =
& I Z Bt Bodnaln =1~ = 0

1,...,n)and M =1 in Theorem 2 1 we have
2.2. Corollary. [17] Let f; € A for alli=1,...,n, n € N and v € C with

ly -1 < R;EL)
If
22(H (a1, 1) fi(2)) B .
(Hi(a1, 41) fi(2))? 11 <1, (z€eW)
and

|[Hi(a1,81)fi(z)| <1, (z € U)

for all i = 1,...,n, then the integral operator Fy(a1,B1;2) defined by (1.9) is analytic
and univalent in U. d
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z

Lettinggi =--- =gn =
1—=z

, i =0 (foralli=1,...,n) and M = 1in Theorem 2.1,

we have

2.3. Corollary. [2] Let f; € A for alli=1,...,n, n €N and v € C with

Re(7)
[y =11 < BETE
If
e 1‘ <!
and

lfi(z) <1, (z€U)

for all i = 1,...,n, then the integral operator F,(z) defined by (1.7) is analytic and
univalent in U. d

Making use of Lemma 1.6, we prove

2.4. Theorem. Let fi € A foralli=1,...,n;c€C,vy€R and M > 1 with

n

@) <1t () Sl -

and
i[(2—ﬂi)M+1] -—n+1
(25) ~e |15
;[(2 — )M +1]—n

If foralli=1,...,n, fi € B(gi,pi), 0 < i <1, and
|(fix g:)(2)| < M, (z € W),

then the integral operator I,(fi,..., fn;g1,...,9n) defined by (1.6) is analytic and uni-
valent in U.

Proof. From the proof of Theorem 2.1, we have

om0y (s ).

i=1

Thus, we have

(o n(y— Zh”(Z)
2[n(y—1)+1] +(1- |Z|2[ (v 1)+1])[n(7—1)+1]h/(z)

R O |z|2["<”*“*”>(—wv__1>1 1)

<3 ()|

z2(fi x g:1)'(2)

B

M=

i

<lel + (71(77—;1)14-1)

2\ [ v o
—1 S22 (fi % 9)) (2)| | (Fi % 90)(2)
<+ (o S) 2 (| fraston || 4222 1)
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Since |(fi x g:)(2)| < M, (z€U,i=1,...,n) and fi € B(gs, p;) for alli=1,...,n, then

once again from Schwarz’ Lemma and (1.3), we obtain

2An(r=1+1] | (1 _ [, 2G-1D+1] zh" (2)
(1=l e Te

clzl

n

<l + (ﬁ) 302 — )M + 1]

i=1

since || <1+ (n(w 1)+1) Z [(2 — pi)M + 1], then we have

clz| el

2n(y=1+1) | (1 z[n(qﬂ)ﬂ]) zh"'(2)

[n(y = 1) +1]r'(2)

<1, (zelU).

Applying Lemma 1.6 for the function h(z), we obtain that Iy(f1,..., fn;g1,...,9n) €

S.

Letting g1 = =gn =2+ >, [1+(n—1)A\]"z" and p; =0 (for all i =1, ...,
n=2
Theorem 2.4, we have

2.5. Corollary. Let f; € A foralli=1,...,n;c€C,vy€R and M > 1 with

I—~v
<1 ———)J(2M +1
el < +<n(7—1)+1>( +1)n
and
2Mn + 1
1 22T
76{’ 2Mn }
If foralli=1,...,n
2(D™ fi(2))' ‘
——— —1|<1, (z€eU; meN
7. ))2 ( °)
and

(D™ (NI < M, (z€U; i =1,...,m),

then the integral operator Gy m,~(z) defined by (1.8) is analytic and univalent in U.

Letting u; =0 (for alli =1,...,n) and m = 0 in Corollary 2.5, we have
2.6. Corollary. Let fi € A foralli=1,...,n;c€C,vy€R and M > 1 with

1—7
< I C—
|c|_1+<n(w_1)+1>(2M+1)n
and
2Mn + 1
VGP*E%T}
If foralli=1,...,n
22 fi(z) ‘
: —-1|1<1, (z€U
72) (zet)
and

<M, (el i=1,...,n),
then the integral operator F.(z) defined by (1.7) is analytic and univalent in U.
Lettingn =1, M =1, fi1 = f in Corollary 2.6, we have

O

n) in
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2.7. Corollary. [14] Let f € A, ¢ € C and v € R with

3—2y

|C| < ) (C 7é _1)
and
3
1,-1.
e ]
If
2 (2) ‘
——= 1<, (zelU
7 e
and
lFAI <1, (zel),
then the integral operator G(z) defined by (1.11) is analytic and univalent in U. a

2.8. Remark. Taking different choices of g1, ..., gn as stated in Section 1, Theorems 2.1
and 2.4 lead to new sufficient conditions for univalency of the other integral operators
defined in Section 1.

Acknowledgement. The authors would like to thank the referee for his valuable com-
ments and suggestions.
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