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Abstract

The aim of this paper is to introduce the concept of rare mX sets, dense
mX sets and rarely mX continuous functions. Some properties of these
sets are studied and it is shown that only the null set is both a rare
mX set and an open mX set.
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1. Introduction

The family of all semi-open (resp. preopen, α - open, β - open, regular open) sets
in (X, τ ) is denoted by SO(X) (resp. PO(X), α(X), β(X), RO(X)). Obviously, SO(X)
(PO(X), α(X), β(X) and RO(X)) are minimal structures on X. The concept of mX -
open sets and mX - closed sets in ordinary topological space has been introduced by Popa
and Noiri [10]. It is to be noted that none of these sets forms even a supra topological
space. So, a new concept of open mX set and closed mX set are defined which form a
supra topological space and a dual supra topological space. Then, a new concept of rare
mX [resp., dense mX ] set is introduced, and it is shown that only the null [resp., the
universal] set is a rare mX [resp dense mX ] set and an open mX [resp closed mX ] set
jointly.

It can be shown that these sets form a pseudo [resp., dual pseudo] supra topological
space. The concept of closed rare mX set and open dense mX set are introduced. Also
the concept of rarely mX -mY continuous function is introduced, and it can be shown that
if (X, mX), (Y, mY ) are topological spaces then rarely continuous functions and rarely
mX-mY continuous functions coincide.

In the next section, some of the important preliminaries required are cited. These are
required to proceed further through this paper.
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2. Preliminaries

In this section some of the important required preliminaries are given.

2.1. Definition. [10] A subfamily mX of P (X) is called a minimal structure on X if
∅ ∈ mX and X ∈ mX . Each member of mX is said to be an mX open set, and the
complement of an mX open set is said to be an mX closed set. We denote by (X, mX) a
nonempty set X with a minimal structure mX on X.

2.2. Definition. [10] Let X be a nonempty set and mX a minimal structure on X. For
a subset A of X, mX - Cl A and mX - IntA are defined as follows:

mX - Cl A =
⋂

{F : A ⊆ F, X \ F ∈ mX},

mX - IntA =
⋃

{G : G ⊆ A, G ∈ mX}.

2.3. Theorem. [10] Let (X, mX) be a minimal structure. For any subsets A, B of X the
following hold:

(a) mX - Int (X \ A) = X \ mX - Cl (A).
(b) A ∈ mX =⇒ mX - IntA = A.
(c) X \ A ∈ mX =⇒ mX - Cl A = A.
(d) If A ⊆ B, mX - IntA ⊆ mX - IntB and mX - Cl A ⊆ mX - Cl B.
(e) mX - Int (mX - IntA) = mX - IntA and mX - Cl (mX - Cl A) = mX - Cl A.

2.4. Definition. [6] A rare set is a set S such that IntS = ∅, and a dense set is a set S

such that Cl S = X.

2.5. Definition. [9] A function f : X −→ Y is called a rarely continuous function if for
each x ∈ X and each G ∈ O(Y, f(x)), there exist a rare set RG with G∩Cl(RG) = ∅ and
U ∈ O(X, x) such that f(U) ⊆ G ∪ RG.

2.6. Definition. [3] A topological space (X, T ) is said to be sub maximal if every dense
subset of X is open in X.

2.7. Definition. [7] A minimal structure mX on X is said to have property (B) if every
union of mX - open sets is a mX - open set

2.8. Definition. [11] Let X be a nonempty set, which has a minimal structure mX , and
let A be a subset of X. The mX - frontier of A, denoted by mX - Fr(A), is defined by
mX - Fr(A) = mX - Cl (A) ∩ mX - Cl (X − A)

2.9. Definition. [2] Let f : (X, mX) −→ (Y, mY ) be a mapping from a minimal structure
(X, mX) to a minimal structure (Y, mY ). Then, f is said to be an mX - continuous
mapping if the inverse image of an mX open set is an mX open set.

Throughout the paper, an ordinary topological space is denoted as T and the com-
plement of a set A is denoted as AC .

3. On open mX sets

In this section, the concepts of open mX set and closed mX set are introduced and
the corresponding spaces formed by this sets is identified.

3.1. Definition. Let mx be a minimal structure on X. A subset A of X is said to be
an open mX [resp., closed mX ] set if mX - IntA = A [resp., mX - Cl A = A].

3.2. Example. Let X = {a, b, c}, mX = {∅, X, {a}, {b}, {c}}. Let A = {b, c}. Then
mX - IntA =

⋃
{G : G ⊆ A, G ∈ mX} = {b} ∪ {c} ∪ ∅ = {b, c} = A. Therefore A is an

open mX set. Similarly, AC is a closed mX set. But A is not an mX open set
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3.3. Theorem. A subset A of X is an open mX set iff X \ A is a closed mX set.

Proof. Let A be an open mX set. Then from the definition, mX - IntA = A iff X \
[mX - IntA] = X \ A iff mX - Cl (X \ A) = X \ A iff X \ A is a closed mX set. �

3.4. Remark. From Theorem 2.3 (e) it is clear that mX - IntA [resp., mX - Cl A] is an
open mX [resp., a closed mX ] set.

3.5. Remark. If a subset A of X is an mX open [resp mX closed] set, then it is an open
[resp., a closed] mX set, but not conversely which follows from the Example 3.2.

3.6. Theorem. In a minimal structure (X, mX) having property B, mX open sets and
open mX sets coincide.

Proof. Since arbitrary union of open mX sets is an mX open set, so, mX - IntA = A is
an mX open set. That is, an open mX set is an mX open set. �

3.7. Remark. Let (X, mX) be a minimal structure formed from the topological space
(X, T ). Then if a subset A of (X, mX) is a closed set then it is a closed mX set since
ClA ⊆ mX - Cl A. Similarly, if a subset A of (X, mX) is an open set then it is an open
mX set.

3.8. Theorem. The collection of all open mX sets forms a supra topological space.

Proof. The sets X, ∅ are obviously open mX sets. Let A =
⋃

{Aα : α ∈ ∆} be a union of
open mX sets, i.e. mX - Int (Aα) = Aα for each α. Now, Aα ⊆ A so Aα = mX - IntAα ⊆
mX - IntA for each α. Hence

A =
⋃

{Aα : α ∈ ∆} ⊆ mX - IntA,

which gives A ⊆ mX - IntA. But we know that mX - IntA ⊆ A, so A = mX - IntA, that
is an arbitrary union of open mX sets is an open mX set. So, the collection of all open
mX sets forms a supra topological space. �

3.9. Remark. Arbitrary (even finite) intersections (unions) of open (closed) mX sets
need not be open (closed) mX sets. This follows from the following example. Let X =
{a, b, c}, mX = {∅, X, {a}, {b, c}, {a, b}}. Let A = {a}, B = {c}. Then mX - Cl A = {a}
and mX - Cl B = {c}. But A ∪ B = {a, c}, mX - Cl (A ∪ B) = X 6= (mX - Cl A) ∪
(mX - Cl B). Similarly, mX - IntAC ∩ mX - IntBC 6= mX - Int (AC ∩ BC).

3.10. Remark. From the above theorem and remark it is clear that the collection of all
open mX sets forms a supra topological space, and the collection of all closed mX sets
forms a dual supra topological space. These may be denoted by (X, TmX

) and (X, T C
mX

),
respectively.

4. On rare mX sets

In this section, the concept of rare mX set and dense mX set are defined, and the
corresponding spaces are obtained. Also it is shown that the non-null [resp non-universal]
rare mX [resp dense mX ] sets are not open [resp closed] mX sets. The concept of open
dense mX set and closed rare mX set is also introduced and the corresponding topological
spaces obtained in this section of the paper.

4.1. Definition. A subset A of X is said to be a rare [resp., dense] mX set if mX - IntA =
∅ [resp., mX - Cl A = X].

4.2. Example. Let X = {a, b, c, d} and mX = {X, ∅, {a, b}}. Let A = {b, c}. Then
mX - IntA = ∅. Again, AC = {a, d}, mX - Cl AC = X. Therefore, A is a rare mX -set and
AC a dense mX set.
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4.3. Remark. If mX = T then rare mX set and rare set are the same concept. Also,
dense mX set and the dense sets are the same concept.

4.4. Theorem. A subset A of X is a rare mX set iff AC is a dense mX set.

Proof. Obvious. �

4.5. Theorem. A subset A of X is both an open [resp., closed] mX set and a rare [resp.,
dense] mX set iff it is the null [resp., universal] set.

Proof. Let A be a set which is an open mX set (i.e. mX - IntA = A) and a rare mX set
(i.e. mX - IntA = ∅). Then i.e. mX - IntA = A = ∅, i.e. A is the null set. The proof of
the second result is similar. �

4.6. Remark. Since mX open sets are open mX sets, a non-null mX open set would be
a rare mX set, which gives a contradiction. Hence no non-null mX open set is a rare mX

set. Similarly the only mX closed set which is also a dense mX set, is X.

4.7. Remark. A subset A of X can be both a rare mX set and a dense mX set. This
follows from the following example. Let X = {a, b, c} and mX = {∅, X, {a, b}}. Consider
the set A = {a, c}. Then mX - Cl A = X and mX - IntA = ∅. So, A is both a rare mX

set and a dense mX set.

4.8. Theorem. A subset A of (X, mX) is both a rare mX set and a dense mX set iff
there there exists neither an mX open set contained in A nor an mX closed set containing
A, except for ∅ and X.

Proof. Obvious. �

4.9. Remark. If a subset A of (X, mX) is both a rare mX set and a dense mX set then
A is neither an mX open set nor an mX closed set. The converse need not be true, as
follows from the following example. Let X = {a, b, c}, mX = {∅, X, {a}}. Let A = {b}.
This is neither an mX closed set nor an mX open set, but mX - Cl A = {b, c} 6= X i.e. A

is not a dense mX set.

4.10. Theorem.

(1) X is a dense mX set, but not a rare mX set.
(2) ∅ is a rare mX set, but not a dense mX set.
(3) Arbitrary intersections [resp., unions] of rare [resp., dense] mX sets are rare

[resp., dense] mX sets.

Proof. (1) and (2) are obvious from the definition.

To prove (3), let A =
⋂
{Aα : α ∈ ∆} be an intersection of rare mX sets, i.e.

mX - IntAα = ∅ for each α ∈ ∆. Then
⋂
{mX - IntAα : α ∈ ∆} = ∅. We know that

∅ =
⋂

{mX - IntAα : α ∈ ∆} ⊇ mX - Int
⋂

{Aα : α ∈ ∆},

i.e. mX - Int
⋂

(Aα : α ∈ ∆)} = mX - IntA = ∅. Hence arbitrary intersections of rare mX

sets are rare mX sets. Similarly it can be proved that arbitrary unions of dense mX sets
are dense mX sets. �

4.11. Remark. Finite unions of rare mX sets need not be rare mX sets. This follows
from the following example. Let X = {a, b, c}, mX = {X, ∅, {a}, {b, c}. Let A = {b} and
and B = {c}. Then mX - IntA = ∅, mX - IntB = ∅. Here A ∪ B = {b, c}, mX - Int (A ∪
B) = {b, c} 6= ∅.

Similarly, mX - Cl (AC) = X and mX - Cl (BC) = X, but mX - Cl (AC ∩ BC) = {a} 6=
X.
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4.12. Remark. The collection of all rare mX set forms a pseudo supra topological space,
and the collection of all dense mX sets forms a dual pseudo supra topological space.

4.13. Theorem. A subset A of X is a dense [resp., rare] mX set iff for every open
[resp., closed] mX set G satisfying A ⊆ G [resp., A ⊇ G] we have mX - Cl A ⊇ G [resp.,
mX - IntA ⊆ G].

Proof. Let us first assume that A is a dense mX set and take an open mX set G with
A ⊆ G. Then mX - Cl A = X ⊇ G.

Conversely, let the given condition hold and take G = X. Then G is an open mX set
and A ⊆ G, so mX - Cl A ⊇ G = X, i.e. mX - Cl A = X so A is a dense mX set. The
other part can be proved similarly. �

4.14. Remark. A subset A of X is a rare mX set if there exist no non-null open mX

set contained in A.

4.15. Theorem. The union [resp., intersection] of a dense [resp., rare] mX set and a
closed [resp., open] mX set is a dense [resp., rare] mX set.

Proof. Let A be a dense mX set and F a closed mX set. If U is a open mX set with
A ∪ F ⊆ U then A ⊆ U and so mX - Cl A ⊇ U by Theorem 4.13. Now,

mX - Cl (A ∪ F ) ⊇ mX - Cl A ∪ F ⊇ U ∪ F ⊇ U,

i.e. the union of a dense mX set and a closed mX set is a dense mX set by Theorem 4.13.
The result for rare mX sets can be similarly proved. �

4.16. Theorem. mX - Cl A [resp., mX - IntA] is a dense [resp rare] mX set whenever A

is a dense [resp rare] mX set.

Proof. Clear from Theorem 2.3 (e). �

4.17. Remark. Let (X, mX) be a minimal structure formed from the topological space
(X, T ). Then if a subset A of (X, mX) is a dense set it is a dense mX set since, ClA ⊆
mX - Cl A. Similarly, if a subset A of (X, mX) is a rare set then it is a rare mX set.

4.18. Definition. A subset A of X is said to be a closed rare [resp., open dense] mX

set if the set A is both a closed mX set and a rare mX set [resp., an open mX set and a
dense mX set].

4.19. Example. Let X = {a, b, c, d} and mX = {X, ∅, {a}, {b}}. Let A = {c, d},
mX - Int (A) = ∅ and mX - Cl A = A then A is a closed rare mX set.

4.20. Remark. Let A be a dense mX set. Then there exists an open dense mX set G

containing A.

4.21. Theorem. A subset A of X is a closed [resp., open] rare [resp., dense] mX set iff
A is a closed mX set which does not contain any non-null open mX set.

Proof. Obvious. �

4.22. Theorem. If a subset A of X is a dense mX set then mX - Fr(A) = X\mX - Int (A).

Proof. Let A be a dense mX set i.e. mX - Cl A = X. Then,

mX - Fr(A) = mX - Cl (A) ∩ mX - Cl (X \ A)

= X ∩ mX - Cl (X \ A)

= mX - Cl (X \ A)

= X \ mX - Int (A). �
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4.23. Theorem. If a subset A of X is a rare mX set, then mX - Fr(A) = mX - Cl (A).

Proof. Similar to the above. �

4.24. Theorem. A subset A of X is a both dense mX set and a rare mX set iff
mX - Fr(A) = X.

Proof. Necessity follows from the above two theorems. Conversely, Let mX - Fr(A) = X.
Then mX - Cl (A)∩mX - Cl (X \A) = X, i.e. mX - Cl (A) = X and mX - Cl (X \A) = X.
The first equality shows A is a dense mX set, and from the second mX - Cl (X \ A) =
X \ mX - IntA = X, i.e. mX - IntA = ∅, so A is a rare mX set. �

4.25. Theorem.

(1) ∅ is a closed rare mX set.
(2) Arbitrary intersections of closed rare mX sets are closed rare mX sets.

Proof. (1) and (2) are true from Theorem 4.10 and Theorem 3.8. �

4.26. Remark. X is not closed rare mX set, since X is a closed mX set but not a rare
mX set. Also, arbitrary unions of closed rare mX sets need not be closed rare mX sets.

4.27. Remark. The collection of all open dense mX sets, together with the set ∅, forms a
supra topological space. This is called the pseudo open dense mX supra topological space,
and is denoted by (X, OD(mX)). Likewise, the collection of all closed rare mX sets forms
a dual pseudo closed rare supra topological space which is denoted by (X, CR(mX)).

4.28. Theorem. Let g : (X, mX) → (Y,mY ) be mX-mY continuous and injective. Then
g preserves rare mX sets.

Proof. Suppose that RG is a rare mX set but that g(RG) is not a rare mY set. Then
mY - Int g(RG) 6= ∅, so there exist a non-null open mY set V contained in g(RG), i.e.
V ⊆ g(RG). Since g is injective, g−1(V ) ⊆ RG. Since g is mX -mY continuous, g−1(V ) is
an open mX set. But this contradicts the fact that RG is rare. So, g preserves rare mX

sets. �

5. On rarely mX-mY continuous functions

Popa introduced the concept of rarely continuous function in [9]. M. Caldas and S.
Jafari [4] introduced the concept of rarely δ - continuous function. In this section a more
general form of rarely mX-mY continuous function is introduced and some theorems are
stated and proved.

5.1. Definition. A function f : (X, mX) → (Y, mY ) is called a rarely mX-mY continuous
function if for each open mY set G containing f(x) there exists a rare mY set RG with
G ∩ mY - Cl (RG) = ∅ and an open mX set U containing x such that f(U) ⊆ G ∪ RG.

5.2. Remark. If (X, mX) = (X, T ), (Y,mY ) = (Y, V ) then rarely mX -mY continuous
functions and rarely continuous functions are the same concept.

5.3. Theorem. The following statements are equivalent for a function f : X → Y .

(1) The function f is rarely mX-mY continuous at x ∈ X.
(2) For each open mY set G containing f(x) there exists a open mX set U containing

x such that mY - Int f(U) ∩ mY - Int (Y \ G) = ∅.
(3) For each open mY set G containing f(x) there exists a open mX set U containing

x such that mY - Int f(U) ⊆ mY - Cl (G).
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Proof. (1)=⇒(2) Let G be an open mY set containing f(x). Since G is an open mY set,

G = mY - IntG ⊆ mY - Int (mY - Cl G).

Also, mY - Int (mY - Cl G) is an open mY set containing f(x). Since f is a rarely mX con-
tinuous function there exists a rare mY set RG with mY - Int (mY - Cl G)∩mY - Cl RG = ∅,
and an mX open set U containing x so that f(U) ⊆ mY - Int (mY - Cl G) ∪ RG. So, we
have

mY - Int f(U) ∩ mY - Int (Y \ G)

⊆ mY - Int [mY - Int (mY - Cl G) ∪ RG] ∩ [Y \ mY - Cl (G)]

⊆ [mY - Int (mY - Cl G) ∪ mY - IntRG] ∩ [Y \ mY - Cl (G)]

⊆ mY - Cl G ∩ (Y \ mY - Cl G) = ∅.

(2)=⇒(3) From (3), mY - Int f(U) ∩ mY - Int (Y \ G) = ∅, so

mY - Int f(U) ⊆ Y \ mY - Int (Y \ G) = mY - Cl G.

(3)=⇒(1) Let there exist an open mY set G containing f(x) with the properties given
in (3). Then there exists a open mX set U containing x such that mY - Int f(U) ⊆
mY - Cl G. We have

f(U) = [f(U) \ mY - Int f(U)] ∪ mY - Int f(U)

⊆ [f(U) \ mY - Int f(U)] ∪ mY - Cl G

= [f(U) \ mY - Int f(U)] ∪ G ∪ (mY - Cl G \ G)

= [(f(U) \ mY - Int f(U)) ∩ (Y \ G)] ∪ G ∪ (mY - Cl G \ G).

Let R1 = [f(U)\mY - Int f(U)]∩(Y \G) and R2 = mY - Cl G\G. Then, RG = R1∪R2 is a
rare set such that mY - Cl RG∩G = ∅ and f(U) ⊆ G∪RG. Therefore from Definition 5.3,
f is a rarely mX -mY continuous function. �

5.4. Theorem. Let f : (X, mX) → (Y, mY ) be a rarely mX-mY continuous function.
Then the following statements hold:

(1) For each open mY set G containing f(x), there exists a rare mY set RG with
G ∩ mY - Cl (RG) = ∅ such that x ∈ mX - Int (f−1(G ∪ RG)).

(2) For each open mY set G containing f(x), there exists a rare mY set RG with
mY - Cl G ∩ RG = ∅ such that x ∈ mX - Int (f−1(mY - Cl G ∪ RG).

Proof. (1) Suppose that G is an open mY set containing f(x). Then there exists a
rare mY set RG with G ∩ mY - Cl (RG) = ∅, and an open mX set U containing x such
that f(U) ⊆ G ∪ RG. It follows that x ∈ U ⊆ f−1(G ∪ RG), which implies that x ∈
mX - Int (f−1(G ∪ RG)).

(2) Suppose that G is an open mY set containing f(x). Then there exist a rare
mY set RG with G ∩ mY - Cl (RG) = ∅ such that x ∈ mX - Int (f−1(G ∪ RG)). Since
G ∩ mY - Cl (RG) = ∅, RG ⊆ (Y \ mY - Cl G) ∪ (mY - Cl G \ G). Now, we have RG ⊆
(RG ∪ (Y \mY - Cl G))∪ (mY - Cl G\G). Let R1 = (RG ∪ (Y \mY - Cl G)). It follows that
R1 is a rare mY set with mY - Cl G ∩ R1 = ∅. Therefore, x ∈ mX - Int (f−1(G ∪ RG)) ⊆
mX - Int (f−1(mY - Cl G ∪ R1). �

5.5. Theorem. If f is a rarely mX-mY continuous function then there exists a clopen
set G such that for each open mX set U containing x, f(U) is a dense mY set.

Proof. If G is a clopen subset of Y then G∪RG is a dense mY set. Then, mY - Cl (f(U)) ⊆
mY - Cl (G ∪ RG) = Y . Hence mY - Cl f(U) = Y i.e. f(U) is a dense mY set. �
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5.6. Remark. Let f : X → Y be a rarely mX -mY continuous function. Then there
exists an open mY set G containing f(x) and a rare mY set RG such that G∩mY - Cl (RG)
is also a rare mY set.

5.7. Theorem. Let (X, mX) be an open dense mX set. Then a function f : (X, mX) →
(Y,mY ) is a rarely mX-mY continuous function iff for each open mY set G containing
f(x) there exists a rare mY set RG disjoint from the set G, and an open mX set U

containing x such that f(U) ⊆ G ∪ RG.

Proof. Obvious. �

5.8. Theorem. Let f : (X, mX) → (Y, mY ) be a rarely mX-mY continuous function.
Then the graph function g : X → X × Y , defined by g(x) = (x, f(x)) for every x in X,
is a rarely mX-mX × mY continuous function.

Proof. Suppose that x ∈ X and that W is any open mX × mY set containing g(x). It
follows that there exists an open mX set U and an open mY set V such that (x, f(x)) ∈
U×V ⊆ W . Since f is rarely mX -mX ×mY continuous, from Theorem 5.3 there exists an
open mX set G containing x such that mX ×mY - Int f(G) ⊆ mY - Cl V . Let E = U ∩G.
It follows that E is an open mX set containing x for which

mX×mY - Int [g(E)] ⊆ mX×mY - Int (U×f(G)) ⊆ U×mY - Cl V ⊆ mX×mY - Cl W.

Therefore, g is a rarely mX -mX × mY continuous function. �

5.9. Theorem. Let f : (X, mX) → (Y, mY ) be a rarely mX-mY continuous function and
g : (Y, mY ) → (Z, mZ) a one to one mY -mZ continuous function. Then g◦f : (X, mX) →
(Z, mZ) is rarely mX-mZ continuous.

Proof. Suppose that x ∈ X and g ◦ f(x) ∈ V , where V is an open mZ set in Z. By
hypothesis, g is mY -mZ continuous, therefore there exists an mY open set G ⊆ Y con-
taining f(x) such that g(G) ⊆ V . Since f is rarely mX -mY continuous, there exists a
rare mY set RG with G ∩ mY - Cl (RG) = ∅, and an mX open set U containing x such
that f(U) ⊆ G ∪ RG. It follows from Theorem 4.28 that g(RG) is a rare mZ set in Z.
Since RG is a subset of Y \ G, and g is injective, we have mY - Cl (g(RG))∩ V = ∅. This
implies that g ◦ f(U) ⊆ V ∪ g(RG), hence the result. �

6. Conclusion

For a topological space (X, T ), RO(X), GO(X), etc. are all mX structures, and so if
we put mX = RO(X), etc. then the pair (X, mX) is an mX space. For families of this
type we can apply the results in this paper.
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