
Hacettepe Journal of Mathematics and Statistics
Volume 39 (3) (2010), 337 – 349

ON PAIRS OF ℓ-KÖTHE SPACES
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Abstract

Let ℓ be a Banach sequence space with a monotone norm ‖ · ‖ℓ, in
which the canonical system (ei) is a normalized unconditional basis.
Let a = (ai), ai → ∞, λ = (λi) be sequences of positive numbers. We
study the problem on isomorphic classification of pairs

F =
(
Kℓ

(
exp

(
−

1

p
ai

))
,Kℓ

(
exp

(
−

1

p
ai + λi

)))
.

For this purpose, we consider the sequence of so-called m-rectangle
characteristics µF

m. It is shown that the system of all these charac-
teristics is a complete quasidiagonal invariant on the class of pairs of
finite-type ℓ-power series spaces. By using analytic scale and a modifi-
cation of some invariants (modified compound invariants) it is proven
that m-rectangular characteristics are invariant on the class of such

pairs. Deriving the characteristic β̃ from the characteristic β, and us-
ing the interpolation method of analytic scale, we are able to generalize
some results of Chalov, Dragilev, and Zahariuta (Pair of finite type
power series spaces, Note di Mathematica 17, 121–142, 1997).

Keywords: m-rectangular characteristic, Power ℓ-Köthe spaces, Linear topological
invariants.
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1. Introduction

In this article, the problem of isomorphic classification of pairs of ℓ-Köthe spaces is
considered. The first result in this direction was given by V. Zakharyuta [23]. He intro-
duced the so-called simultaneous diametral dimension Γ(X,Y ) for a pair of locally convex
spaces (X,Y ), and proved that this characteristic is invariant with respect to simulta-
neous isomorphisms of pairs. This invariant was applied in [23, 21] to give estimates of
extendible bases of analytic functions. Later Dragilev ([15, 16]), using those invariants,
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gave a complete classification of pairs of imbedded Köthe spaces with common canonical
basis which is regular in both spaces.

The invariant Γ(X,Y ) is inadequate for distinguishing pairs of Köthe spaces if their
common canonical bases are not simultaneously regular, because it gives quite rough
information about pairs of such spaces. In [7] the following class of pairs was studied:

(1.1) F = F l1 [λ, a] =
(
Kl1

(
exp

(
−

1

p
ai

))
,Kl1

(
exp

(
−

1

p
ai +λi

)))
a = (ai), λ = (λi)

whose canonical bases may not be simultaneously regular if λi is oscillating. It was
shown there that an appropriate version of compound linear invariants (see, e.g, [25, 26,
9, 10]) is a proper tool in order to classify those pairs. These invariants turn out to be
useful in studying the isomorphism of several classes of locally convex spaces of mixed
nature depending on two or more sequences; these invariants are used to show that some
special m-rectangular characteristics of pairs, describing a mutual distribution of related
sequences, are invariant (see, e.g., [2, 11, 26, 9, 10]). In particular, it was proved in [7]
that some natural m-rectangular characteristics of the pairs (1.1), expressed through the
sequences a and λ, are invariant (for more detail see Section 4 below).

In this manuscript, it is proved that m-rectangular characteristics are invariant on the
class

(1.2) F = F ℓ[λ, a] =
(
Kℓ

(
exp

(
−

1

p
ai

))
,Kℓ

(
exp

(
−

1

p
ai +λi

))
), a = (ai), λ = (λi),

where ℓ is an arbitrary Banach sequence space with a monotone norm in which the
canonical system is a normalized unconditional basis. Notice that, the case ℓ = ℓ1
gives the results of [7]. In this generalization, the S. Krein analytic scale interpolation
method plays a crucial role in the proof of the main theorem (see Lemma 3.8 below).
Moreover, we need to modify compound invariants from [7], in particular, we use a

basic geometric characteristic β̃(V,U) instead of β(V, U) (see Section 3 below). With

the help of Lemma 3.9, and the basic geometric characteristic β̃(V,U), we get that the
m-rectangular characteristics on the class (1.2) are invariant.

2. Preliminaries

Let ℓ be a Banach sequence space in which {ei = (δi,j)j∈N : i ∈ N} forms an uncondi-
tional basis. The norm ‖ · ‖ℓ is called monotone [17] if ‖x‖ℓ ≤ ‖y‖ℓ whenever x = (ξi),
y = (ηi), |ξi| ≤ |ηi|, i ∈ N. By Λ we denote the set of all such spaces ℓ with monotone
norm. Such spaces are studied in [1, 22, 19, 18, 14]

Note that the matrix norm on M2(R) is not monotone. Indeed, take a canonical basis

e11, e12, e21, e22 in M2(R) and consider the matrices A =

[
1 2
2 1

]
= e11 +2e12 +2e21 +e22

and B =

[
1 7

3
7
3

−1

]
= e11+ 7

3
e12+ 7

3
e21−e22. Note that |aij | ≤ |bij | for all i, j. But ‖A‖ =

3 >
√

58
3

= ‖B‖. Indeed, A = A∗ and so det(A− λI) =

∣∣∣∣
1 − λ 2

2 1 − λ

∣∣∣∣ = (1 − λ)2 − 4 =

λ2 − 2λ− 3, which implies that σ(A) = {−1, 3} and therefore ‖A‖ = max |σ(A)| = 3. On

the other hand, B = B∗ and so det(B−λI) =

∣∣∣∣
1 7

3
7
3

−1

∣∣∣∣ = −(1−λ)2− 49
9

=⇒ λ = ±
√

58
3

and σ(B) = {−
√

58
3
,
√

58
3

}, so ‖B‖ = max |σ(B)| =
√

58
3

.

For a given ℓ ∈ Λ and a Köthe matrix A = (ai,n)i,n∈N, the ℓ-Köthe space X = Kℓ(A)
[19] is defined as a Fréchet space of scalar sequences x = (ξi) such that (ξiai,n) ∈ ℓ, for
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each n, with the topology generated by the system of seminorms {|(ξi)|n := ‖(ξiai,n)‖ℓ,
n ∈ N}.

Set

ω+ := {a = (ai)i∈N : ai > 1, i ∈ N}.

For a ∈ ω+ and λn ր α, −∞ < α ≤ ∞, the ℓ-Köthe space

Eℓ
α(a) := Kℓ(exp(λnai)),

is called the ℓ-power series space of finite (infinite) type if α <∞ (α = ∞).

We consider pairs (X,Y ) of locally convex spaces X and Y with a linear continuous

injection Y →֒ X. Two pairs (X,Y ) and (X̃, Ỹ ) are called isomorphic if there exists an

isomorphism T : X → X̃ whose restriction on Y is also an isomorphism from Y to Ỹ .
For pairs of ℓ-power series spaces of finite type, we use the notation

F ℓ[λ, a] :=
(
Kℓ

(
exp

(
−

1

p
ai)), K

ℓ
(

exp(−
1

p
ai + λi

)))
,

where a = (ai), ai → ∞, λ = (λi) are sequences of positive numbers. Throughout this
study, we consider ai, λi > 1, i ∈ N.

3. Invariants for pairs of ℓ-Köthe spaces

Let

(X,Y ) := F ℓ[λ, a] =
(
Kℓ(exp

(
−

1

p
ai)

)
, Kℓ

(
exp(−

1

p
ai + λi

)))
,

(X̃, Ỹ ) := F ℓ[λ̃, ã] =
(
Kℓ

(
exp

(
−

1

p
ãi

))
,Kℓ

(
exp

(
−

1

p
ãi + λ̃i

)))

be pairs of ℓ-Köthe spaces.

An isomorphism T : (X,Y ) → (X̃, Ỹ ) is called quasi-diagonal if there exists a bijection
ϕ : N → N, and constants ti, i ∈ N, such that Tei := tieϕ(i), i ∈ N. In this case we write

(X,Y )
qd
≃ (X̃, Ỹ ), and the pairs (X,Y ) and (X̃, Ỹ ) are called quasi-diagonally isomorphic.

Similarly, an isomorphism T is permutable, (respectively, equivalent) if it is quasidiag-
onal and ti ≡ 1, ∀i (respectively, if it is quasidiagonal, ti ≡ 1 and ϕ(i) = i). Analogously,

we write (X,Y )
p
≃ (X̃, Ỹ ) (respectively, (X,Y )

e
≃ (X̃, Ỹ )) if there is a permutable (re-

spectively, equivalent) isomorphism.

Let R be a set with an equivalence relation ∼ and P a class of pairs of locally con-
vex spaces. We consider that γ : P → R is a linear topological invariant if (X,Y ) ≃

(X̃, Ỹ ) =⇒ (γ(X,Y )) ∼ (γ(X̃, Ỹ )), where (X,Y ), (X̃, Ỹ ) ∈ P. For more details about
linear topological invariants we refer the reader to [26].

Suppose (X,Y ) is a pair of linear spaces, U and V are absolutely convex sets in Y and
YV is the set of all finite dimensional subspaces of Y that are spanned on the elements
of V . Set

L(V,U) := {L ∈ YV : ∃q := q(L) < 1, L ∩ U ⊂ qV }.

For Banach sequence spaces with monotone norm, it is convenient to consider the char-
acteristic

β̃(V,U) := sup{dim L : L ∈ L(V,U)},

which is a modification of the characteristic β(V,U) (see, e.g. [24]).
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3.1. Lemma. Let E be a linear space, U,V, U1 and V1 absolutely convex sets in E, and
T an injective linear operator on E.

β̃(V1, U1) ≤ β̃(V,U) if V1 ⊂ V, U ⊂ U1,(3.1)

β̃(CV,U) = β̃(V, 1
C
U) if C > 0, and(3.2)

β̃(T (V ), T (U)) = β̃(V, U).(3.3)

Proof. Obvious and is omitted. �

For a ∈ ω+ we introduce the weighted ℓ-space as

ℓ(a) :=
{
x = (ξi) : ‖x‖ℓ(a) := ‖(ξi ai)‖ℓ <∞

}
.

Let E be a vector sequence space containing the system {ei}i∈N. Given a ∈ ω+, we define
the weighted ball by Bℓ(a) = {x ∈ E ∩ ℓ(a) : ‖x‖ℓ(a) ≤ 1}.

3.2. Definition. Let S be a set in Kℓ(ai,n). Then S is bounded if there exists a sequence
m = (mi) of non-decreasing natural numbers and a constant C > 0 such that S ⊂
Bℓ((ai,mi

)).

For any a(j) = (a
(k)
i ) ∈ ω+, j = 1, 2, . . . , r ∈ N, we set

r∧

j=1

a(j) =
(
min

{
a
(1)
i , a

(2)
i , . . . , a

(r)
i

})

and
r∨

j=1

a(j) =
(
max

{
a
(1)
i , a

(2)
i , . . . , a

(r)
i

})
.

The following result is an extension of [26, Proposition 5].

3.3. Lemma. Let a(1), a(2), . . . , a(r) ∈ ω+, r ∈ N. Then

(i) 1
r
Bℓ

( ∧r
j=1 a

(j)
)
⊂ conv

( ⋃r
j=1 B

ℓ(a(j))) ⊂ Bℓ
( ∧r

j=1 a
(j)

)
;

(ii) Bℓ
( ∨r

j=1 a
(j)

)
⊂

⋂r
j=1 B

ℓ
(
a(j)) ⊂ rBℓ(

∨r
j=1 a

(j)
)
. �

The notation |S| will be used to show the number of elements in S if it is finite, and
∞ if S is infinite.

3.4. Lemma. β̃(Bℓ(a),Bℓ(b)) =
∣∣{i : ai

bi
< 1

}∣∣. �

The proofs are straightforward, (see e.g.[18]).

Let (X,Y ) = F [λ, a] be a pair of Fréchet spaces with Y →֒ X such that (Up)p∈N

(respectively, (Vp)p∈N) is a sequence of neighborhoods of 0 in X (respectively, Y ) which
defines the topology in X (respectively, Y ). Here, we consider the following family of
functions: β(X,Y ) := (β(tVq, Up))p,q∈N where t > 0.

In an analogous way, we consider (X̃, Ỹ ) = F [λ̃, ã] with the corresponding systems

of neighborhoods (Ũp)p∈N, (Ṽp)p∈N, which define the topology in X̃ and Ỹ , respectively.

F [λ, a] and F [λ̃, ã] are said to be equivalent, β̃(X,Y ) ∼ β̃(X̃,Ỹ ), if ∀ p ∃ p′ and ∀ q′ ∃ q∃C
so that

β̃(tVq, Up) ≤ β̃(CtṼq′ , Ũp′), β̃(Ṽq, Ũp) ≤ β̃(CtVq′ , Up′).

The single space invariant β̃X := β(X,X), where Vp = Up and Ṽp = Ũp, p ∈ N.

3.5. Proposition. If (X,Y ) ≃ (X̃, Ỹ ) then, β̃(X,Y ) ∼ β̃(X̃,Ỹ ). �



Pairs of ℓ-Köthe Spaces 341

A pair (X,Y ) of ℓ-Köthe spaces X = Kℓ(aim), Y = Kℓ(bim) is called regular coher-

ently, denoted by (X,Y ) ∈ RC , if aim

ain
↓ 0, bim

bin
↓ 0 for m < n.

3.6. Theorem. (cf.[7]) Let (X,Y ), (X̃, Ỹ ) ∈ RC. Then the following are equivalent:

(i) (X,Y ) ≃ (X̃, Ỹ ),

(ii) (X,Y )
qd
≃ (X̃, Ỹ ),

(iii) β̃X ∼ β̃X̃ and β̃(X,Y ) ∼ β̃(X̃,Ỹ ). �

3.7. Corollary. Let a, ã ∈ ω+ and λ = (λi), λ̃ = (λ̃i) be positive and tend monotonically
to ∞. Then the following are equivalent:

(i) F ℓ[λ, a] ≃ F ℓ[λ̃, ã],

(ii) F ℓ[λ, a]
qd
≃ F ℓ[λ̃, ã],

(iii) ∃C : 1
C
ai ≤ ãi ≤ Cai and λi−λ̃i

ai

→ 0. �

Let us recall the definition of an analytic scale of Banach spaces [20]. Suppose that M
is a normed linear space with a family of linear operators T (z) satisfying the following
conditions:

(i) For every x ∈M the function T (z)x is an entire function of the complex variable
z;

(ii) The function ‖T (z)x‖M is bounded on every straight line parallel to the imagi-
nary axis;

(iii) T (0)x = x;
(iv) sup

µ,ν
‖T (α+ iµ)T (β + iν)x‖M ≤ sup

τ
‖T (α+ β + iτ )x‖M ;

(v) T (iµ)T (z+∆z)x−T (z)x
∆z

→ T (iµ)(T (z)x)′

uniformly in µ as ∆z → 0.

Define the norms

‖x‖α := sup
−∞<τ<∞

‖T (α+ iτ )x‖M

on the space M , and consider the completions Eα of M by these norms. The family
Eα (−∞ < α <∞) of Banach spaces will be called an analytic scale of Banach spaces.

Now we construct an analytic scale which is generated by the Banach spaces ℓ(a) and
ℓ(b):

3.8. Lemma. Let ℓ ∈ Λ and a, b ∈ ω+. Then Eα = ℓ(a1−αbα) is an analytic scale such
that E0 = ℓ(a) and E1 = ℓ(b). �

Applying the interpolation theorem for analytic scales [20, Chapter IV, Theorem 1.10]
to the above scale we obtain the following

3.9. Lemma. (see [19, 18]) Suppose E and Ẽ are ℓ-Köthe spaces, (ei) and (ẽi) are their

canonical bases, and T : E → Ẽ a linear operator. If a, ã, b, b̃ ∈ ω+ and

T (Bℓ(a)) ⊂ Bℓ(ã), T (Bℓ(b)) ⊂ Bℓ(b̃),

then for any α ∈ (0, 1) we have

T ((Bℓ(a))1−α(Bℓ(b))α) ⊂ (Bℓ(ã))1−α(Bℓ(b̃))α. �
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4. m-rectangular Characteristics Invariants

As in [7], m-rectangular characteristics of pairs are considered on analogy with m-
rectangular characteristics [6]. Notice that m-rectangular characteristics have been used
to classify some kinds of Köthe spaces (see e.g. [5, 4, 13, 3]).

For a given m ∈ N we consider the m-rectangular characteristic of the space F =
F ℓ[λ, a] (with a basis) as being the function that evaluates how many points (λi, ai) are
contained in the union of m-rectangles:

(4.1) µF
m(δ, ε; τ, t) :=

∣∣∣∣
m⋃

k=1

{
i : δk ≤ λi ≤ εk, τk ≤ ai ≤ tk

}∣∣∣∣,

where δ = (δk), ε = (εk), τ = (τk) and t = (tk), 1 ≤ τk ≤ tk, k = 1, 2, . . . ,m.

4.1. Definition. Let F = F ℓ[λ, a], F̃ = F ℓ[λ̃, ã] and let m be a fixed natural number.

The functions µF
m and µF̃

m are equivalent (denoted by µF
m ≈ µF̃

m) if there exists a strictly
decreasing function ϕ : (0,∞) → (0,∞), such that ϕ(t) → 0 as t → ∞, and a constant
∆ > 1 such that the following inequalities

µF
m(δ, ε; τ, t) ≤ µF̃

m

(
δ − ϕ(τ )t, ε+ ϕ(τ )t; τ

∆
,∆t

)
,(4.2)

µF̃
m(δ, ε; τ, t) ≤ µF

m

(
δ − ϕ(τ )t, ε+ ϕ(τ )t; τ

∆
,∆t

)
,(4.3)

hold with ϕ(τ ) = (ϕ(τk)), ϕ(τ )t = (ϕ(τk)tk), τ
∆

=
(

τk

∆

)
, ∆t = (∆tk), for all collections

of parameters δ, ε, τ, t defined above.

Note that the function ϕ and the constant ∆ depends on m. The systems of charac-

teristics
(
µF

m

)
m∈N

and
(
µF̃

m

)
m∈N

are equivalent (denoted by
(
µF

m

)
≈

(
µF̃

m

)
), if ϕ and ∆

are independent of m, that is, they can be chosen in such a way that (4.2) and (4.3) hold
for all m ∈ N.

We note that (µF
m) is a complete quasidiagonal invariant on the class of pairs F =

F ℓ[λ, a]:

4.2. Theorem. Let F = F ℓ[λ, a] and F̃ = F ℓ[λ̃, ã]. The following statements are
equivalent:

(a) F
p
≃ F̃ ,

(b) F
qd
≃ F̃ ,

(c)
(
µF

m

)
≈

(
µF̃

m

)
. �

The proof is omitted because of the analogy with the proof of [7, Theorem 15].

5. Main Results

In this section we prove that the m-rectangular characteristics are an invariant on the
class (1.2). The case ℓ = ℓ1 implies the main results of [7].

5.1. Theorem. Let F = F ℓ[λ, a] and F̃ = F ℓ[λ̃, ã]. If F ≃ F̃ , then µF
m ≈ µF̃

m for each
m.

Proof. Since (4.3) is obtained analogously, we restrict ourselves to proving (4.2). Take

an arbitrary m ∈ N. Let T : F̃ → F be an isomorphism. Consider two unconditional
bases of the space X: the canonical basis e = (ei)i∈N, and the T-image of the basis of

X̃: ẽ = (ẽi)i∈N, ẽi = Tei, for each i. In terms of these bases we have two representations,

x =

∞∑

i=1

ξiei =

∞∑

i=1

ηiẽi, for each x ∈ X.
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For simplicity, we define weights αp = (αip), γp = (γip), α̃p = (α̃ip), and γ̃p = (γ̃ip)
as follows:

αip := exp
(
−

1

p
ai

)
, γip := exp

(
−

1

p
ai + λi

)
,

α̃ip := exp
(
−

1

p
ãi

)
, γ̃ip := exp

(
−

1

p
ãi + λ̃i

)
.

For each x ∈ X, the system of norms
{
‖x‖p = ‖(ηiα̃ip)‖ : p ∈ N

}
(respectively,

{
‖x‖p =

‖(ηiγ̃ip)‖ : p ∈ N
}
), and the original system of norms in X,

{
|x|p = ‖(ξiαip)‖ : p ∈ N

}

(respectively,
{
|x|p = ‖(ξiγip)‖ : p ∈ N

}
) are equivalent. Also we use the weighted balls

Bℓ(αp)B
ℓ(γp) with respect to the basis e.(5.1)

Bℓ(α̃p)B
ℓ(γ̃p) with respect to the basis ẽ.(5.2)

to build two pairs of synthetic neighborhoods U, V and Ũ , Ṽ . By by using Lemma 3.1
and Lemma 3.9, the geometrical and interpolational construction of these pairs of neigh-
borhood will provide the assertion of the theorem.

Construction of synthetic neighborhoods: Since ai → ∞, and in view of the equiv-
alence of the systems of norms, we can choose an infinite chain of positive integers
(k = 1, 2, . . . , m− 1):

(5.3) r < q < s < rk+1
i < qk+1

i < sk+1
i < rk

i ; s
(k)
i /ãi → 0, i ∈ N;

in such a way that each consequence number is four times larger than the preceding one,
and that the following inclusions

(5.4)
C−1Bℓ(α̃is) ⊂ Bℓ(αiq) ⊂ CBℓ(α̃ir),

C−1Bℓ(α̃isi
) ⊂ Bℓ(αiqi

) ⊂ CBℓ(α̃iri
),

hold, together with the inclusions which are obtained by replacing the role of α with γ.

Making use of (5.3) and (5.4), the substructure of the sets U, V, Ũ , Ṽ may be defined
in the following way:

The first couple of sets U, V is built with blocks (k = 1, . . . , m, l = 1, 2, 3, 4):

(Bℓ((w
(k)
i,l )) Bℓ((w̄

(k)
i,l )),

where each weighted sequence will be responsible for a certain inequality for (λi) and
(ai) in (4.1). We start with the following blocks (k = 1, . . . ,m):

w̄
(k)
i,1 = (αi,qi

(k))
1/2(γi,qi

(k) )
1/2, w

(k)
i,1 = (αi,qi

(k)

)1/2

(γi,qi
(k))

1/2,

w̄
(k)
i,2 = exp

( τk

2q

)
(αi,q)

1/2(γi,q)
1/2, w

(k)
i,2 = exp

( tk
q

)
(αi,q)

1/2(γi,q)
1/2,

w̄
(k)
i,3 = exp

( δk

2

)
αi,qi

(k) , w
(k)
i,3 = exp

(
−
δk

2

)
γi,qi

(k) ,

w̄
(k)
i,4 = exp(−

εk

2
)γi,qi

(k) , w
(k)
i,4 = exp

( εk

2

)
αi,qi

(k) .

To construct the second couple of sets Ũ , Ṽ , the corresponding series of blocks (which
are balls with respect to the T -image basis ẽ) will be used (k = 1, . . . ,m, l = 1, 2, 3, 4):

Bℓ((w̃
(k)
i,l )) Bℓ(( ˜̄w

(k)
i,l )),
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where

˜̄w
(k)
i,1 =

(
α̃i,si

(k)

)1/2(
γ̃i,si

(k)

)1/2
, w̃

(k)
i,1 =

(
α̃i,ri

(k)

)1/2(
γ̃i,ri

(k)

)1/2
,

˜̄w
(k)
i,2 = exp

( τk

2s

)(
α̃i,s

)1/2(
γ̃i,s)

1/2, w̃
(k)
i,2 = exp

( tk
r

)
(α̃i,r)

1/2(γ̃i,r

)1/2
,

˜̄w
(k)
i,3 = exp

( δk

2

)
α̃i,si

(k) , w̃
(k)
i,3 = exp

(
−
δk

2

)
γ̃i,ri

(k) ,

˜̄w
(k)
i,4 = exp

(
−
εk

2

)
γ̃i,si

(k) , w̃
(k)
i,4 = exp

( εk

2

)
α̃i,ri

(k) .

After these preparations, the sets U, V, Ũ , Ṽ are constructed as follows:

U =

m⋂

k=1

conv

( 4⋃

l=1

B(ℓ)
(
w

(k)
i,l

))
, Ũ =

m⋂

k=1

conv

( 4⋃

l=1

B(ℓ)
(
w̃

(k)
i,l

))
,

V = conv

( m⋃

k=1

4⋂

k=1

B(ℓ)(w̄(k)
i,l

))
, Ṽ = conv

( m⋃

k=1

4⋂

k=1

B(ℓ)( ˜̄w
(k)
i,l

))
.

On account of Lemma 3.1, Lemma 3.9 and the inclusions (5.4),

B(ℓ)(w
(k)
i,l )) ⊃ B(ℓ)(w̃

(k)
i,l )), B(ℓ)(w̄

(k)
i,l )) ⊂ B(ℓ)( ˜̄w

(k)
i,l )),

are satisfied for k = 1, . . . ,m, l = 1, 2, 3, 4, and these imply the inclusions V ⊂ Ṽ and

Ũ ⊂ U .

Our difficulty here is that the sets U , V , Ũ and Ṽ are not weighted balls. Thus, we

cannot use these inclusions V ⊂ Ṽ and Ũ ⊂ U to evaluate β̃(X,Y )(V,U) and β̃(X,Y )(Ṽ , Ũ)
by Lemma 3.4. On the other hand, these characteristics can be approximated by applying
Lemma 3.3 and Lemma 3.9 as follows:

1

m
Bℓ

((
∧m

k=1

4∨

j=1

w̄
(k)
i,j

))
⊂ V and U ⊂ mBℓ

(( m∨

k=1

4∧

j=1

w
(k)
i,j

))
,(5.5)

Ṽ ⊂ 4Bℓ

(( m∧

k=1

∨4
j=1 ˜̄w

(k)
i,j

))
and

1

4
Bℓ

(( m∨

k=1

4∧

j=1

w̃
(k)
i,j

))
⊂ Ũ .(5.6)

Considering Lemma 3.1 the following basic estimation is satisfied,

β̃(X,Y )

(
Bℓ

(( m∧

k=1

4∨

j=1

w̄
(k)
i,j

))
, Bℓ

(( m∨

k=1

4∧

j=1

w
(k)
i,j

)))
(5.7)

≤ β̃(X,Y )

(
mV,

1

m
U

)
≤ β̃(X,Y )

(
C2m2Ṽ , Ũ

)
(5.8)

≤ β̃(X,Y )

(
16C2m2Bℓ

(( m∧

k=1

4∨

j=1

˜̄w
(k)
i,j

))
, Bℓ

(( m∨

k=1

4∧

j=1

ṽ
(k)
i,j

)))
.(5.9)
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First, (5.7) is estimated from below as follows:

β̃(X,Y )

(
Bℓ

(( m∧

k=1

4∨

j=1

w̄
(k)
i,j

))
, Bℓ

(( m∨

k=1

4∧

j=1

w
(k)
i,j

)))

=

∣∣∣∣
m⋃

k=1

m⋃

ν=1

{
i :

( 4∨

j=1

w̄
(k)
i,j

)
≤

( 4∧

j=1

w
(ν)
i,j

)}∣∣∣∣

≥

∣∣∣∣
m⋃

k=1

{
i :

( 4∨

j=1

w̄
(k)
i,j

)
≤

( 4∧

j=1

w
(k)
i,j

)}∣∣∣∣

=

∣∣∣∣
m⋃

k=1

{
i : max

1≤j≤4
w̄

(k)
i,j ≤ min

1≤j≤4
w

(k)
i,j

}∣∣∣∣(5.10)

On account of the fact that w̄
(k)
i,1 = w

(k)
i,1 , the expression inside the set in (5.10) can be

written in the following way:

(5.11)

4⋂

j=2

({
i : w̄

(k)
i,j ≤ w

(k)
i,1

}
∩

{
i : w

(k)
i,1 ≤ w̄

(k)
i,j

})

Analyzing the inequality w̄
(k)
i,2 ≤ w

(k)
i,1 in (5.11) implies that

(5.12) τk ≤ 2q

(
1

q
−

1

q
(k)
i

)
ai.

Applying (5.3), we observe 2q
(

1
q
− 1

q
(k)
i

)
≥ 1, which yields that

(5.13) {i : τk ≤ ai} ⊂

{
i : τk ≤ 2q

(
1

q
−

1

q
(k)
i

)
ai

}
=

{
i : w̄

(k)
i,2 ≤ w

(k)
i,1

}
.

Analogously, analyzing the rest of the inequalities in (5.11) indicates the following inclu-
sions:

{i : δk ≤ λi} ⊂
{
i : w̄

(k)
i,3 ≤ w

(k)
i,1

}
,(5.14)

{i : λi ≤ εk} ⊂
{
i : w̄

(k)
i,4 ≤ w

(k)
i,1

}
,(5.15)

{i : ai ≤ tk} ⊂
{
i : w̄

(k)
i,1 ≤ w

(k)
i,2

}
,(5.16)

{i : δk ≤ λi} ⊂
{
i : w̄

(k)
i,1 ≤ w

(k)
i,3

}
,(5.17)

{i : λi ≤ εk} ⊂ {i : w̄
(k)
i,1 ≤ w

(k)
i,4

}
.(5.18)

Combining the inclusions (5.13)-(5.18) one can obtain

(5.19) {i : δk ≤ λi ≤ εk; τk ≤ ai ≤ tk} ⊂
4⋂

j=2

({
i : w̄

(k)
i,j ≤ w

(k)
i,1

}
∩

{
i : w

(k)
i,1 ≤ w̄

(k)
i,j

})

from which we conclude that the m-rectangular characteristic is an estimation for the
expression (5.7) from below, that is,

(5.20) µF
m(δ, ε; τ, t) ≤ β̃(X,Y )

(
Bℓ

(( m∧

k=1

4∨

j=1

w̄
(k)
i,j

))
, Bℓ

(( m∨

k=1

4∧

j=1

w
(k)
i,j

)))
.
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Now, to complete the proof, it is sufficient to obtain an estimation for the expression
(5.9) from above. Due to Lemma 3.4, the expression (5.9) is equal to

(5.21)

∣∣∣∣
m⋃

k,ν=1

{
i : max

1≤j≤4
˜̄w
(k)
i,j ≤ 16m2C2 min

1≤j≤4
w̃

(ν)
i,j

}∣∣∣∣

Clearly, the set in (5.21) can be written as a subset of

(5.22)

4⋂

j=2

({
i : ˜̄w

(k)
i,j ≤ 16m2C2w̃

(ν)
i,1

}
∩

{
i : w̃

(k)
i,1 ≤ 16m2C2 ˜̄w

(ν)
i,j

})

∩
{
i : ˜̄w

(k)
i,1 ≤ 16m2C2w̃

(ν)
i,1

}
.

Analyzing the inequality ˜̄w
(k)
i,j ≤ 16m2C2w̃

(ν)
i,1 in (5.22) implies that

(5.23)

(
1

s
(ν)
i

−
1

r
(k)
i

)
ãi ≤ ln(16m2C2).

The case ν ≤ k in inequality (5.23) is a trivial case, that is,

{
i : ˜̄w

(k)
i,j ≤ 16m2C2w̃

(ν)
i,1

}
= N.

Consider the case ν > k in inequality (5.23): By the construction of the indices (5.3), we

observe that ãi

2s
(ν)
i

≤ ln(16m2C2), which is weaker than the inequality (5.23). Thus we

conclude that

(5.24)
{
i : ˜̄w

(k)
i,1 ≤ 16m2C2w̃

(ν)
i,1

}
⊂ {i : ãi ≤ M},

where M := max
{
ãi : ai ≤ 2s

(ν)
i ln(16m2C2)

}
.

Analogously, by the definition of the weights, the inequality ˜̄w
(k)
i,2 ≤ 16m2C2w̃

(ν)
i,1 yields

the weaker inequality

τk

2q
− ln(16m2C2) ≤

1

r
ãi.

Thus, by the construction of the indices (5.3), we obtain that

(5.25)
{
i : ˜̄w

(k)
i,2 ≤ 16m2C2w̃

(ν)
i,1

}
⊂

{
i :

τk

4q ln(16m2C2)
≤ ãi

}
.

In a similar way,

(5.26)
{
i : ˜̄w

(k)
i,2 ≤ 16m2C2w̃

(ν)
i,1

}
⊂

{
i : ãi ≤ 4rtν ln(16m2C2)

}
.

Combination of these three estimates (5.24), (5.25) and (5.26) can be considered as giving
the following set

{i : ˜̄w
(k)
i,1 ≤ 16m2C2w̃

(ν)
i,1 , ˜̄w

(k)
i,2 ≤ 16m2C2w̃

(ν)
i,1 , ˜̄w

(k)
i,2 ≤ 16m2C2w̃

(ν)
i,1 }

which is a subset of the set

(5.27)

{{
i : τk

∆
≤ ãi ≤ ∆tk

}
if ν > k,{

i : τν

∆
≤ ãi ≤ ∆tν

}
if ν ≤ k,

where ∆ := max{M, 4q ln(16m2C2)}.
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On the other hand, analyzing the rest of the inequalities in (5.23) yields that
{
i : ˜̄w

(k)
i,3 ≤ 16m2C2w̃

(ν)
i,1

}
∩

{
i : ˜̄w

(k)
i,4 ≤ 16m2C2w̃

(ν)
i,1

}

⊂
{
i : δk − Lãi ≤ λ̃i ≤ εk + Lãi

}
,

(5.28)

{
i : ˜̄w

(k)
i,1 ≤ 16m2C2w̃

(ν)
i,4

}
∩

{
i : ˜̄w

(k)
i,1 ≤ 16m2C2w̃

(ν)
i,3

}

⊂
{
i : δν − Lãi ≤ λ̃i ≤ εν + Lãi

}
,

(5.29)

where L = L(i) := 2
(

ln(16m2C2)
ãi

+ 1

r
(m)
i

)
.

Combining the observed inclusions (5.28), (5.29) and (5.22), one can conclude that
the set involved in (5.21) is included in

(5.30) Rk,ν ∩
{
i : max{δν , δk} − Lãi < λ̃i ≤ max{εν , εk} + Lãi

}
.

It is now time to clarify how to choose the function ϕ. Let ψ : [0,∞) → [0,∞) be any non-

decreasing function such that r
(m)
i ≥ ψ(ai). Any decreasing function ϕ : [0,∞) → [0,∞)

which satisfies

(5.31) 2δ

(
δ ln(16m2C2)

τ
+

1

ψ(τ )

)
≤ ϕ(τ ),

and for which ϕ(t) → 0 as t → ∞, can be considered.

Since ϕ satisfies (5.31), and using (5.30), one can obtain that the set involved in (5.21)
is contained in

(5.32)

{
i : δνϕ(τν)tν < λ̃i ≤ εν , δνϕ(τν)tν ;

τν

∆
≤ ãi∆tν

}

∪
{
i : δkϕ(τk)tk < λ̃i ≤ εk + δkϕ(τk)tk;

τk

∆
≤ ãi∆tk}

}

for any k, ν = 1, . . . , m).

As a conclusion, we get that the expression (5.9) is estimated from above, that is,

(5.33)
β̃(X,Y )

(
16C2m2Bℓ

(( m∧

k=1

4∨

j=1

˜̄w
(k)
i,j

))
, Bℓ

(( m∨

k=1

4∧

j=1

ṽ
(k)
i,j

)))

≤ µF̃
m

(
δ − ϕ(τ )t, ε+ ϕ(τ )t;

τ

∆
,∆t

)

Thus, (5.20) and (5.33) imply the inequality (4.2), which concludes the proof. �

5.2. Theorem. For each m there exist F = F ℓ[λ, a] and F̃ = F ℓ[λ̃, ã] such that

(i) µF
l ≈ µF̃

l , l = 1, 2, . . . , m

(ii) µF
m+1 6≈ µF̃

m+1. �

5.3. Theorem. There exist F = F ℓ[λ, a] and F̃ = F ℓ[λ̃, ã] such that

(i) µF
m ≈ µF̃

m, for each m ∈ N,

(ii) (µF
m) 6≈ (µF̃

m). �

In [7], for ℓ = ℓ1, the construction of F ℓ[λ, a] and F̃ ℓ[λ̃, ã] are considered. Theorem 5.2
and Theorem 5.3 are proved in [12] for the case ℓ = ℓ1. In view of the analogy, the proofs
of these theorems are omitted.
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