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Abstract

In this paper, the existence and uniqueness of the weak generalized
solution of a mixed problem with periodic boundary condition for a
quasi-linear Euler-Bernoulli equation are examined, and an estimation
of the differences between the exact and approximate solution is ob-
tained. In order to solve the problem, first the test functions are given,
then the weak generalized solution of the problem is defined in terms of
these functions. The weak solution is expressed as a Fourier series with
undetermined variable coefficients, and a system of non-linear infinite
integral equations for the coefficients mentioned above is obtained. The
existence and uniqueness of the solution of the system are proved by the
successive approximation method on the Banach space Br. Finally, in
view of the practical importance of the problem, the norm of the differ-
ence between the exact solution and successive approximations of the
infinite system is estimated on the space Br.
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1. Introduction

The investigation of various problems concerning 4 th order homogeneous, linear and
quasi-linear equations has been one of the most attractive areas for mathematicians and
engineers due to their importance in the solution of several engineering problems. The
reader is refereed to [1, 2, 3, 8, 9, 11, 14] for some relevant previous work on linear and
quasi-linear equations, and to [5, 6, 7, 10, 16] for applications. The textbooks [4, 12, 13,
15] also contain important results.

In this study, the existence and uniqueness of a weak generalized solution of a mixed
problem with periodic boundary condition for the quasi-linear Euler-Bernoulli equation
are examined by the non-linear Fourier method for the first time. We hope that, in addi-
tion to being of interest to mathematicians, the examination, results and method applied
in the study will be useful to engineers who are dealing with the solution of problems
involving dynamic stability, free and forced vibration of bars consisting of composite
materials and carbon nanotubes.

2. Establishing the problem
We consider the following mixed problem with periodic boundary condition:

9%u 5 0t 2 0%y _
(2.1) Tl —€ 2022 +a 9L fit,z,u), (
(22)  u(0,z,6) =p(x), w(0,ze)=1(), (0<z
u(t,0,e) = u(t,me), uz(t,0,e) =ug(t,m,e),

U2 (£,0,8) = ug2(t,m,€), Uus(t,0,e) = uys(t,me), (0<x<T),

t,x) e D{0<t<T, 0<x<m}
<T),

(2.3)

where a, b are constants, € € [0, €o] is a parameter, ¢(x),9(z) and f(t,r,u) are functions
defined on [0,7] and D{0 <t < T, 0 <z <7} X (—o0, 00) respectively, and wu(t,z,¢) is
a solution of the problem considered.

2.1. Definition. The function v(t,z) € C(D) is called a test function if it has continuous
partial derivatives of orders involved in Equation (2.1), and satisfies both the following
conditions

(T, x) = (T, x) = v,2 (T, ) = va2, (T, ) = 0
and the boundary condition (2.3).

We give the definition below from H. I. Chandirov [1] who, for the first time, introduced
the applicability of the Fourier method to non-linear mixed problems.

2.2. Definition. The function u(t,z,¢) € C(D) x [0, o] satisfying the integral identity

T o= % 5 0% 2 0%
/o /o {u {w —eb ERCETD +a %} —f(t,x,u)v} dz dt+

./0 o(z) [ve(0, ) — eb®v,2,(0, z)] do — /07r ¥(x) [v(0,2) — eb®v,2 (0, z)] dz =0

(2.4)

for an arbitrary test function v(t,z) is called a weak generalized solution of problem
(2.1)-(2.3).

The set

{at,e)} = {%uo(t,s),ucl(t,s),usl(t,s), e (,€),usk(9), - )
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of functions continuous on [0, 7] x [0, o] satisfying the condition

1 o0
itg?gu; |uo(t, €) Z [ max |uck (t,e)| + Igfgx] [usk (2, 5)|} < oo

will be denoted by Br. Let

_ 1 S
Hu(t75)HBT = §£ng |uo(t, €) Z [ max |uck (t,e)] + rrfgx |usk (t,€)|

be the norm in Br. It can be shown that Br is Banach space.

3. The solution

We search formerly for the weak generalized solution of problem (2.1)-(2.3) as
(3.1)  wu(t,xz,e) = —uo (t,e) + Z Uk (t, €) cos 2kx + us (¢, €) sin 2kx]
k=1

where uo(t, ), uck(t,€), usk(t,e), (k = 1,00), are unknown functions. Employing the
equality (2.4) we get the following infinite non-linear system of integral equations:

uo(t,€) = po + Yot + %/o /Ow(t —T)f{T,f, %Uo(’r €)

+ f: [ten (T, €) cO8 2nE + usn (T, €) sin 2n€] } d€ dr,

n=1

2 [t 7 1
Uk (t,€) = Qek cos gt + Yer sin apt + — / / f{T,f, —uo(T,€)
gk ok Jo Jo 2

+ Z [ten (T, €) cos 2n& + usn (T, €) sin 2n€] }

n=1
(3.2) X cos 2k sin ag (t — 7) d€ d,

s . 2 t T 1
usk(t75):cpskcosozkt—l—li—:smakt—i—m/o/O f{T757§u0(7’78)

+ i [ten (T, €) cO8 2nE + usn (T, €) sin 2n€] }

n=1
x sin 2k€ sin ay, (t — 7) d€ d,
2
(O N
1+ eb?(2k)?

3.1. Theorem. Suppose the following conditions are satisfied:

a) f(t,x,u) is continuous respect to all arguments on D X (—o0, 00),
b) |f(t, z,u) — f(¢, z,v)| < b(t,z)|u — v|, where b(t,z) € L2(D), b(t,z) >0,
¢) f(t,2,0) € La(D),
d) 9(0) = p(n), ¢(0) = &/(n), B(0) = (),
where p(z) € CH[0, 7], (x) € C[0, ).

Then the system (8.2) has a unique solution in Br.
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Proof. We will prove the theorem by the successive approximation method. The succes-
sive approximations for system (3.2) are as follows:

u(()NH)(t@) (0) (t,e) / / t—) 7',§7 —uo (7' €)

+ Z [um T,€) cos 2né + ugn)(T, €) sin 2n£] } d¢ dr,

n=

uiy M (t) = uly (@ +mk// {rez uVee)

+ Z [um T,€) cos 2né + usn (T, €) sin 2n£] }
n=1

=

(3.3)
X cos 2k¢ sin ai (t — 7) d€ dT,
uilljﬂ)(t €)= u(o) t,e) + —_— / / —u(()N)( ,€)
+ Z [um (7,€) cos 2n€ + usn)(T7 €) sin 2n§] }
x sin 2k€ sin o (t — 7) d€ d,
N = y OO,
where

u(()o)( €) = wo + ot u (t €)= cpckcosoekt—&—li—c:sinakt

ug(l)c) (t,e) = psk cos ayt + % sinat, (k=1,00).

k
For simplicity, letting
AuM (t,¢,¢) = % (M) (t,e) + Z [uﬁg) (t,e) cos 2né + ull) (t,€) sin 2n§}
n=1

and
EN 0} = {56V 10,00 (60, w1 e), w1 0), ) 10),

the successive approximations of (3.2) become

u(()N“)(t,s) (0) (t,e) / / (t —7)f[7, &, Au(N)(T & ) dedr,

e =+ 2 [ [ e o)

Tag,
5.4) x cos 2kE sin ay (t — 7) d€ dr,
e = e+ 2 [ e o)
Tag,
x sin 2k¢ sin ay (t — 1) d€ d,

(k=1,00).
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It is clear that

() <1 (V)
Jpax |AutT(r, € €)| < 5 max Jug (€]
( ) oo
3.5 (N)
+ E_ {Ogltax Jugn’ (t,€) + max |usn (t,s)l}

™ (¢, e)ll -

First, let us prove 7™ ) (t,e) € Br. From the conditions of the theorem it is easily seen
that

1
—(0) _: (0)
702y =5 gmax (0.9 + 3 1) [, o020+ o, o200
n=
1 oo
< 3ol + luolT) + 3 (R

1
+ (o] + — b))
(€75
< 0.

Taking N = 0 in the equalities (3.4), the first equality obtained may be written as

u(()l)(t7) (O) // 15—7'{)‘7'§z4u(0)(t§7 e —f T7§0}d€d7

22 [ [Te-nimeoaan

then applying the Cauchy inequality with respect to t to both integrals on the right hand
side we get

1/2
|ug”(t,g)|g|u<°>tg|+ U/ t—1) dT}

X (/0 U {flr¢, AuO(t, ¢,¢)] — f(7-7§,0)}d§rd7')1/2

+%{/Ot(t—7)2d7} (/O UO f(T,f,O)d£:|2d7')l/2.

Calculating the fist integral in both summands on the right hand side containing integrals,
taking the first factor as 1 in the second integrals and applying Cauchy inequality with
respect to £, we have

1 0
lug” (t,€)| <Jug” (¢, )]

— o 1/2
+ %V %(/0/0 {f[T7£7AU(O)(t7£7€)] _f(7_7£70)}2d£d7-)
2 [T 7 .
+ 2 U/ f(n&O)dfdr} -

Applying Lipschitz condition to the first integral on the right hand side and making some
calculations we get

5 P 1/2
el <o+ 2 TE ([ [ Ree [ en)] asr)

+ Hf(m,mnmm},
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hence we have

1 0 2 [wT3 _
fug” (,0)] < fug” (t, )| + =4/ 5= |18t D)ooy [ (1, 2) 5,
(3.6)

+ ”f(tvva)HLQ(D) :
The second equality obtained from (3.4) for N = 0 can be written as
2 t pm
w0 =ute) + = [ [ {16 AV (r69) - £(r6,0))
Tk Jo Jo
X cos 2k€ sin oy (t — 1) dEdr
/ / f(7,&,0) cos 2k sin ay (t — 7) dE d.
71'Oék

Then applying the Cauchy inequality with respect to ¢ to both integrals we get
T t 2 ™
W <o+ L [[2 [ (e @
Ak o LT Jo

2\ 1/2
— f(7,€,0)} cos 2k df} dT)

\/T t 2 P 2 1/2
+a—k</0 {;/o f(T7€70)COSQk€d€:| dT) .

Summing both sides with respect to k = 1, 0o, we have

oo

S ol < el vy o ([[2 [T e an g

k=1

2 1/2
— f(7,€,0)} cos 2k¢ df} dT)

=1 tro = 2 1/2
+ﬁkz_1a_k</o {;/0 f(T,é,O)cos2kfd§} dT) .

Applying Hélder’s inequality to the second and third sums after the required processes,
using Bessel’s inequality related to the Fourier coefficients, and taking the maximum of
the integrals on the right hand side respect to ¢, we have

Z|u£}2te <3
k=1

(3.7) + MVT [Hb(um>||L2<D>||u<°><tys>HsT 11 (2,0l o)

+ MVT [[6(t,2) 200 [50 (1)l + 182,00
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Using the inequalities (3.6), (3.7) and (3.8) as follows

(1)
(t,
'“0 )y (1)) )+ [ul} (1, 2)]]

)y (18 (t2) + 6 (1,2)]]

k=1
T3 _
+ (\/ o 2V ) [0l [T 4+ 12,0200

then taking the maximum over ¢ we obtain

-

k
|u(0) t,

2™ (¢, )l 5r

< @ (t,)lls,

+ (5 + 20D [ 102 a0 1.2+ 11820100 |-

Hence, according to the hypothesis of the theorem we obtain

Iz (

t,e)|lBy < 0.
By the principle of mathematical induction, we obtain that

[ ¢, )1l
_ T _
<O (1) g+ 5 (T + 2/BTM) bt ) oo [0~ (8, )
T
+\/ 3= (T + 2VEmM)||f(t,,0) s 0):

Proceeding in the same way, it can be shown analogously that if @™ (t,)| 5, < co
then

[TV (¢, 2) |y < oo
Therefore, we have proven that
_(N+1 N+1 N+1 N+1
TN (1 e) ={Fug™ (,0), TV (1), uY TV (1 0,
WY (te),ul¥ T (t,e), ...} € Br.
Now, let us make an estimation of the differences

N+1 N N+1 N N+1 N
lus¥ T (2, e) — uf™ (te) ] July TVt e) —ulY (o), [ul TV (8 ) — uY) (€,

where (N = 0,00, k = 1,00), respectively, in order to prove the convergence of the
successive approximation sequence {@™)(t,e)} in Br. Take

/ / (t — 1) fIr, €, Au® (1, ¢, )] de dr

;/0/0 (t — ) {f[r, & AuO (1, €, )] — f(7, € 0)} dEdr

%/()t(t_T)/;f(T,ﬁ,O)dng ,

[l (t, ) — ul® (¢, €)

+
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then apply Cauchy’s inequality to the integrals on the right hand side with respect to ¢
to give

0
lus? (t,€) — uy” (t,¢)]

< I:/Ot(t—T)sz:|

(2 [t e a e - s opa ar)

+ {At(t—T)sz} v (/Ot E /07r f(1,€,0) dgrd7> 1/2.

We calculate the first integral in the summands on the right hand side, and apply Cauchy’s
inequality to the second integrals with respect to . This gives

1/2

1/2

lu$” (t,€) — uy” (t,¢)]

t T 1/2
szT\/g { /0 /0 {f[T7€7Au(O)(t7§7E)]—f(77€70)}2d§d7}

£ t ™ 9 1/2
-|-2T\/37T {/o /0 f (T7€,O)d€d7':| .

Applying the Lipschitz inequality to the first term on the right hand side and performing
some calculations, we get

T

1 0 —

(39)  fug” (t.2) —ug” (t,€)| < 2T o= (Ib(t. 2) | o () [8 (t: )l 3 + 11 £ (1,2, 0)| o))
We obtain the following estimation ia a similar way

Jugy (t.2) = i (8. €)]
™ 2
<[ 2 [Ttn e A eo) - 10 coszheas| ar)"”

ar \Jg
+@(/Ot {%./wa(T,f,O)COSngdéjr dT)l/Q.

Qg

Taking the sum of both side with respect to k, and applying Hélder’s inequality to the
integrals, we have the following (k = 1, 00),

1 0
Sl e) — ul) (£ )|
k=1

ViYL 2 (L [ [2 [urea e
— f(7,€,0)} cos 2k€ d{} i dT) v

+ \/T(f: ai,)l/z(i/ot E /OW £(7,€,0) cos2k§d§rd7')1/2.
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From the conditions of the theorem, the series on the right hand side are integrable term
by term. Hence employing Bessel’s inequality we obtain:

Z ’u(l) _ U((I)c) (t, 5)’

<M [(// {16 Au®(1,6,0)
— f(T,&O)}2 dde) + (/Ot /0'” f2(7'7§,0) dde) 1/2:|.

Applying the Lipschitz inequality to the first integral, and maximizing with respect to t,
we get

2T
S uD(t.0) —u (t0)| < M [nb(t ) |za ) [7 (2, €) 15
(3.10) k=1

+ Hf(t7x70)||l/2(D):| .

In a similar manner we obtain

Z |u(1) t,e) —U(O)(t e <M T

2 e laala 2l
(3.11) k=1
1502 0)aco ]

From the inequalities (3.9), (3.10) and (3.11) we have

1
5l (t,0) - “”teHZ[ [y (t,2) = w6, 2)] + [} (8,2) — w2, 2) ]

(3.12)
<(T+ 2\/6M)\/; [Hb(t7x)||L2(D)”ﬂ(0) (tvg)HBT + Hf(t7$70)”l/2(D)]

= AT7

where it is clear that Ar is a positive number. Taking the maximum with respect to ¢
on the left hand side of the last inequality we obtain

@ (t,e) — @l (t,e)ll By < Ar.

Following the process above and using the principle of mathematical induction the in-
Yot @) 13 )

equality
T+ 2vV6M
(T +2V6 )\/ = N

can be proved (N =1, 00). It is understood from (3.13) that the sequence

Z |u(N+1) t,e) (N)( e)|

(3.13) J@" PV (t,e) —aSV (¢ o)l < Ar

is uniformly convergent in Br. Therefore the successive approximation sequence {E(N +1) (t,e)},
whose general term is

N
a0 (t,e) =u O () + Y [ (D) (¢, 2) — 7™ (¢, ¢)

n=1



426 H. Halilov, K. Kutlu, B. O. Giiler

is uniformly convergent in Br. Let

lim 7Y (¢, e) = u(t, e)

1
= {§uo(t,5), Ue1 (t,€),us1(t,€)y ..oy uck (8, €), usk (t,€),. .. }
In order to prove that u(t,e) satisfies the system (3.2), substitute u(¢,¢) in the system

(3.2), and let o denote the absolute value of the difference of the systems (3.2) and (3.3).
By the previous scheme applied above we have

2
o< —
T

/0 /0"(t — ){f[r, &, Au(r,&,€)] — f[,r’g’Au(N) (7., )]} dé dr
+kZ:1Ea_k /0/0 {flr. & Au(r, €, €))

— fr, & AuN) (7, €, €)]} cos 2kE sin oy (t — 7) dE dr

< o9 1| [t/
+kZ:1;a_k ./0/0 {fIr, & Au(r, &, €)]

— fIr, &, Au™N) (1, €, €)]} sin 2k€ sin o (t — 7) dE dr

<5 ([ 2] [ ureaunge)

— fIr & Aul™) (7, €, €)]} cos 2k df} 2 dr) -
> ai)/ [i/ (2 [Ureauree)
— flr. & Au™ (7, €, £)]} cos 2Kk€ ds) 2} v
(Y ai)/[i/ (2 [t et

241/2
—f[ﬂ&Au(N)(T,&e)]}Sin%édé) } .

By means of the inequality (a + b+ ¢)? < 3(a® + b + ¢*) we get
2 s [fr2 [T (N) 2
o?<T / (= / {f1r,€ Au(r,€,€)] = flr.& AN (., )]} dg)
0 0

+3M2Ti/0t <% /Ow{f[T,f,Au(T,ée)]

~ flr & Au™ (7,6, )] cos 2he de ) dr

+3M2Ti/0t <%/Ow{f[7,€,Au(T,f7€)]

— flrn €, Au™) (7, €, €)]} sin 2ke dg) *dr.
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Let max (273, 3M>T) = Mr. Hence

2<M t1<g ' 77A 1Sy - 7714 ) 'Sy d 2d
7 <up [ 5(2 [ UlneAutn ) - flne A e de) e
> t 2 T
M - 77A 1S
e (2 [ ue o)
2
- Jlr A (g o)) cos2heds ) dr
+AHZ;%;<%Aufh&AMﬂ&EH

2
— fr, & Au™) (7, €, €)]} sin 2k¢ dg) dr.

Applying Bessel’s inequality to the right hand side of the inequality, and then the Lips-
chitz condition, we get

2 2 b (N) 2 5.\ 2
o <2 [ [T aur g - Sl g Au (g )y de) e
t ™
< 2ty /0 /0 B (r,€) [Au(r,&,0) - Au(r,,)]” dear

2 _ (N
< =M |0 (4, )| oo 1Tt €) = T (8, €)

Considering limp .« |[T(t,€) — @™ (t,€)|| = 0, the norm |[@(t,e) — N1 (¢, )|, which
is formed by the difference of (3.2) and (3.3), tends to zero as N — oo, i.e. the limit
function u(t,€) is a solution of the system (3.2).

In order to prove the uniqueness of the solution of the system (3.2), by contradiction
suppose that T(¢,e) is another solution. Evaluating the difference [u(t,e) — T(t,€)| in
accordance with the scheme above we get

[, e) —v(t, o)]° < 2 My /Ot ( /Trb2(7-7 €) dg) [t e) — o(t, ¢)]* dr.

T Jo

However, [u(t,e) — (t,€)] < 0 in view of the Cronwall inequality gives u(t,e) = v(t, ).
Thus the theorem is proven. O

By Theorem 3.1, the following theorem related to the weak generalized solution of
problem (2.1) - (2.3) is also true.

3.2. Theorem. Suppose that the conditions of Theorem 3.1 are satisfied. Then there is
a unique weak generalized solution of problem (2.1) - (2.3), and this solution can be found
as a uniformly convergent series (3.1) in C(D).

Due to the practical significance of the problem handled, it is useful to obtain an
estimation of the difference between the exact solution

1
u(t,e) = {in(t’ €), et (t,€),us1(t,€), . .., uek (t,€), usk(t, &), . .. }
and the (N + 1)-th successive approximation
_ 1 v N N
aN 't (t,e) = {Eué (1), NV (8, e), ulN TV (¢, e), . .
.. 7u£1]j+1)(t7 e), uggH)(t €),... }

of system (3.2). The following theorem may be proved by the method applied above.
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3.3. Theorem. Suppose that the conditions of Theorem 3.1 are satisfied. Then the
following inequality is true for the difference between the exact solution u(t,e) and the
approzimate solution u(t,e) of problem (8.2)

N
[t &) — a0 (¢, ) lmy < 4/ 2 % 7+ 2v6M]
s .

M~
< bt ) e i )l o

4. Conclusion

In this work, the existence and uniqueness of the weak generalized solution of a mixed
problem with periodic boundary condition for a quasi-linear Euler-Bernoulli equation
are examined, and an estimation of the difference between the exact and approximate
solution is given.
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