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Abstract

In this paper, the concept of soft BC'H-algebra is introduced and in
the meantime, some of their properties and structural characteristics
are discussed and studied. The bi-intersection, extended intersection,
restricted union, V-union, A-intersection and cartesian product of the
family of soft BC H-algebras and soft BC H-subalgebras are estab-
lished. Also, the theorems of homomorphic image and homomorphic
pre-image of soft sets are given. Moreover, the notion of soft BCH-
homomorphism is introduced and its basic properties are studied.
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1. Introduction

In 1992, Molodtsov [19] introduced the concept of soft set, which can be seen a new
mathematical tool for dealing with uncertainty. In soft set theory, the problem of set-
ting the membership function does not arise, which makes the theory easily applied to
many different fields. For example, the study of smoothness of functions, game theory,
operations research, Riemann-integration, Perron integration, probability, the theory of
measurement and so on. At present, work on soft set theory is progressing rapidly. Maji
et al. [18] described the application of soft set theory to a decision making problem. In
theoretical aspects, Maji et al. [17] defined several operations on soft sets. Chen et al.
[7] presented a new definition of soft set parameterization reduction, and compared this
definition to the related concept of attributes reduction in rough set theory. Some results
on an application of fuzzy-soft-sets in a decision making problem have been given by Roy
et al. [22]. Also, some new operations in soft set theory have been given by Irfan Ali et
al. [2].

In 1966, Imai and Iséki [12] and Iséki [13] introduced two classes of abstract algebras,
BCK-algebras and BCI-algebras. It is known that the class of BC K-algebras is a proper
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subclass of the class of BCI-algebras. In 1983, Hu and Li [10,11] introduced the notion
of a BC'H-algebra, which is a generalization of the notions of BCK and BC'I-algebras.
They have studied a few properties of these algebras. Certain other properties have been
studied by Ahmad [1], Chaudhry [5], Chaudhry et. al. [4,6], Dudek and Thomys [8],
and Roh et. al. [20,21]. The algebraic structure of soft sets has been studied by some
authors. Aktasg et al. [3] studied the basic concepts of soft set theory, and compared soft
sets to fuzzy and rough sets. They also discussed the notion of soft groups. Jun [15]
introduced and investigated the notion of soft BC'K/BCI-algebras. Jun and Park [16]
discussed the applications of soft sets in the ideal theory of BC'K/BCI-algebras. Feng
et. al. [9] introduced the notions of soft ideals and idealistic soft semirings.

In this paper, we apply these new definitions to BC H-algebras for the first time. Us-
ing the algebraic structure of soft sets, introduced in [2,9,15,16,19], the concept of soft
BC H-algebra is introduced and in the meantime, some of their properties and struc-
tural characteristics are discussed and studied. We investigate relations between soft
BC H-algebras and soft BC H-subalgebras. The bi-intersection, extended intersection,
restricted union V-union, A-intersection and cartesian product of families of soft BCH-
algebras and soft BC H-subalgebras are established.

2. Preliminaries

Molodtsow [19] defined the notion of a soft set in the following way: Let U be an
initial universe set and E a set of parameters. The power set of U is denoted by P(U)
and A is a subset of E.

2.1. Definition. [19] A pair (F, A) is called a soft set over U, where F is a mapping
F:A—?P0).

In other words, a soft set over U is a parameterized family of subsets of the universe
U. For x € A, F(z) may be considered as the set of z-approximate elements of the soft
set (F, A). Clearly, a soft set is not just a subset of U. Maji et al. [18] and Feng et al.
[9] introduced and investigated several binary operations on soft sets.

2.2. Definition. [19] Let (F, A), (G, B) be soft sets over a common universe U.
(1) (F,A) is said to be a soft subset of (G, B), denoted by

(F,A)S(G, B),

if AC B and F(a) C G(a) for all a € A,
(ii) (F,A) and (G, B) are said to be soft equal, denoted by

(F,A) = (G, B),
if (F,A)C(G, B) and (G, B)C(F, A).
2.3. Definition. [2,9]

(i) The bi(restricted)-intersection of two soft sets (F, A) and (G, B) over a common
universe U is defined as the soft set
(H,C) = (F, A)N(G, B),
where C = ANB #£ 0, and H(c) = F(c)NG(c) for all c € C.

(if) The bi(restricted)-intersection of a nonempty family soft sets {(Fi, As) | i € A}
over a common universe U is defined as the soft set
(H, B) = Miea(F;, Ay),

where B = (1,4 Ai # 0, and H(z) = ;o5 Fi(z) for all z € B.
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2.4. Definition. [2]

(i) The extended intersection of two soft sets (F, A) and (G, B) over a common
universe U is defined as the soft set

(H,C) = (F,A)N(G, B),

where C = AU B, and for all ¢c € C,
F(c) if ce A\B

H(c) =< G(e) if ce B\A
F(c)NG(e) ifce ANB

(ii) The extended intersection of a nonempty family soft sets {(F;, A;) | i € A} over
a common universe U is defined as the soft set

(H7B) :ﬂieA(Fi7Ai)7
where B = (J;c, Ai and H(z) = (\;cp¢ Fi(z), and A(z) = {i | i € Ai} for all
T € B.

2.5. Definition. [2] The restricted union of two soft sets (F,A) and (G, B) over a
common universe U is defined as the soft set

(H,C) = (F, A)O(Gv B),
where C = ANB # ), and H(c) = F(c) UG(c) for all c € C.

As a generalization of the restricted union of two soft sets, we define the restricted
union of a nonempty family of soft sets in the following way.

2.6. Definition. The restricted union of a nonempty family soft sets {(Fi, A;) | i € A}
over a common universe U is defined as the soft set

(H7 B) = UieA(Fi7Ai)7
where B = (,c, Ai # 0 and H(z) = U;c, Fi(z) for all z € B.

2.7. Definition. [9,17]

(i) The A-intersection of two soft sets (F, A) and (G, B) over a common universe U
is defined as the soft set

(H,C) = (F,A)AG, B),

where C = A x B, and H(a,b) = F(a) N G(b) for all (a,b) € A X B;
(if) The A-intersection of a nonempty family soft sets {(Fi, A;) | ¢ € A} over a
common universe U is defined as the soft set

(H7B) :/\ieA(Fi7Ai)7
where B = HieA A; and H(x) = ﬂieA Fi(z;) for all z = (x;)ien € B.

2.8. Definition. [9,17]

(i) The V wunion of two soft sets (F, A) and (G, B) over a common universe U is
defined as the soft set

(H,C) = (F, A)V(Gv B),
where C = A x B, and H(a,b) = F(a) UG(b) for all (a,b) € A X B;
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(if) The V wunion of a nonempty family soft sets {(F3, As) | ¢ € A} over a common
universe U is defined as the soft set

(H,B) = \/ieA(Fi’Ai)’
where B =[], Ai, and H(z) = U;c, Fi(z:) for all 2 = (z:)ien € B.
2.9. Definition. [17] Let (F, A) and (G, B) be two soft sets over U and V, respectively.
The cartesian product of the two soft sets (F, A) and (G, B) is defined as the soft set
(C,Ax B)=(F,A) x (G, B),
where C(z,y) = F(z) x G(y) for all (z,y) € A x B.

As a generalization of the cartesian product of two soft sets, we define the cartesian
product of a nonempty family of soft sets in the following way.

2.10. Definition. Let {(Fi, A;) | ¢ € A} be a nonempty family of soft sets over U,
i € A. The cartesian product of the nonempty family of soft sets {(F3, A;) | i € A} over
the universes U; is defined as the soft set

(1,8)=T[,_,(F A,

where B =[], Ai and H(x) =[], Fi(w:) for all z = (2:)icn € B.

Now, we describe certain definitions, known results and examples that will be used in
the sequel.

2.11. Definition. [12,13] An algebra (X, *, 0) of type (2,0) is called a BCH-algebra if
it satisfies the following conditions:

(i) zxx =0,
(ii) z *y =0 =y = implies z = y,
(iil) (zxy)*xz= (zxz)xy for all z,y,z € X.
A BCH-algebra X is called a BCI-algebra if it satisfies the identity:
(BCI1): ((xxy)*(z*x2))x(2%y) =0, for all z,y,z € X.
If a BCI-algebra X satisfies the following condition:
(BCK1): 0xx=0forallz € X,

then X is called a BCK-algebra.

A BCH-algebra X is called non-negative if it satisfies the condition (BCK 1). A
BCH-algebra X is called proper if it does not satisfies the condition (BCI1). A BCI-
algebra X is called a proper if it does not satisfies condition (BCK 1).

In any BC H-algebra X, the following hold: (see [4,5]):

(H1) %0 =z,

(H2) %0 =0 implies z = 0,

(H3) 0% (zxy) = (0*xx) * (0xy),

(H4) z* (zxy) <y,
where x < y if and only if x xy = 0 for all z,y € X.

A non-empty subset S of a BC H-algebra X is called a BCH-subalgebra of X if xxy € S
for all z,y € S.

A mapping f from a BCH-algebra X to a BCH-algebra Y is called a homomorphism
if f(zxy)=f(x)=* f(y) for all z,y € X.

It is known that every BCI-algebra is a BC'H-algebra but the following example
shows that the converse is not true.
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2.12. Example. (see [4, 10]) Let X = {0, 1,2, 3}, on which x is defined by:

|0 1 2 3
0000
1 03 3
2 0 0 2
3130 00

Then (X, *, 0) is a proper BCH-algebra, but it is not a BCI-algebra because
(2x3)x(2%x1)=2x0=2L1%3=3.

N = O %

2.13. Example. Let Z be the set of all integer numbers with the operation * defined by
a*xb=a—bforall a,b € Z. Then (Z, *, 0) is a BCH-algebra, but it is not a BC K-algebra
because 0 * z # 0 for all z € Z — {0}.

3. Soft BCH-algebras

If X is a BCH-algebra and A a nonempty set, a set-valued function F' : A — P(X)
can be defined by F(z) = {y € X | (z,y) € R}, « € A, where R is an arbitrary binary
relation from A to X, that is a subset of A x X. The pair (F, A) is then a soft set over X.
The soft sets in the examples that follow are obtained by making an appropriate choice
for the relation R.

For a soft set (F, A), the set Supp (F, A) = {z € A | F(x) # 0} is called the support
of the soft set (F, A), and the soft set (F, A) is called a non-null if Supp (F, A) # 0 [9].

3.1. Definition. Let (F, A) be a non-null soft set over X. Then (F, A) is called a soft
BCH-algebra over X if F(x) is a BCH-subalgebra of X for all z € Supp (F, A).

3.2. Example. Let X = {0,1,2,3} be the proper BC H-algebra with the following
Cayley table [11]:

«|0 1 2 3
00 0 0 0
1|11 0 0 1
212 3 0 3
3130 00

(i) Let (F,A) be a soft set over X, where A = X and F : A — P(X) the set-valued
function defined by
Fle)={ye X |yx*(yxz) =0}
for all x € A. Then F(0) = X, F(1) = F(3) = {0,1}, and F(2) = {0} are BCH-
subalgebras of X for all x € Supp (F, A) = A. Therefore (F, A) is a soft BC' H-algebra
over X.

(ii) Let (F,A) be a soft set over X, where A = {1,2,3} and F : A — P(X) the
set-valued function defined by
roy_ [WEXys e =0} itee1,2),
0, if x = 3.
Then F(1) = {0, 1}, and F(2) = {0} are BCH-subalgebras of X for all z € Supp (F, A) =
{1,2} C A.
This example shows that Supp (F, A) can be a proper subset of A.

3.3. Example. Let X = {0,1,2,3,4} be the proper BC H-algebra with the following
Cayley table [10]:
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*|0 1 2 3 4
0j0 0 0 0 O
11 0 1 0 1
212 2 0 2 0
313 1 3 0 3
414 4 2 4 0
Let (F, A) be a soft set over X, where A ={0,1,2} and F' : A — P(X) is the set-valued

function defined by
Flr)={ye X |yxze{l,4}}

for all x € A. Then F(0) = {1,4}, F(1) = {3,4} and F(2) = {1} are not BCH-
subalgebras of X. Therefore, (F, A) is not a soft BC H-algebra over X.

This shows that there can exist set-valued functions F' : A — P(X) such that the soft
set (F, A) is not a soft BC'H-algebra over X.

3.4. Theorem. Let {(F;, A;) | i € A} be a nonempty family of soft BC H-algebras over
X. Then the bi-intersection ﬁieA(Fi, A;) is a soft BCH-algebra over X if it is non-null.

Proof. Let {(F;,As) | © € A} be a nonempty family of soft BC H-algebras over X.
By Definition 2.3 (i), we can write M;ea(Fi, A;) = (H,B), where B = (,_, A, and
H(x) = ;e Fi(z) for all z € B.

Let & € Supp (H, B). Then (), Fi(x) # 0, and so we have Fi(z) # 0 for all i € A.
Since {(F;, A;) | ¢ € A} is a nonempty family of soft BC H-algebras over X, it follows
that Fj(z) is a BC' H-subalgebra of X for all ¢ € A, and its intersection is also a BCH-
subalgebra of X, that is, H(x) = (\,c, Fi(z) is a BCH-subalgebra of X for all z €
Supp (H, B). Hence (H, B) = Miea(F;, A;) is a soft BCH-algebra over X. O

i€EA

3.5. Corollary. Let {(F;, A) | i € A} be a nonempty family of soft BCH -algebras over
X. Then the bi-intersection Miea(Fy, A) is a soft BCH -algebra over X if it is non-null.

Proof. Straightforward. g

3.6. Theorem. Let {(F;, A;) | i € A} be a nonempty family of soft BC H -algebras over
X. Then the extended intersection (o, (Fi, Ai) is a soft BCH-algebras over X.
Proof. Assume that {(F;, A;) | ¢ € A} is a nonempty family of soft BC H-algebras over
X. By Definition 2.4 (ii), we can write [,c, (Fi, A:) = (H, B), where B = |J,., Ai, and
H(z) = (N;enq) Fi(z) for all z € B.

Let « € Supp (H,B). Then (\;c5,) Fi(z) # 0 and so we have Fi(z) # 0 for all
i € A(x). Since (F;, A;) is a soft BC'H-algebras over X for all i € A, we deduce that
the nonempty set F;(x) is a BC H-algebras of X for all ¢ € A. It follows that H(z) =
Niea) Fi(z) is a BCH-subalgebra of X for all z € Supp (H, B). Hence, the extended

intersection (), (Fi, A;) is a soft BC' H-algebra over X. O

i€EA

3.7. Theorem. Let {(F;, A;) | i € A} be a nonempty family of soft BC H-algebras over
X. If Fi(z;) C Fj(z;) or Fj(xz;) C Fi(z;) for all i,j € A, x; € A;, then the restricted

union | J, -, (Fi, Ai) is a soft BCH -algebra over X.

ieA
Proof. Assume that {(F;, A;) | i € A} is a nonempty family of soft BC H-algebra over

X. By Definition 2.6, we can write |J,_,(Fi, A;) = (H, B), where B = [,_, Ai, and
H(z)=U,;c, Fi(z) for all z € B.

SN iEA
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Let = € Supp (H, B). Since Supp (H, B) = [, Supp (Fi, A;) # 0 we have Fy,(z) # 0
for some ig € A. By assumption, |J, ., Fi(x:) is a BCH-subalgebra of X for all z €

ient
Supp (H, B). Hence the restricted union | J,_, (F3, A;) is a soft BC' H-algebra over X. O

TN
3.8. Theorem. Let {(F;, A;) | i € A} be a nonempty family of soft BC H-algebras over

X. Then the N-intersection 7\ (F3, As) is a soft BCH-algebra over X if it is non-null.

ieA
Proof. By Definition 2.7 (ii), we can write T\ieA(FivAi) = (H, B), where B =[]
and H(z) = (,cp Fi(w:) for all x = (z)ien € B.

Suppose that the soft set (H,B) is non-null. If £ = (zi)ica € Supp(H, B), then
H(x) = (;cp Fi(z:i) # 0. Since (F;, A;) is a soft BCH-algebra over X for all i € A, we
deduce that the nonempty set F;(x;) is a BC H-subalgebra of X for all i € A. It follows
that H(x) = (,c5 Fi(:) is a BCH-subalgebra of X for all © = (x;)ica € Supp (H, B).

(F3, As) is a soft BC H-algebra over X. O

i€A Ai,

Hence, the A-intersection /~\i€A
3.9. Theorem. Let {(F;, A;) | i € A} be a nonempty family of soft BC H -algebras over
X. If Fi(xz:) C Fj(x;) or Fj(z;) C Fi(xz) for all i, € A,z; € A;, then the V-union
Viea(Fi, Ai) is a soft BCH-algebra over X.

Proof. Assume that {(F;, A;) | i € A} is a nonempty family of soft BC H-algebra over
X. By Definition 2.8 (ii), we can write \~/i€A(F¢7Ai) = (H,B), where B = [[,., Ai and
H(z) = U,;cp Fi(w:) for all x = (2:)ien € B.

Let & = (i)ien € Supp (H,B). Then H(z) = ;. Fi(z:) # 0, and so we have
Fiy(4y) # 0 for some ig € A. By assumption, | J,c, Fi(zi) is a BC H-subalgebra of X for
all x = (zi)ica € Supp (H, B). Hence the V-union \~/i€A(F¢7A¢) is a soft BC' H-algebra
over X. O

3.10. Theorem. Let {(F;,A;) | i € A} be a non-empty family of soft BC H-algebras
over X;. Then the cartesian product HieA(Fi7 Ai) is a soft BCH-algebra over HieA X;.
Proof. By Definition 2.10, we can write ﬁi@\(Fh A;) = (H, B), where B =]
H(x) = [],cp Fi(z:) for all z = (zi)ien € B.

Let = (i)ica € Supp(H,B). Then H(z) = [],c, Fi(x:) # 0, and so we have
Fi(xs) # 0 for all ¢ € A. Since {(F;, Ai) | ¢ € A} is a soft BCH-algebras over X; for
all i« € A, we have that F;(x;) is a BC H-subalgebra of X;, so HieA F;(x;) is a BCH-
subalgebra of [[,., X; for all x = (x);ea € Supp (H, B). Hence, the cartesian product

[T;ca(Fi, Ai) is a soft BC'H-algebra over [],., Xi. O

iEA A; and

3.11. Definition. [15] Let (F, A) be a soft BC H-algebra over X.
(i) (F,A) is called the trivial soft BC'H-algebra over X if F(x) = {0} for all z € A.
(if) (F,A) is called the whole soft BC H-algebra over X if F(z) = X for all z € A.

3.12. Example. Consider the proper BC H-algebra X = {0,1,2,3} with the following
Cayley table [4]:

W N = O %
W N = oo
S W o ol
O O O oI
S W= OoOlw
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Let (F, A) be a soft set over X, where A = {1,2} and F': A — P(X) is the set-valued
function defined by

Flz)={yc X |y*xz€c{0,3}}

for all z € A. Then F(z) = X for all z € A, so (F, A) is a whole soft BC' H-algebra over
X.

3.13. Definition. Let X,Y be two BC H-algebras and f : X — Y a mapping of BCH-
algebras. If (F, A) and (G, B) are soft sets over X and Y respectively, then (f(F), A)
is a soft set over Y where f(F) : A — P(Y) is defined by f(F)(z) = f(F(x)) for all
z € Aand (f~'(G),B) is a soft set over X where f~'(G) : B — P(X) is defined by
S HG)w) = f(Gly)) for all y € B.
3.14. Lemma. Let f: X — Y be an onto homomorphism of BC H -algebras.
(i) If (F,A) is a soft BCH-algebra over X, then (f(F),A) is a soft BCH-algebra
over Y.
(ii) If (G, B) is a soft BC H-algebra over Y, then (f ™' (G), B) is a soft BC H-algebra
over X if it is non-null.

Proof. (i) Since (F,A) is a soft BC'H-algebra over X, it is clear that (f(F),A) is a
non-null soft set over Y.

For every x € Supp (f(F), A), we have f(F)(x) = f(F(z)) # (. Since the nonempty
set F'(x) is a BC'H-subalgebra of X, its onto homomorphic image f(F(x)) is a BCH-
subalgebra of Y. Hence f(F(x)) is a BC H-subalgebra of Y for all x € Supp (f(F), A).
That is, (f(F), A) is a soft BC' H-algebra over Y.

(ii) Tt is easy to see that Supp (f~'(G), B) C Supp (G, B). Let y € Supp (f~(G), B).
Then G(y) # (. Since the nonempty set G(y) is a BC H-subalgebra of Y, its homo-
morphic inverse image f~!(G(y)) is also a BCH-subalgebra of X. Hence f~!(G(y)) is
a BCH-subalgebra of Y for all y € Supp (f~'(G), B). That is, (f~'(G), B) is a soft
BC H-algebra over X. g

3.15. Theorem. Let f: X — Y be a homomorphism of BCH-algebras. Let (F, A) and
(G, B) be two soft BCH-algebras over X and Y respectively.

(i) If F(x) = ker(f) for all x € A, then (f(F),A) is the trivial soft BCH -algebra

over Y.

(ii) If f is onto and (F, A) is whole, then (f(F), A) is the whole soft BC H-algebra
over Y.

(it) If G(y) = f(X) for all y € B, then (f(G), B) is the whole soft BC H-algebra
over X.

(iv) If f is injective and (G, B) is trivial, then (f(G), B) is the trivial soft BCH -
algebra over X.

Proof. (i) Assume that F(z) = ker(f) for all x € A. Then, f(F)(z) = f(F(x)) =
{0y} for all x € A. Hence (f(F),A) is soft BC H-algebra over Y by Lemma 3.14 and
Definition 3.11.

(if) Suppose that f is onto and that (F, A) is whole. Then, F(z) = X for all z € A,
and so f(F)(z) = f(F(z)) = f(X) =Y for all z € A. It follows from Lemma 3.14 and
Definition 3.11 that (f(F), A) is the whole soft BCH-algebra over Y.

(iii) Assume that G(y) = f(X) for all y € B. Then, f~(G)(y) = f~(G(y)) =
FHf(X)) = X for all y € B. Hence, (f *(G), B) is the whole soft BC H-algebra over
X by Lemma 3.14 and Definition 3.11.
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(iv) Suppose that f is injective and (G, B) is trivial. Then, G(y) = {0} for all y € B,
and so f7H(G)(y) = f~(G(y)) = f~1({0}) = ker(f) = {0x} for all y € B. Tt follows
from Lemma 3.14 and Definition 3.11 that (f~'(G), B) is the trivial soft BCH-algebra
over X. O

4. Soft subalgebras

4.1. Definition. Let (F, A) and (G, B) be two soft BC' H-algebras over X. Then (G, B)
is called a soft BCH-subalgebra of (F, A), denoted by (G, B) <, (F, A), if it satisfies the
following conditions:

() BC A,

(ii) G(z) is a BCH-subalgebra of F(x) for all z € Supp (G, B).

From the above definition, one easily deduces that if (G, B) is a soft BC' H-subalgebra
of (F, A), then Supp (G, B) C Supp (F, A).

4.2. Example. Consider the proper BC H-algebra X = {0, 1,2, 3,4} with the following
Cayley table [5]:

|0 1 2 3 4
0[0 0 0 0 0
1/1 01 0 1
202 2 0 2 0
313 1.3 0 3
404 4 2 4 0

Let (F, A) be a soft set over X, where A ={0,1,2} and F': A — P(X) is the set-valued
function defined by

Flz)={ye X |yx(y*z)c{0,1}}
for all z € A. Then (F, A) is a soft BC'H-algebra over X for all € Supp (F, A) = A.

Let (G, B) be a soft set over X, where B = {0,2} and G : A — P(X) is the set-valued

function defined by

Glr) ={y € X |y*(y*x) € {0,4}}
for all x € B. It is easy to see that (G, B) is a soft BCH-algebra over X for all z €
Supp (G, B) = B, and G(0) = X = F(0), G(2) = {0,1,3} = F(2). Hence (G, B) is a soft
BC H-subalgebra of (F, A).

4.3. Theorem. Let (F, A) and (G, B) be two soft BC H-algebras over X and (G, B)C(F, A).
Then (G, B) <, (F, A)

Proof. Straightforward. g

4.4. Theorem. Let (F,A) be a soft BCH-algebra over X and {(H;,Ai) | i € A} a
nonempty family of soft BC H -subalgebras of (F, A). Then the bi-intersection Miea (Hi, A;)
is a soft BC'H-subalgebra of (F, A) if it is non-null.

Proof. Similar to the proof of Theorem 3.4. O

4.5. Corollary. Let (F,A) be a soft BCH-algebra over X and {(H;, A) | i € A} a
nonempty family of soft BC H-subalgebras of (F, A). Then the bi-intersection Miea(H;, A)
is a soft BC'H-subalgebra of (F, A) if it is non-null.

Proof. Straightforward. g
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4.6. Theorem. Let (F, A) be a soft BCH-algebra over X and {(H;, Ai) | i € A} a
nonempty family of soft BCH-subalgebras of (F,A). Then the extended intersection

Nica(Hi, Ai) is a soft BCH-subalgebras of (F,A).
Proof. Similar to the proof of Theorem 3.6. O

4.7. Theorem. Let (F, A) be a soft BCH-algebra over X and {(H;, Ai) | i € A} a
nonempty family of soft BC'H -subalgebras of (F, A). If Hi(xz;) C Hj(xj;) or Hj(xz;) C

Hi(xi) for alli,j € A, x; € Ay, then the restricted union ;e (Fi, Ai) is a soft BOH-
subalgebra of (F, A).

Proof. Assume that {(H;, A;) | ¢ € A} is a nonempty family of soft BC H-subalgebra of
(F, A). By Definition 2.6 (ii), we can write |J,., (H:, A;) = (H, B), where B = [,., 4,
and H(z) = ;e Hi(z) for all z € B.

Let « € Supp (H, B). Then H(z) = J;c, Hi(x) # 0, and so we have Hi,(z4,) # 0 for
some io € A. Since Hi(z;) C Hj(x;) or Hj(z;) C Hi(x) for all 4,5 € A, x; € Ay, clearly
Uiea Hi(z:) is a subalgebra of F'(x) for all x € Supp (H, B). Hence the restricted union
Uiea(Hi, A;) is a soft subalgebra of (F), A). O

i€EA

4.8. Theorem. Let (F, A) be a soft BCH-algebra over X and {(H;, Ai) | i € A} a

nonempty family of soft subalgebras of (F,A). Then the A-intersection N\, (Hi, A;) is
a soft subalgebra of N\, (F, A).

Proof. Similar to the proof of Theorem 3.8. O

4.9. Theorem. Let (F,A) be a soft BCH-algebra over X and {(H;,A;) | i € A} a
nonempty family of soft BC' H -subalgebras of (F, A). If Hi(xz;) C Hj(x;) or Hj(xz;) C
Hi(xi) for alli,j € A, z; € Ay, then the V-union \/ ., (Hi, Ai) is a soft BCH-subalgebra

of Viea(F,A).
Proof. The proof follows from Theorem 3.9. g

4.10. Theorem. Let (F, A) be a soft BCH-algebra over X and {(H;, A;) | ¢ € A} a
nonempty family of soft BC H-subalgebra of (F,A). Then the cartesian product of the

Jamily T, (Hi, As) is a soft BCH-subalgebra of [, (F, A).

Proof. By Definition 2.10, we can write ﬁieA(Hi7 A;) = (H,B), where B =[]
H(x) = [],cp Hi(z:) for all z = (z:)ica € B.

Let © = (xi)iea € Supp (H,B). Then H(x) = [[,c, Hi(z:) # 0, and so we have
H;(x;) # 0 for all ¢ € A. Since {(H;, Ai) | © € A} is a soft subalgebras of (F, A), we have
that H;(z;) is a BC H-subalgebra of F'(x;), from which we obtain that [],., Hi(x:) is a
BC H-subalgebra of [],., F(x;) for all x = (x:):ea € Supp (H, B). Hence, the cartesian

product of the family [],., (Fi, Ai) is a soft BC H-subalgebra of l:[ieA(F, A). a

ieA A; and

4.11. Theorem. Let f : X — Y be a homomorphism of BCH -algebras and (F,A),
(G, B) two soft BCH-algebras over X. If (G, B) <s (F, A), then (f(G), B) <s (f(F), A).

Proof. Assume that (G, B) <, (F, A). Let z € Supp (G, B). Then z € Supp (F, A). B
Definition 4.1, A C B and G(z) is a BC'H-subalgebra of F(z) for all € Supp (G, B
Since f is a homomorphism, f(G)(zx) = f(G(z)) is a BC H-subalgebra of f(F(x))
f(F)(x) and, therefore, (f(G), B) <s (f(F), A).

<

Oon~
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4.12. Theorem. Let f : X — Y be a homomorphism of BCH -algebras and (F,A),
(G, B) two soft BCH-algebras over Y.

If (G7 B) ZS (F7 A)) then (fil(G)7B) 25 (fil(F)7A)

Proof. Assume that (G,B)<(F,A). Let y € Supp(f~'(G),B). By Definition ??,
B C A and G(y) is a BC H-subalgebra of F(y) for all y € B. Since f is a homomorphism,
Y (y) = fFH(G(y)) is a BCH-subalgebra of f~(F(y)) = f*(F)(y) for all y €
Supp (f71(G), B). Hence, (f71(G), B) <s (f7'(F), A). 0

4.13. Definition. Let X,Y be two BCH-algebras and (F, A), (G, B) two soft BCH-
algebras over X and Y, respectively. Let f: X — Y and g : A — B be two mappings.
Then the pair (f, g) is called a soft function from (F, A) to (G, B).

A pair (f,g) is called a soft homomorphism from X to Y if it satisfies the following
conditions:
(i) f is a homomorphism,
(ii) g is a mapping,
(iii) f(F(z)) = G(g(x)) for all x € A.
We say that (F, A) is softly homomorphic to (G, B) under the soft homomorphism (f, g),
if (f,g) is a soft homomorphism and f, g are both surjective.

In this definition, if f is an isomorphism from X to Y and g a one-to-one and onto
mapping from A to B, then we say that (f,g) is a soft isomorphism and that (F,A)
is softly isomorphic to (G, B) under the soft homomorphism (f,g). This is denoted by
(F,A) ~ (G, B).

4.14. Proposition. The relation ~ is an equivalence relation on soft BC H -algebras.
Proof. Straightforward. g

4.15. Example. Consider the proper BC H-algebra X = {0, 1,2, 3,4} with the following
Cayley table [5]:

|0 1 2 3 4
0[0 0 0 0 4
1/1 00 1 4
202 2 0 0 4
3/3 3 3 0 4
404 4 4 4 0

Let (F,N) be a soft set over X, where N is the set of natural numbers and F : N — P(X)
{0.3,4}, if2]|n,

. for all z € N. Then
{0,4}, otherwise

the set-valued function defined by F(n) = {

(F,N) is a soft BC H-algebra over X.
Let (G,N) be a soft set over X, where N is the set of natural numbers and G : N —
{0,4}, if2][n,

for all x € N. Then
0, otherwise

P(X) the set-valued function defined by G(n) = {

(G,N) is a soft BC H-algebra over X.

4, ife=4

’ 1 v " Tt is clear that f
0, ifx #4.
is a BC'H-homomorphism. Consider the mapping g : N — N given by g(z) = 2z. Then
one can easily verify that f(F(x)) = G(z) = G(g(z)) for all x € N. Hence (f, g) is a soft

homomorphism from X to X by Definition 4.13.

Let f: X — X be the mapping defined by f(z) = {
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4.16. Theorem. Let f : X — Y be an onto homomorphism of BCH -algebras and
(F, A), (G, B) two soft BCH-algebras over X and Y respectively.
(1) The soft function (f,14) from (F,A) to (H,A) is a soft homomorphism from
X toY, where I4 : A — A is the identity mapping and the set-valued function
H:A— P(Y) is defined by H(x) = f(F(z)) for all z € A.
(ii) If f : X — Y is an isomorphism, then the soft function (f~',Ig) from (G, B) to
(K, B) is a soft homomorphism from'Y to X, where Ig : B — B is the identity
mapping and the set-valued function K : B — P(X) is defined by K(z) =
Y (G(x)) for all z € B.

Proof. Follows from Lemma 3.14. g
4.17. Proposition. Let X, Y and Z be BCH algebras and (F, A), (G,B) and (H,C)
soft BC' H-algebras over X, Y, and Z respectively. Let the soft function (f,g) from (F, A)
to (G, B) be a soft homomorphism from X to Y, and the soft function (f',g") from (G, B)
to (H,C) a soft homomorphism fromY to Z. Then the the soft function (f o f,g' o g)
from (F, A) to (H,C) is a soft homomorphism from X to Z.

Proof. Straightforward. g

4.18. Theorem. Let X and Y be BCH algebras and (F, A), (G, B) soft sets over X
and Y respectively. If (F,A) is a soft BCH-algebra over X and (F,A) ~ (G, B), then
(G, B) is a soft BCH -algebra overY .

Proof. Follows from Definition 4.13 and Lemma 3.14. g
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