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Abstract

In this paper, some monotonicity and concavity results of several func-
tions involving the psi and polygamma functions are proved, and then
some known inequalities are extended and generalized.
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1. Introduction

It is common knowledge that the classical Euler gamma function

oo
(1.1)  T(z) = / t* et dt,
Jo
the psi function ¢ (x) = 1;/((;))
are important special functions, play a central role in the theory of special functions,
and have extensive applications in many branches, for example, probability, statistics,
physics, engineering, and other mathematical sciences. In the recent past, numerous
papers appeared providing inequalities for the gamma and various related functions. A
detailed list of references is given in [12]. More literature can be found in the celebrated
books [4, 15, 21]. In addition, some new results can be found in recently published papers
such as, for example, [2, 3, 6, 7, 8, 9, 10, 13, 14, 20], and closely-related references therein.

In [8, Theorem 2.1], it was discovered that if @ < —In2 and b > 0, then
(12)  a—In(e" —1) < ¢(z) < b—1In(e’/" = 1)

, and the polygamma functions 1/)(“(23) forie Nand z >0
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holds for > 0. From this, the double inequality
2
(1.3) ln(%) - ln[el/(”ﬂ) —1] < Hn<7y-— ln[el/("H) —1]

for n € N was deduced in [8, Corollary 2.2], where

stands for the well-known harmonic numbers and « represents Euler-Mascheroni’s con-
stant.

In [3, pp. 386-388], the inequality (1.3) was sharpened as
(1.5)  1+In(ve —1) —In(e"™™ —1) < H, <~ —In(e"/™ —1)
for n € N, by proving that the function
(1.6)  ¢(x) = ¢(x) +In(e/* — 1)

is strictly increasing on (0, 00).

In [7, Theorem 2.8], also by substantially proving the increasing monotonicity of ¢(z),
the inequality (1.2) was sharpened as follows: The inequality (1.2) is valid on (0, 00) if
and only if a < —vy and b > 0.

The first aim of this paper is to provide an alternative proof for the increasingly
monotonic property of ¢(z), and to present the strictly concave property of ¢(x) as
follows.

1.1. Theorem. The function ¢(z) defined by (1.6) is not only strictly increasing but
also strictly concave on (0, 00), with

(1.7) lim ¢(z) =—v and lim ¢(z) =0.
z—0+t T—00
As direct consequences of the proof of Theorem 1.1, the following two inequalities for
the tri-gamma function 1’(x) and the tetra-gamma function " (x) are deduced.

1.2. Corollary. For x > 0, we have

et/ . el/® [1 — 217(61/z — 1)]
and " (z) < (e = 1)21:4

18)  ¢'(z)> (

el/z — 1)172

The second aim of this paper is to extend Theorem 1.1 to the following necessary and
sufficient conditions.

1.3. Theorem. For 6 > 0, let

(1.9)  po(x) = P(z) + In(e?” — 1)
on (0,00). Then
(1) The function ¢o(z) is strictly increasing if and only if 0 < 6 < 1 and strictly
decreasing if 6 > 2;
(2) The function ¢o(x) is strictly concave if 0 < 0 <1 and strictly convez if 0 > 2;
(3) limy—oo ¢o(z) =1n6 and
-, 0= 17
(1.10) lilg+ do(x) =< 00, O0>1,
’ —00, 0<O<1.
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As straightforward consequences of the proof of Theorem 1.3, the following inequalities
for the tri-gamma function 9'(x) and the tetra-gamma function ¢ (x) are presented,
which extend the two inequalities in Corollary 1.2.

1.4. Corollary. For x > 0, inequalities

0/ 0e?/% [0 — 22(e?/® —1
e and 1/)”(1:) < [ ( 5 )]
z2(ef/* — 1) at(ef/r — 1)

hold if 0 < 8 < 1 and the reverse if 0 > 2.

(1.11)  9'(z) >

In [7, Theorem 2.6], inequality
(1.12) —y+ :m/»’(%) <YP@+1) < —y+ap (Vo+1-1)
for z > 0 was shown. The following careful observation reveals that inequality (1.12)

is not valid: On taking z = 1, the left-hand side inequality in (1.12) is reduced to

-y + %2 < 1 — ~ which clearly does not hold true. After checking the proof of [7,
Theorem 2.6], it is found that inequality (1.12) can be corrected and extended as the
following theorem.

1.5. Theorem. Ifz >0,
(1.13)  —y+ 2y’ (1 + g) <YPl+1) < —v+z' (Vo +1).

If =1 <z < 0, inequality (1.13) is reversed.

As a generalization of Theorem 1.5, the following monotonicity properties are ob-
tained.

1.6. Theorem. The functions

(1.14)  f(z) = v(z+1) — 2y’ (1 + g)
and

(1.15) g(z)=ay' (Vo +1) —tp(z+1)

are both strictly increasing on (—1,00), with limits

I = oo,
f(x) = —o0
72
I =14~y
sy S ST
and
lim f(z) = lim g(z) = oo.
1.7. Remark. Making use of the difference equation (2.2) below, the functions f(x) and
g(x) defined in (1.14) and (1.15) for = € (—1, 00) can be rewritten as

v(x) —w'(g) +2, w40

(1.16)  f(z) =

e rz=0
and

/ 1
(1.17)  g(z) = e (Ve+1) =) ——, z#0

Vs z = 0.
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As an immediate consequence of the proof of Theorem 1.6, the monotonicity property
of the function

(u2 — 1)y (u) — L/)(uz)
on (—1,00) is derived as follows.

1.8. Theorem. For xz > —1, the function

(502—1)1//(:0)—1/)(:02)7 x#0
(1.18)  h(z) = 1+7_ﬂ-—2 -
= =

is strictly increasing on (—1,00), with

(1.19) lim+ h(z) = —oc0 and lim h(x) = co.
rz——1

&Tr— 00

1.9. Remark. We conjecture that the function h(xz) is strictly concave on (—1,1) and
strictly convex on (1, 00).

Finally, Theorem 1.6 can be generalized as follows.

1.10. Theorem. Ifi is a positive odd integer, then the function
(1.20)  fi(z) = Pz + 1) — e+ (1 N %)

is strictly decreasing on (—1,00); If i is a positive even integer, then the function f;(z)
is strictly increasing on (—1,00); For all i € N, the limits

(t21) lim fi(@)=(-1)""e0 and lim fi(z)=0
hold true.

1.11. Remark. Similar to the monotonic properties of the function f;(x), we propose
the following conjecture: If i is a positive odd integer, then the function

(122)  gi(w) =D (@+1) — 2"V (Vo +1)
is strictly decreasing on (—1,00); If 7 is a positive even integer, then the function g;(x)
is strictly increasing on (—1, 0c0); For all ¢ € N, the limits

(123) lim gi(@)=(~1)""e0 and lim gi(z) =0

are valid, except limy—o g1(z) = 1.

Direct calculation yields

(@) = 0D 1) = v (VEFT) - ey (VE )

2u['g/)(i+1)(u2) _ ¢(i+1)(u)] _ (u2 _ 1)"/}(i+2)(u)
2u
[99(2) = (42 - )y W)’
2u ’
where w = v/ +1 > 0 for > —1. Therefore, in order to verify above conjecture, it is
sufficient to show the monotonic properties of the function
(1.24) 9 (®) — (u® = 1) " (u)

on (0, 00).
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1.12. Remark. It is also natural to pose the following open problem: For i, k € N and
positive numbers «, 3, §, A\, p and 7, what about the monotonicities and convexities of
the more general function

(1.25)  pin(x) =" V(@ +a) — (z+B8) v Mz +0)" +7)

on an appropriate interval where it is defined?

2. Lemmas
The following lemmas are useful for the proofs of some of our theorems.

2.1. Lemma. [16, p. 526, Lemma 2.1] If f(z) is a function defined in an infinite interval
I such that

flz)— f(x+¢e) >0 and zllﬁrr;()f(x) =4
for some € > 0, then f(x) > 3§ on I.
Proof. By induction, for any x € I,
f@)>fz+e)> fla+2)>---> fx+ke) >

as k — o0o. The proof of Lemma 2.1 is complete. O

2.2. Lemma. [1] For z >0 and k € N,
1 _ ° 1 1 —axt
(2.1)  Y(=) lnm—l—x—./o (t et—l)e dt,
(=D (k= 1)
xk '

22) "V @+1) =9 (@) +

Recall from [15, Chapter XIII] and [22, Chapter IV] that a function f is said to be
completely monotonic on an interval [ if it has derivatives of all orders on I and

(23)  0<(=1)"f"(2) < o0

for x € I and n > 0. The well known Bernstein’s Theorem [22, p. 161] states that a
function f is completely monotonic on (0, c0) if and only if

(2.4) flx) = /000 e " du(s),

where p is a nonnegative measure on [0, 00) such that the integral converges for all z > 0.
This expresses that a function f is completely monotonic on (0, 00) if and only if it is a
Laplace transform of the measure pu.

2.3. Lemma. [17, Theorem 1.3] The function
Y(z) —Inz + @
x
is completely monotonic on (0,00) if and only if o« > 1 and

Inz — % — ()

is completely monotonic on (0,00) if and only if o < % Consequently, inequalities
(k—1)! k! k+1 (k) (k—1)! k!
(25) s + Gy < (—1) P (J?) < T v

hold for x € (0,00) and k € N.
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2.4. Remark. Recall from [5, 9, 13, 18] that a positive function f on an interval [ is
called logarithmically completely monotonic if it satisfies

(2.6)  (~1)*Mnf@@)]™ >0

for K € N on I. The results in Lemma 2.3 can also be concluded from the necessary and
sufficient conditions established in [11] on « € R for the function

e“I'(z)
(2.7) TEEiZT
and its reciprocal to be logarithmically completely monotonic on (0, c0).

2.5. Lemma. [1, pp. 259-260] For z # —1,-2,-3,...,

(2.8)  Y(1+2)= —7+Z CEESE

ForneNand z #0,—-1,-2,...,

(29) ¢(n) (Z) n+1 Z Z + k n+1"°

3. Proofs of theorems and corollaries

Now we are in a position to prove our theorems.

Proof of Theorem 1.1. Direct calculation gives
el/z
(61/ T — 1):1027

261/1 e1/1‘ e2/1‘

(@7 —D)a? | (@ —D)at (e —1)°ah

31  ¢@)=¢'(z) -

(32)  ¢"(x)=v"(z)+

and

lim ¢'(z) = lim ¢"(z) = 0.

From the difference equation (2.2), it is deduced that

1 1
[1—1/eV/@ED](z+1)2 (1 -1/et/=)a?
RYICE=D 1
= [el/(1+1)—1]($+1)2 - (el/z_l)xz-

§(@) ¢+ 1)= o +
(3.3)

It is easy to see that ¢'(z) — ¢'(z + 1) > 0 for = > 0 is equivalent to
(3.4) ° (el/z -1) > (z+ 1)? [1- eil/(”l)].

This can be expanded and simplified as

1] 1 (—1)*
kz_gﬁ{:ck2+(:c+l)k2 >0

which is clearly valid. By Lemma 2.1, it is concluded that the function ¢’(z) is positive
and ¢(x) is strictly increasing on (0, 00).
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By utilization of (3.3) and differentiation, it is acquired directly that
¢ (@)= ¢"(@+1) = [¢(2) — &' (@ + 1))

e/ 4 22 — 2(x + 1)/ (1 - 22)e'/® 4+ 22
[el/@+) — 1] (z 4 1) (er/e —1)%z4

for & > 0. It is obvious that the fact ¢ (z) — ¢" (z + 1) < 0 is equivalent to

61/1‘_1 2 1 z+1 4 61/1_21;(61/1‘_1)
el/(=+1) — el/@+) \ g 1—2(1+x)[et/+) — 1]

Considering (3.4), in order to prove the above inequality, it is sufficient to show

1 etT — 21:(61/”” —-1)
/@D ~ 12 2(1 + z)[e/ @D — 1]

which is equivalent to
3420 — 2 @D _ (2p + 1)/ @V 2 by < 0.
Straightforward computation gives

2z2et/ @Y L9z +1)222 + (42° + 4z + 1 — 2374)61/(‘"”“)“/z

’
h (IZ?) - ZC2($ + 1)2 b
Wiy 22 3)z* + e'/* (82° + 262" + 362° + 2427 + 8z + 1)
(x)=-— 21(z + D)ie-1/@+D)
<0,

and limy_.o h'(xz) = 0. Hence, the function h'(z) for z > 0 is decreasing and positive,
and then the function h(x) for z > 0 is increasing. From lim, .o h(z) = —4, it is deduced
that h(z) < —4 < 0 for z > 0. Consequently, utilizing Lemma 2.1, it is concluded that
¢"(x) <0 on (0,00). The concavity of ¢(x) is proved.

From (2.1), it follows that

1 1/z ° 1 1 —xt
qﬁ(:c):ln:c—;—i—ln(e —1)—1—/0 <¥_ef—1>e dt

1/x_1 oo
:lnu_;+/ Lo 1 ey
1/x x o t et—1

—0

as ¢ — 0o. Employing (2.2) for i = 1 reveals
1 . 1
d(x) = (z) + e In(e!* —1) — p
=(x+1)+ ln(el/x -1) - Ine'/*
=z +1) +1In(1 —e /)
—¢(1) =—v

as  — 07. The proof of Theorem 1.1 is complete. d

Proof of Corollary 1.2. These inequalities follow from the increasing monotonicity and
concavity of ¢(z) and formulas (3.1) and (3.2). O
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Proof of Theorem 1.3. Using (2.1), the function ¢¢(z) becomes

1 0/x >~ /1 1 —xt
¢g(x):1n:c—g—|—ln(e —1)—|—/O <¥_et—1)e dt

0/x oo
(e”"-1) 1 11\
=ln 1/z _E+/() (E_et—1>e dt

—In6

as ¢ — oo. Employing (2.2) for i = 1 reveals
1

po(x) = (x) + % +In(e" —1) - =

=Y(z+1)+ ln(ee/”"c -1) - Ine'/”
=¢Yx+1)+ ln(e(efl)/z — 671/1)
1:[)(1) == 0=1
— < o0, 0>1
—00, 0<f<1

as © — 07. The two limits in Theorem 1.3 are proved.
Easy calculation yields
’ ’ 969/:6
(35) ¢9(x) - ’(l) (JJ) 22 (69/1 _ 1)
£ d)l(x) - @(07 $)7
. P 0e’/® 2z (/" —1) — 0
dg (z) =" (z) + [4 (e/ac 3 ]
(3.6) (e 1)
= () - 1200

xT

It is easy to verify that

d¢(07x) _ 69/1(69/1 -1 _9/:0) —0
de w2 (e8/ _1)2

and

A2p(0,2) €7 [(0/2)* (77 + 1) — 4(0/z) ("7 — 1) +2(e”/* —1)?]

dodz w3 (ef/e — 1)°
202 (M = 1) 2+ [ = 1) /(0/=) — 1]7}
a x5 (ef/* — 1)3
<0

for # > 0 and « > 0. These imply that the functions (¢, z) and % are increasing
and decreasing as a function of § > 0, respectively. Consequently, by using the two
inequalities in Corollary 1.2, it is concluded for 0 < # < 1 and z € (0, 00) that

el/x

80(97 m) S 80(17m) = mz (61/1 _

1) < 1/’,(55)
and
de(0,2) _ de(1,2) 1 — 2z (M — 1)]

dz = dz (et/z — 1)2504 > ¢ (2).
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Hence the function ¢j(z) is positive and ¢g(z) < 0 on (0,00) for 0 < 6 < 1, and the
function ¢g(x) is increasing and concave on (0,00) for 0 < 6 < 1.

In order that ¢y(z) < 0, by the right-hand side inequality in (2.5), it is sufficient to
prove
i 069/1

22 LEZ((EG/I - 1) =0,

which is equivalent to

ue"

1
=+
x

U
1+-—-— <0
+ 0 e—17—
for u = % > 0. Therefore, it suffices to let
u(e* —=1) 4
0>———<— =29
T 14 (u—1)e® (u)

for u > 0. Since 6(u) is decreasing and 1 < d(u) < 2 on (0, c0), when 6 > 2, the function
¢o(x) is decreasing on (0, co).
In order that ¢j(z) > 0, by the right-hand side inequality in (2.5), it is sufficient to
show
P/ [2:0(60/”” — 1) — 9] 1 2

x4(60/:c_1)2 = 22 ¥

which is equivalent to
2ue”(e* — 1 —u/2) 2u
>1+ —
@ —12 =177
for u = % > 0. Therefore, it suffices to let
2 < 1[2ue*(e" —1—-u/2)
0~ u (ew —1)2

for u > 0. Since p(u) is increasing and 1 < p(u) < 2 on (0, c0), it is sufficient to let 6 > 2.

— 1| 2 p(u)

If ¢o(z) is increasing on (0, 00), then ¢j(z) > 0 means that
[y (@) = 0]e”" > 2/ (x).
It is well known that 1’(x) > 0 on (0,00), thus it is necessary that 8 < z%¢’(z).
Lemma 2.3 for k = 1 gives
' 1 1
vz)<—+—

on (0,00), and then § < x 4+ 1 on (0, 00). Hence, the required necessary condition 6 < 1
is proved. O

Proof of Corollary 1.4. These inequalities follow directly from the monotonicity and con-
vexity of ¢g(x) and formulas (3.5) and (3.6). O

Proof of Theorem 1.5. By (2.8), it follows that

/1 1
(3.7) ¢(x+1):—7+kz_1(z— k+x>

for x > —1. By the mean value theorem for differentiation, it is obvious that there exists
a number p = pu(k) = p(k, z) for k € N such that —1 < p(k) < z and

1 1 T
A el [ (5)ER
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Employing (3.8) in (3.7) leads to

39) Wdx+1)= —’y—!—xzm

for > —1. From (3.8), it is deduced that
wk) =vVk(k+z) — k.
It is not difficult to show that the mapping k — (k) is strictly increasing on [1, co) with

ul)=v14+z—-1>-1 and lim p(k) =

k—oo

N8

Hence, from (3.9) and (2.9), it is concluded that the inequality
’ x ’ .
) (1 + 5) =z (1+ khm u(k))

1
[ + Ty (k)]

=x
k=

fun

holds for > 0 and reverses for —1 < x < 0. The proof of Theorem 1.5 is finished. O

Proof of Theorem 1.6. Direct computation and utilization of the mean value theorem for
differentiation gives

Fl@)=v'(@+1) - w,(l N %) _ gw"(1 . %)

=g area) - v (1+3)

5 {z/»”(l +&(@)) - w”(l + g)}

where £(x) is between £ and x for 2 > —1. Since ¢"(z) is strictly increasing on (0, c0),

it follows clearly that f'(z) > 0 for  # 0. Hence, the function f(z) is strictly increasing
on (—1,00).

A standard argument leads to

g(@) =9 (V1) - (@+1)+ ———=v"(Va+1)

2v/x +1
 2uff () = ()] + (v = 1) (w)
2u

[(w* = D)9 (w) = p(u?)]
2u
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for > —1 and v = vz +1 > 0. Utilization of formulas (2.8) and (2.9) and direct
differentiation gives

(=)' — () = (-1 ) (uii)Q RS (1%1 - %—l—z)

2 1 1
=7+ (u _1)2{(%2‘)2 - (z’—|—1)(u2+i)}

(3.10) :7+Z(

i+ D) (uw+14)2(u? +1)
and

(3.11) [(U2—1)¢'(u)—w(u2)]':zQi(u_l) (u® + 2u® + 24u + 1)

2 >0
P (24 u)3 (u2 + z)

for u > 0. Hence, the function g(x) is strictly increasing on (—1, c0).

It is apparent that

lim+ flx)= lim oY(z+1) —|—1//(%) = —00.

rz——1 z——11
By (2.5) for k =1 and limy—c ¥(z) = 00, it is clear that lim;—o f(z) = 0.
By using (3.10), it is easy to see that

1i£n+ g(z) = ulirél+ [(u2 —1)¢"(u) — 1/)(u2)]

=v+ lim Z( v —Du—1)

u—0F i+ 1) (u+19)2(u? +1)
= 1
- ; (i4+1)32
2
=l47- %
and
xlin;o g(z) = lim [(u® —1)¢(u) — L/)(u2)]
o i —1)(u—1)?
=7+ lim - - -
v uﬂoo; (Z+1)(U+Z)2(u2+l)
=i
T ; it1
= o0.
The proof of Theorem 1.6 is complete. g

Proof of Theorem 1.8. Tt is not difficult to see that the factor u® + 2u? + 2iu+i for i € N
in formula (3.11) is positive if and only if w > —1. Therefore, the function h(x) is strictly
increasing on (—1, 00).

The limits can be derived from (2.8) and (2.9). O
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Proof of Theorem 1.10. 1t is obvious that

(R =64 v (14 5) - 50 (145)

= 5[y - vt (145

where n(z) is between £ and x. This means (—1)'[f;(z)]" > 0 for i € N, and then the

monotonicities of f;(z) on (—1,00) for ¢ € N are proved.

The two limits can be deduced easily from inequality (2.5). O

3.1. Remark. This paper is a slightly revised version of the preprint [19].

Acknowledgements The authors thank the anonymous referees for their valuable com-
ments on, and helpful suggestions for, this paper.
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