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Abstract
In this paper, we introduce spectral data for finite order complex Jacobi
matrices and investigate the inverse problem of determining the matrix
from its spectral data. Necessary and sufficient conditions for the solv-
ability of the inverse problem are established. An explicit procedure of
reconstruction of the matrix from the spectral data is given.
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1. Introduction

Inverse spectral problems for Jacobi matrices play an important role in the study
of nonlinear discrete dynamical systems such as Toda lattices [4, 14, 16, 17]. Also,
Jacobi matrices are known to be a very useful tool in the study of the moment problem,
orthogonal polynomials, Padé approximation, and Jacobi continued fractions [1, 3, 7, 15,
18].

Consider a general N x N complex, symmetric, tri-diagonal matrix — a Jacobi matrix:

_bo ao 0 e 0 0 0 7
ao bl al e 0 0 O
0 ai b2 e 0 0 0
Ly J=1or . : : : )
O O O . beg aN -3 O
0 0 0 - an-3 bn—2 an-—2
L0 0 0 --- 0 an-2 bn-1]

where for each n, a,, and b,, are arbitrary complex numbers such that a,, is different from
Z€ero:

(1.2) Gn, bn € C, an #0.

*Department of Mathematics, Atilim University, 06836 Incek, Ankara, Turkey.
E-mail: guseinov@atilim.edu.tr



318 G. Sh. Guseinov

Such a matrix can be viewed in relation to a boundary value problem for a symmetric,
second order, linear difference equation. The general inverse spectral problem is to re-
construct the matrix (or equivalently, the coefficients in the related second order linear
difference equation) given some of its spectral characteristics (spectral data).

In the real case
(13) An, bn S ]R7 an # 07

the matrix J is selfadjoint and in this case many versions of the inverse spectral prob-
lem for J have been investigated in the literature, see [8] and references given therein.
In connection with the inverse spectral problems for selfadjoint Jacobi operators with
matrix-valued coefficients, see [3, 5, 11, 12]. In the complex case (1.2), the matrix J is in
general non-selfadjoint and recently the author [10] introduced the concept of generalized
spectral function for matrices J of the form (1.1) with the entries satisfying (1.2), and
solved the inverse problem consisting in the recovering the matrix from its generalized
spectral function.

In the case of the infinite complex Jacobi matrix

bo ao 0 0
aop b1 ail 0

Joo: 0 a1 b2 a2 7an7bn€(c7 a7l7£07 (77,:071727.‘-)7
0 0 az b3

the Favard theorem (see [1, 2, 7, 9, 13, 18]) states that there is a unique linear functional
Q : C[\] — C on the linear space C[)] of all polynomials in A\ with complex coefficients
such that

<Q7 PmPn> - 5mn7 m,n € {07 1,2,.. .}7

where (©2, G) denotes the value of Q on the element (polynomial) G()), dmn is the Kro-
necker delta, and {P,(\)}5Zg is the unique solution of the recursion relation

boyo + aoyr = Ayo,
An-1Yn—1 + bnYn + anYns1 = Ayn (n =1,2,3,...),

satisfying the initial condition yo = 1. The functional € is also called an orthogonality
functional for the polynomials P,()\), n = 0,1,2,..., or a generalized spectral function
(see [9]) for the matrix J.

It is substantial to note that in the case of the finite complex Jacobi matrix (1.1)
our definition of a generalized spectral function (orthogonality functional) given below
contains, besides (2.5), an extra condition of the form (2.6). This circumstance implies,
in contrast to infinite complex Jacobi matrices, the extra condition (iii) in Theorem 2.3
and the extra condition Dy = 0 in Theorem 2.4.

In general, very little is known about the structure of generalized spectral functions.
For the structure of generalized spectral functions for some classes of infinite Jacobi
matrices see [6] and references given therein. In the present paper, we describe explicitly
the structure of the generalized spectral function for an arbitrary finite complex Jacobi
matrix and in this way we define the concept of spectral data for matrices (1.1). Following
this, the inverse problem with respect to the spectral data for the matrix J is completely
explored.



Reconstruction of Complex Jacobi Matrices from Spectral Data 319

2. Generalized spectral function and the inverse problem

Given a matrix J of the form (1.1) with entries satisfying (1.2), consider the eigenvalue
problem Jy = Ay for a column vector y = {yn}fy;()l, that is equivalent to the second order
linear difference equation
(2.1) An-1Yn—-1 + bnyn + anYnt1 = Ayn, n € {0,1,...,N — 1}, a—1 =an-1 =1,
for {ynYN__,, with the boundary conditions
(2.2) Yy-1 =YnNn = 0.

Denote by {P,(A\)}A__; the solution of equation (2.1) satisfying the initial conditions
(2.3) Yy-1= 0, Yo = 1.

Using (2.3), we can find recurrently from equation (2.1) the quantities Pp(\) for n =
1,2,..., N; P,()) is a polynomial in A of degree n. It turns out that the equality

(2.4)  det (J—X) = (=1)Nagar---an_2Pn(N)

holds, so that the eigenvalues of the matrix J coincide with the zeros of the polynomial
Pn(N).

For any nonnegative integer m, denote by Cp,[)\] the ring of all polynomials in A of
degree < m with complex coefficients. A mapping Q : C,,[\] — C is called a linear
functional if for any G(X\), H(X) € C,,[A] and a € C, we have

(Q,G+H) = (2,G)+(QH) and (Q,aG) =a(Q,G),
where (Q, G) denotes the value of Q on the element (polynomial) G()\).
In [10], the following theorem is proved.

2.1. Theorem. There exists a unique linear functional  : Can[A] — C such that the
relations

(2.5) (Q, P Pn) = dmn, m,n € {0,1,...,N — 1},

(2.6) (Q, PnPn)y =0, me{0,1,...,N},

hold, where 6mn is the Kronecker delta.

2.2. Definition. The linear functional {2 defined in Theorem 2.1 we call the generalized
spectral function of the matrix J given in (1.1).

The inverse problem is stated as follows:

(1) To see if it is possible to reconstruct the matrix J, given its generalized spectral
function 2. If it is possible, to describe the reconstruction procedure.

(2) To find necessary and sufficient conditions for a given linear functional 2 on
Can|[A] to be the generalized spectral function for some matrix J of the form
(1.1) with entries belonging to the class (1.2).

This problem was solved by the author in [10] and the following results established.
2.3. Theorem. In order for a given linear functional Q defined on Can[A] to be the
generalized spectral function for some Jacobi matriz J of the form (1.1) with entries

belonging to the class (1.2), it is necessary and sufficient that the following conditions be
satisfied:

(i) (2,1) =1 (normalization condition);
(ii) If, for some polynomial G(\), degG(A\) < N — 1,

(Q,GH) =0
for all polynomials H(X), deg H(A) = deg G(X), then G(\) = 0;



320 G. Sh. Guseinov

(iii) There exists a polynomial T'(X) of degree N such that
(Q,GT))y=0
for all polynomials G(\) with deg G(A) < N.
Let us set
27)  s={(QLN), 1=0,1,...,2N,

(the “power moments” of the functional ), and introduce the determinants

SO 51 ... sn
s1 82 -+ Spt1l

(28)  Dn=|. _— . [im=0,1,...,N.
Sn Sn+1 e San

If we express the conditions (ii) and (iii) of Theorem 2.3 in terms of the coefficients of
the polynomials G(X), H(\) and T'(\), then we get that Theorem 2.3 is equivalent to the
following theorem.

2.4. Theorem. In order for a given linear functional Q defined on Can[A] to be the
generalized spectral function for some Jacobi matriz J of the form (1.1), with entries
belonging to the class (1.2), it is necessary and sufficient that

(2.9) Do=1, D, #0 (n=1,2,...,N—1), and Dy =0,
where Dy, is defined by (2.8) and (2.7).
If the conditions of Theorem 2.3 or, equivalently, the conditions of Theorem 2.4 are

satisfied, then the entries an, b, of the matrix J for which €2 is the generalized spectral
function, are recovered by the formulas

(210)  an =+ (Du_1Dpi1)/?* DY, ne{0,1,...,N =2}, D_; =1,
(211) by =AnD,t —ApiDY, n€{0,1,...,N—1}, A1 =0, Ao = s1,
where D, is defined by (2.8) and (2.7), and A, is the determinant obtained from the

determinant D,, by replacing in D,, the last column by the column with the components
Sn4+1ySn+25-.-,52n+1-

2.5. Remark. It follows from the above solution of the inverse problem that the matrix
(1.1) is not uniquely restored from the generalized spectral function. This is linked with
the fact that the a, are determined from (2.10) uniquely up to a sign. To ensure that
the inverse problem is uniquely solvable, we have to specify additionally a sequence of

signs + and —. Namely, let {o1,02,...,0n—-1} be a given finite sequence, where for each
n € {1,2,...,N — 1} the o, is + or —. We have 2N=1 such different sequences. Now
to determine an uniquely from (2.10) for n € {0,1,..., N — 2} we can choose the sign

on when extracting the square root. In this way we get precisely 2V 1 distinct Jacobi
matrices possessing the same generalized spectral function. The inverse problem is solved
uniquely from the data consisting of Q and a sequence {o1,02,...,0n-1} of signs + and

3. Structure of the generalized spectral function, spectral data

Given a Jacobi matrix J of the form (1.1) with entries (1.2), consider the second order
linear difference equation

(31) an—-1Yn—1 +bnyn + anYnt1 = /\yn7 n e {07 17 .. .,N — 1}7 a_1 =aN-1 = 17
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where {y,}N__, is a desired solution. Denote by {P,(M\)}A__; and {Q.(N\)}N__, the
solutions of this equation satisfying the initial conditions

(3.2) P_1(\) =0, Po(M\) = 1;

(83) Q1N =1, Qu(N) = 0.

For each n > 0, P,()) is a polynomial of degree n and is called a polynomial of first

kind (note that P,(X) is the same polynomial as above in Section 2), and Qn()) is a
polynomial of degree n — 1 and is known as a polynomial of second kind.

Let us set

34) MO\ = —%}j&;

3.1. Lemma. The entries Rom()\) of the matriz R(\) = (J — XI)™* (resolvent of J) are
of the form

 Pu)Qu(N) + MOPR()], 0<n<m<N -1,
(35)  Bum(X) = { PrN[@n (V) + MOOPA(N], 0<m<n<N 1.

Proof. Tt is straightforward to check that the quantities Rnm = Rnm(\) defined by (3.5)
satisfy the equations
boRom + aoRim — ARom = Som,
n-1Ru—1.m + bn Rom -+ anRos1m — MRum = Snm, n=1,2,...,N — 2,
an—2RN—2m + bN—1RN-1,m — ARN—1,m = ON=1,m,
m=0,1,...,N—1,

where 0., is the Kronecker delta. Hence it follows that the column vector y = {yn},jjgol
defined by the formula

N-1
Yo = Y Ram(A)fm
m=0

for any given column vector f = { fn},’z’;ol, satisfies the equation
Jy =My + f.
This completes the proof. O

3.2. Lemma. For any vector f = {f,})=; € CN and any n € {0,1,...,N — 1}, the
representation

N-1 f
(36) Z an()\)fm = _7” + T”l()‘)
n=0

holds and there exist sufficiently large positive constants A and C such that
C

[P

foralln € {0,1,...,N — 1} and all A € C with || > A.

B7) (W) <

Proof. Let us supply the space C with the norm
Ifll = _max [fu],

0<n<N-1

and let ||J|| denote the matrix norm of J corresponding to that vector norm. Since

1
J—Mf—)\(I—XJ),
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we have

(J=AI)"'=—

>
7 N

~

I
>
N———
\
>/IH

Sy

where

and hence, for [A\| > ||J]| + 1,

o J11*
A|k+1

KN <

BRI
<= R | e |
S 2 T+

1

= F 5 1A+ 1)

Now taking in the equality
(=AD" =L KOs

the nth component of both sides, we get

ZRW o = 2% ) A1,
while, for the nth component [K(X)f]. of the vector K(\)f we have
KNSl < K< KA < |)\|2 1A+ D) LA
Thus, the lemma is true with the constants A = ||J||+ 1 and C = ||J|| (|| + 1) |If]l. O

Let € be the generalized spectral function of the matrix J, defined above in Section
2. The following theorem describes the structure of €.

3.3. Theorem. Let \1,..., A\, be all the distinct eigenvalues of the matriz J and m1, ..., my
their multiplicities, respectively, as roots of the characteristic polynomial (2.4). There ex-
ist complex numbers Br;, (j =1,...,mk, k=1,...,p) uniquely determined by the matriz
J such that for any polynomial G(X) € Can[A] the formula

P mg

(38) )= 303 G V),

kljl

holds, where G™ (\) denotes the n th order derivative of G(\) with respect to .

Proof. Let f be an arbitrary element (column vector) of CV, with components fo, fi, ..., frv—1.
Writing (3.6) for this vector f and then integrating both sides, we obtain for each
ne{0,1,...,N —1},

(3.9)  fu= 27” {Z Rom (A } dx + QL Fu(N)dA,

Ty
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where r is a sufficiently large positive number and I, is the circle in the A-plane of radius
r centered at the origin.

Denote by A1, ..., Ap all the distinct roots of the polynomial Py (A) (which coincides
by (2.4) with the characteristic polynomial of the matrix J up to a constant factor) and
by mu, ..., my their multiplicities, respectively:

(3.10)  Pn(A) =c(A — A))™ -+ (A= \p)™

where c is a constant. We have 1 <p < N and m1 + --- +mp = N. By (3.10), we can
rewrite the rational function Qn (A\)/Pn () as the sum of partial fractions:

M

(3.11) i =>> /\ﬂ/\k

k=1j=1

where (i; are some uniquely determined complex numbers depending on the matrix
J. Substituting (3.5) in (3.9) and taking into account (3.4), (3.11), and (3.7), we get,
applying the residue theorem and passing then to the limit as r — oo,

(312) fa=>_>" (ﬁ”’l)! {% [F()\)Pn()\)]} ,ne{0,1,...,N—1},
k=1j=1 A=Ag
where
(3.13) F(\) = - FmnPr(N)
m=0

Now define on Can[A] the functional Q by the formula

(3.14) i% ﬁk] G n), GO € Can )

k=1 j:l

Then formula (3.12) can be written in the form
(3.15)  fo=(Q,FP,), ne{0,1,...,N—1}.

From here by (3.13) and the arbitrariness of { f,n}N_3 it follows that the “orthogonality”
relation

(3.16)  (Q, PrPp) = 6mn, myn € {0,1,...,N — 1},
holds. Further, in virtue of (3.10) and (3.14) we have also
(3.17)  (Q, PmPn) =0, m€{0,1,...,N}.

These mean, by Theorem 2.1, that the generalized spectral function of the matrix J has
the form (3.14). O

3.4. Definition. The collection of quantities
{)\knﬁkj (.7 = 17"'7mk7 k= 17"'7p)}7

determining the structure of the generalized spectral function of the matrix J according
to Theorem 3.3, we call the spectral data of the matriz J. For each k € {1,...,p} the
sequence

{Br1s-- s Brmy }

we call the normalizing chain (of the matrix J) associated with the eigenvalue Ag.
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If we delete the first row and the first column of the matrix J given in (1.1), then we
get the new matrix

(B el 0 -0 0 0 ]

T S L PP | 0 0

0 o Y ... 0 0 0
JO =1 ; S : : C

0 0 0 b, ol 0

0 0 0 V., b, all,

o 0 o UM

where
a = ans1, ne{0,1,...,N -3},
bV = bypy1, ne{0,1,...,N —2}.
The matrix J® is called the first truncated matriz (with respect to the matrix J).

3.5. Theorem. The normalizing numbers Bi; of the matriz J can be calculated by de-
composing the rational function

det(JM = AD)
det(J — \I)

into partial fractions.

Proof. Let us denote the polynomials of the first and the second kinds, corresponding to
the matrix J@, by P{"()) and QS)()\), respectively. It is easily seen that

(3.18)  PP(A) =aoQnii(N), ne{0,1,...,N —1},

(319) Q) = 2o {( = 50)Ques (M) = Pant (W} m € {0, L. N~ 1},

Indeed, both sides of each of these equalities are solutions of the same difference equation
aillllyn,1 + b,(ll)yn + agll)ynﬂ =Ayn, n€{0,1,...,N — 2}, a%)fz =1,

and the sides coincide for n = —1 and n = 0. Therefore the equalities hold by the
uniqueness theorem for solutions.

Consequently, taking into account (2.4) and using (3.18), we have
det(JP = A1) = (~D)VaMaV 6y L P (O
=(=D)""ar - an—200QN(N).
Comparing this with (2.4), we get

Qn(\) _ det(JP —AI)
Pv(\) — det(J —XI)

so that the statement of the theorem follows from (3.11). O
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4. Inverse problem for the spectral data

By the inverse spectral problem is meant the problem of recovering the matrix J, i.e.
its entries a, and b,, from the spectral data.

4.1. Theorem. Let an arbitrary collection of complexr numbers

(4.1) {)\k7ﬂkj (‘7'217.‘.,77”1/1@7 k=17...,p)}

be given, where A1, Az, ..., Ap, (1 <p < N), are distinct, 1 < my < N and mi+...+mp =
N. In order for this collection to be the spectral data for some Jacobi matrixz J of the
form (1.1) with entries belonging to the class (1.2), it is necessary and sufficient that the
following two conditions be satisfied:

() 2oy B =1
(ii) Dn #0, forn € {1,2,...,N — 1} and Dy = 0, where Dy, is defined by (2.8) in
which

(42) si=>)
k=1

ng = min{my,l + 1} and (jil) s a binomzial coefficient.

3

kl
(jil)ﬁkj)‘§;3+l7
1

J

Proof. The necessity of conditions of the theorem follows from Theorem 2.4, because the
generalized spectral function of the matrix J is defined by the spectral data according to
formula (3.8) and therefore the quantity (4.2) coincides with (Q, \'). Besides,

p
Zﬁm = (Q,1) = so = Do.
=1

Note that the condition (iii) of Theorem 2.3 holds with
(43) T =A=A)™ (A=)

Let us prove the sufficiency. Assume that we have a collection of quantities (4.1) satisfying
the conditions of the theorem. Using these data we construct the functional Q on Can[A]
by formula (3.8). Then this functional 2 satisfies the conditions of Theorem 2.4 and
therefore there exists a matrix J of the form (1.1), (1.2) for which € is the generalized
spectral function. Now we have to prove that the collection (4.1) is the spectral data for
the recovered matrix J.

For this purpose we define the polynomials P_1()\), Po(A),..., Pn(A) as the solution
of equation (3.1), constructed by means of the matrix J, under the initial conditions
(3.2). Then the relations (2.5), (2.6) and the equalities

(4.4)  an = (AP Poy1), ne {0,1,...,N —2},
(45)  bo=(QAP}), ne{0,1,...,N -1}

hold. We show that (3.8) holds, which will mean, in particular, that Aq,..., A\, are
eigenvalues of the matrix J with multiplicities mu, ..., m,, respectively.

Let T'(A) be defined by (4.3). Let us show that there exists a constant ¢ such that
(4.6) aNfszfz()\) =+ belefl()\) =+ CT()\) = )\PNfl()\)

for all A € C. If we prove this, then from here and (3.1) with yx = Px(A\) and n =N — 1,
we get that Py (A) = cT'(\).
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Since deg Pr(A) = n, (0 < n < N —1) and degT'(A) = m1 + --- +mp = N, the
polynomials Py(A),..., Pn—1(A\),T(\) form a basis of the linear space of all polynomials
of degree < N. Therefore we have the decomposition

N-1
(47 APna(N) =cT(\) + > eaPa(N),

n=0
where ¢, o, c1,...,cn—1 are some constants. By (4.3) and (3.8) it follows that

(Q,TP,) =0, ne{0,1,...,N}

Hence, taking into account the relations (2.5), (2.6) and (4.4), (4.5), we find from (4.7)
that

cn=00<n<N-3), cv-2=an—2, cN—1 =bN_1.

So (4.6) is shown.

It remains to show that for each k € {1,...,p}, the sequence {Bk1,...,0Bkm,} is
the normalizing chain of the matrix J associated with the eigenvalue A;. Since we have
already shown that Ay is an eigenvalue of the matrix J of multiplicity myg, the normalizing
chain of J associated with the eigenvalue Ax has the form {ﬂkh .. ,ﬂkmk} Therefore for
(Q, G) we have an equality of the form (3.8) in which S, is replaced by Bkj- Subtracting
these two equalities for (Q2, G) term by term we get that

p Mg

Z Z ﬂkj ﬁk] G(J 1)()\k) = 0 for all G( ) S CZNP‘]'

k=1j=1 (-1

Since the values G(jfl)()\k) can be arbitrary numbers (by virtue of the Hermite general
interpolation problem), we get that Bi; = Ok; for all k and j. d

Under the conditions of Theorem 4.1, the entries a, and b, of the matrix J for which
the collection (4.1) is spectral data, are recovered from the formulas (2.10), (2.11).
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