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Abstract

In this paper, we give the definition of a Stolarsky type function, and
obtain its monotonicity. By using these results, we establish a series of
means and their monotonicities in n variables.
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1. Introduction

The so-called Stolarsky means S(a, b; o) were defined first by Stolarsky in [9] as follows:

a+l _ pa+l 1/«
(1.2)  S(a,b;—1) = ﬁ ala—b)£0, a=—1;
(1.3)  S(a,b;0) = exp (—14—%) , (a+1)(a—b) #0, a=0;
(1.4)  S(a,a;a) =a, a=h.

The monotonicity of S(a, b; ) has been discussed by Leach and Sholander [3, 4], and by
Qi [7, 8] also using different ideas and simpler methods.
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In [7], Qi studied the following generalized weighted Stolarsky type mean values
Ef p(a,b;a) with parameter «, and proved that Ey,(x,y;a) is an increasing function
in a:

b auué
Lﬁ@ﬁiﬁi) , (0~ B)(a—b) £ 0

1.5 Esp(a, b;a) =
(1.5) r( ) ( [ p(w)da

b
M) o =0,a—b#0;

1.6 Erp(a,b;0) =ex -
(1.6) rp(a;b;0) p( 17 plyd

(17) Ef;P(a7a;a):f(a)7 a:ﬂ,a:b;
where a,b,«, 3 € R, p > 0,and f > 0 is an integrable function on the interval [a,b] C R.
We know by the definition of the power mean that

n @ é
(18) M) = (Ze=2tE) -
n 1
(1.9) M (z;0) = exp (k:lTnxk> , a=0;

where ar € R4, and a € R.

We note that for each of these two means the one-parameter means are of the type
(F(a)/F(0))"* if a # 0, and exp(F'(a)/F(c)) if o = 0, where F(a) is a certain uni-
variate function involving an a-order power.

In this paper, we define a Stolarsky type function and obtain its monotonicity. By
using these results, we establish a series of means and their monotonicities in n variables.

2. Main results

Throughout the paper we assume R to be the set of real numbers, R the set of strictly
positive real numbers, R" the n-dimensional Euclidean Space,

R} = {(z1,22,...,7n) 12 >0, i =1,2,...,n},
and
az = (az1, T, ..., aTy), e’ = (e",e", ..., e"),
% = (z7,25,...,25), Inz = (Inz1,Inzs,...,Inxzy),

where @ € R, z = (z1,22,...,2,) € RY, and y = (y1,¥2,...,Yn) € RT.

2.1. Definition. Let «,8 € R, and f be continuous involving an (a3)-order power
function on I C R}. If F(a) = f(z;af8), 8 # 0, and f is a differentiable function with
respect to a € R, then the Stolarsky type function S¢(x; «, ) is defined as follows,

(2.1) sf(x;a):(%)g7 (o #0),
22 S0 = limexp (L5, (a=0),

where f, is the partial derivative with respect to a of f(z;af3).
2.2. Remark. For convenience, we write
(23)  Si(z;a) = Sf(z) = Sy(a) = Sy,

shifting notation to suit the context.



Stolarsky Type Functions 121

2.3. Theorem. Let o, 8 € R, 8 # 0, and f be continuous involving an (af)-order power
function on I CRY. If

(24) Sz aB)fla(z;aB) > [falz;aB),
then S¢(x;a) is a monotonic increasing function in «, and monotonic decreasing if the

inequality (2.4) is reversed.

Proof. Suppose the inequality (2.4) holds. Setting T'(a) = In | f(z;3) |, then T'(c) =
fo(@;apB)/ f(z; apB), and
oy f(@saB) fla (x08) — [fi (25 aB)]
re= [0l

When a =0, InSy = f,(z;a8)/f(z;a8) = T'(a), and dln Sy/0a = T"(a) > 0, which
implies that Sy(x;«) is a monotonic increasing function in a.

> 0.

When « # 0, using the mean value theorem, we find

algagf _ Tf(ia) B TO(;) _ T'() _aT(a)/a _T'(a) ; ') _ aa—"T”(n) > 0,

where ¢ is between 0 and «, and 7 is between o and . That is to say, S¢(z;a) is a
monotonic increasing function in a. Theorem 2.3 is thus proved. O

3. The generalized weighted Stolarsky type functional mean

3.1. Theorem. The generalized weighted Stolarsky type functional mean values Sy ,(x; @)
are monotonic increasing functions with o in R, where

g « z 1/
1) Sppma) - (LZELELDE) T 0 #0,
n f(A(z;
32 Syl0) = e (LLZO2EEIT, o=,

and B = {(t1,t2,...,tn) | X0 1t S 1,6 20, i =1,2,--- ,n}, to = 1=21"  ti, A(z;t) =
xo+ >0 (@i —xo)ts = Y g xiti,xs € I C Ry, andp 2 0, f > 0 integrable functions
respectively on E and I.

Proof. By taking T'(z; ) = pr(t)f“ (A(z;t))dt, and using Cauchy’s integral inequality,
we have

T(x; ) Tite (25 0B) — [T (x5 2B8)]

:/Ep(t)fa(A(fv;t))dt'/p(t)fa(A(fv;t))lnzf(A(rc;t))dt

E
2
- ([ ror @ om s >o
E
which implies Theorem 3.1 from Theorem 2.3. g

3.2. Corollary. The generalized weighted Stolarsky type functional mean wvalues
E; p(a,b;a) are monotonic increasing functions with o in R, where E¢ ,(a,b; a) is given
by (1.5)—(1.7).

Proof. Setting u = xo + (x1 — @o)t1, then du = (z1 — xo)dt1. Setting a = zo and b = x1,
from Theorem 3.1, we immediately obtain Corollary 3.2. The proof is completed. d
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4. The generalized weighted Stolarsky type functional mean with
two parameters

4.1. Definition. Let o, 0 € R, F, to and p, f be defined as in Theorem 3.1. If

1/8 n 1/8
Mg (x; —(:CO+Z ) ) :(metz) ,

and Mo(z;t) = G(z;t) = H;L o%;' , then the first generalized weighted Stolarsky type
functional mean values, Sj[c p(gr:7 « ﬂ) with two parameters o and ( are as follows

41 shean = (L2 lgﬂ%””“ﬁ , af £
(12) s} (a0, = exp (L2 IELBIILY, a=0,6£0
43) S (@30,0) = (fE p(t}ia(G(x;t))dt) . a#0,8=0;
(4.4) Y (2;0,0) :exp(jE ;Zf Gla; ))dt), a=8=0.

In a manner similar to Section 3, from Definition 4.1 we obtain the following theorem.

4.2. Theorem. The first generalized weighted Stolarsky type functional mean values
5[1] »(T; @, B) are monotonic increasing functions in o € R.

4.3. Theorem. The first generalized weighted Stolarsky type functional mean values
S[l] (:c a, ) are monotonic increasing functions with 3 € R if f is a monotonic increasing
functwn

Proof. This follows from the weighted power mean inequality, Definition 4.1 and the fact
that f is a monotonic increasing function. g

4.4. Remark. We have S%L(x; a,1) = Sy p(z; Q).
4.5. Definition. Let o, 0 € R, F, to and p, f be defined as in Theorem 3.1. If

1/8 n 1/B
3 —aitn| = (S
=0

Mo(z%;t) = G(z%;t) = [[_o 25", and f'(1) exists, then the second generalized weighted

Stolarsky type functional mean values S (2] (:c a, #) with two parameters o and (3 are as
follows

(45) S (2:0,8) = (@ fﬂhxtwﬂ , of # 0;

(jE (Zk 1tk lnxk) dt
Jep(

o Sieon- (O

Mp(x%;t) =

(4.6) S (2;0,8) = ex

), a=0,06¢€R;

4.6. Theorem. The second generalized weighted Stolarsky type functional mean values
S?]p(:c, a, ) are monotonic increasing functions with o in R if f >0, ff > (f)? and
6> 0.
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Proof. By taking T'(x;af) = jE x*;t))dt, if B # 0, then
n 1/8-1 n
(4.8)  Ti(x;aB) = / p(t) f (Mg(z%;t)) (Z :czﬁtk> (Z 2, In mk> dt,
E k=0 k=0

2

1/6-1 , ,
(4.9)  T!(z;ap) = / p(t)f" (Mg (z%;t)) (Zx > (Z :czﬁtk lnxk> dt
B k=0
n 1/8-2, 2
+/ p(t)f (Mp(z*;t)) | (1 — ) (Z xzﬁtk> (Z 2Py, lnxk>
B k=0 k=0
n 1/8-1 n
+0 (Z xzﬁtk> (Z :czﬁtk In2 :ck> dt.
k=0 k=0

Using Cauchy’s integral inequality, from (4.8)-(4.9), and f' > 0, ff" > (f)%,8 > 0,
yields

T(x; aB) Tl (2;08) — [Th(x;08)]°
:/Ep(t)f(Mﬁ(x“;t))dt'/p(t)f”(Mﬁ(rc“;t))

E

n 1/ﬁ71 n 2
(Z x:ﬁtk) (Z :czﬁtk In xk> dt
k=0 k=0
1/8-1 n
- /p( V(Mg (z%;t)) (Z:ck ) (Zx‘;ﬁtklnxk> dt
E k=0
n 1/8-2
+/ p(t)f(Mﬁ(l’a;t))dt'/p(t)f”(Mﬁ(xa;t)) (Z w?"tk>
B B k=0
n 2 n n
. { (Z :czﬁtk In xk) (Z x:ﬁtk) <Z :czﬁtk In2 xk>
k=0 k=0 k=0

n 2
— (Z x‘;ﬁtklnxk> ] } dt >0
k=0

which implies Theorem 4.6 from Theorem 2.3. If = 0 we can obtain Theorem 4.6
similarly. d

2

5. Some mean values in n variables

5.1. Notation and lemmas. Throughout this section we assume = = (zo,Z1,...,Zn) €
R1+17 and that ¢ is a function in R. Put

1 o :c(z) 1:81 »(zo)

.. n
G1) Vg =| Lomomo s e
1 wn xp oo ant o(an)

Assuming p(t) = t"T" In* ¢, then
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1 xo xd - 27t 2l InF
2 n—1 n+r k
1 r1 T e T In® 21
(5.2)  V(zr k)= ! ! !
1 oz, 2 - ozt M hnFg,

Note the case r = 0 and k = 0 is just the determinant of Van der Monde’s matrix of the
n-th order:

(5.3)  V(z;0,0) = H (z; — x3).

0Si<j<n
Write Inz = (Inzo,Inz1,...,Inz,), then
1 Inze In?z - In"tazp zf In* xo
2 n—1 r 1.k
(5.4) V(na;r k) = 1 Inz: In“aq In 1 xiIn"x;
1 lnz, In®z, --- In" ‘'z, T, In* z,
Also, let 0 £ ¢ < n, and set
1 Zo z3 zp o(xo)
1 @ af ay ! o(z1)
| wa ay ! o(xi)
(5.5) ‘/[1](377 90) - 0 1 22$i . (n _ 1)%?72 @l(xi)
I miy1 iy - Ty P(Tiv1)
1 Tn 2 ... opt e(xn)
and for () = "™ in (5.5), we have
1 o z3 g x3+r+1
1 1 z? .. xt T
L1 T z7 .- xy et <<
(56) Wz](xvr) - 0 1 2, . mr:;“l (TL+ r4 1)$?+T ) (7‘ =17= Tl),
1 =zt 1312+1 T x?rlhq
1 Tn 2 ... Ty gttt
and
. n .
(7)) Vig(w;0) = (=) (2;0,0) [ (@5 —2) = (1) V(@30,0)/Vi(a),
J=0,j7#i
where
1 xo x5 zp!
1 T z3 :c{“l
(58) Vilx)=| 1 x—1 xiq - x|, (0ZLi<n)
1 i1 @2y - xz(:ll
1 Tn z2 zn !
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5.1. Lemma. (see [12, 13, 14]) If n € N, and ¢ is a n-order differentiable function on
an interval I C R4, then,

(5.9) vm@=vmamL¢WMmm@

(5.10)

M-

Il
<)

FWHM@m@mm:Wmaqémmwmmmmm

7

where dt = dt1dts - - - dtn, and E, A(x;t) are as in Theorem 3.1.

5.2. Lemma. (see [10]) Let r be an integer, then

i0,i2,in20  p
(5.11) V(a;7r,0) =V(a;0,0) - Z H ai’ﬁ r>0;
ioFi1+-Fin=r k=0
(5.12) V(a;r,0) =0, r=0,1,...,—(n—1);
i0,i1,yin2l
(5.13)  V(a;r,0) = (=1)"V(a;0;0) - > IT o™ r< —n.

io+i1+-+in=—r k=0
5.2. The Stolarsky type mean with one parameter in n variables.

5.3. Definition. (see [11]) The Stolarsky type generalized mean values S, (x) with pa-
rameter o in n variables are

(5.14) S (z) = {n!/Ecpgn)(a,A(x;t))dt} Ua, a #0,

(5.15)  So(z) = exp (n! . /E o™ (O,A(x;t))dt) , =0,

where ¢§”>(a7 t) =t and gogn)(m t) =t*Int.

5.4. Theorem. If the generalized mean values Sa(x) with two parameters a and (3, in
n variables are as given by Definition 5.3, then

_ n! V(z;a,0) G .
(310 Sale) = {szl(k +a) V(x;070)} @A O
(5.17)  So(z) = exp (%—Z%) , a=0;
. n!-V(z;a,1) & _ )
(5.18)  Sa(z) = {(—1)a+1(—a—1)!~(n—|—a)!-V(:c;O,O)} ’ a==l =

where So () are monotonic increasing functions with « in R.

Proof. Consider the following two functions:

n

(619) @i(ant) = [[(k+a) et
k=1

ifa#0,—-1,-2,...,—n; and

n

(5:20)  2(0,t) = (n))'2" <1nt -3 %) :

k=1
if @ = 0; and

(21)  pi(eyt) = [(=D) (—a— DI(n+ )] " nt,
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if « = —1,-2,...,—n. Then o\ (a,t) = t* and ©{™(0,t) = Int.

According to Lemma 5.1 and (5.19)—(5.21), we know that the expressions (5.16)—(5.18)
hold true.

Let f*(A(z;t)) = o™ (a, A(z;t)). Then In f(A(z;t)) = @ (0;A(z;t)). Taking
p(z) = 1, we find from Theorem 3.1 that the S, (x) are monotonic increasing functions
with o in R. The proof of Theorem 5.4 is completed. d

5.5. Remark. (see [10]-[17]) So(z) is the so-called identric mean in n variables, and
S_1(z) the first logarithmic mean L(z). It is noted that So(z) := I(z) , and

(5:22)  L(z):= S-a(z) = %

5.6. Remark. (see [1]) If a is a nonnegative integer, from Lemma 5.2, [So(z)]” is the
r-th generalized elementary symmetric mean in n variables, i.e.

[ a n+ao 7
(5:23) 3 91(2) = [Sulo) —( ! ) > zik.
ig+i1+-Fin=a, k=1
10,%1,---,tn €Ng

5.3. The Stolarsky type mean with two parameters in n variables.

5.7. Definition. (see [12]) The Stolarsky type generalized mean values S, g(z) with
two parameters o and (3 in n variables are

r 1/

620 Sup(@)= |t [ o7 (a,Mm;t))dt} , o #0, B#0
L E

6529 Sop(o)=exp (! [ AP0 Mp(ai0)ar) a=0, B£0
r " 1/

(5.26)  Sao(z) = |n! / <p;”>(a,(;(x;t))dt} , a0, B=0;
L E

n 1/("+1)

(5.27)  Soo(z) = (H ai) ; a=0, §=0;

1=0

where npgn)(a, t) =t and npé")(a,t) =t%Int.

5.8. Theorem. We have that Sa,(x) are monotonic increasing functions with o in R,
and

nl-g" V(l’ﬁ;a/ﬂvo)rm B#0, a#—kB,0<k<n;

(5.28)  Sap(z) = {szl(k5+a) TV (2P;0,0)

—1/(kB)
:| 7ﬂ7£07a:_k571§k§n;

o\ V(B
(5.29)  Saps(z) = {(_1)“11{;5(]{:) %

_[n! V(nz;a,0) Ve _ )
(5-:30) Sa’o(“?)—{ﬁm} ) f=0, az0;
_ V(z%0,1) 11 - 4
(5.31) SOvW)—eXI)(W‘BkZ_Iz) A

n 1/(n+1)
(5.32) So,o(x) = (H :Cz) s a = ﬂ =
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5.9. Remark. Replacing a by a — 3, the generalized Stolarsky type mean So—gs g(z) is
the Pecari¢-Simi¢ mean in [6].

5.10. Remark. (see [15] and also [5, 16]) If & = 1, then S1 o(z) is the second logarithmic
mean in n variables:

n!V(lnz;1,0)

V(nz;0,n) °
5.11. Remark. (see [15] and also [5]) Change ( to 1/3, and set « = 1. If 8 is a

nonnegative integer, from Lemma 5.2 we see that Sy ;,5(x) is the generalized Heron’s
mean in n variables:

(5.34) Hpa(z) == S1,1/5(z) = (" “ﬁ‘ ﬂ) 3 I =",

io+ir+Hin=8, k=1
20,21 ,.-,0n ENg

(533) l(:c) = Sl,o(x) =

5.4. The r-th weighted elementary symmetric mean in n variables.

5.12. Definition. (see [17]) Let = be a tuple of n non-negative real numbers and the
weight A\ a tuple of n positive real numbers, then

(5.35)  Eo(z,\) = > > Ae(1+ix)aait -y
ig+i1+-+in=a, k=0
90,%1,---,%n €ENg

is called the a-th weighted elementary symmetric function of x for the positive weight
A, where the sum is over all (7l+z+1)—tuples of non-negative integers such that i1 + iz +
-+, = a; In addition, Eo(xz,\) = > i=1\i. The a-th weighted elementary symmetric
mean of x for A is defined by

E.(x,)\)
5.36 (T A) = 0 .
( ) Z ( ) (n+g+1) le:l >\z
5.13. Theorem. (see [17]) If r € N, then

_ fE (Z?:o )‘ixi) (Z?:O aixi)a dx
(5.37) Y alx,A) = e

is a monotonic increasing function with o in N.
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