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Abstract

The famous Knopp Core of a single sequence was extended to the P-
core of a double sequence by R.F. Patterson. Recently, the M R-core
and o-core of real bounded double sequences have been introduced
and some inequalities analogues to those for Knoop’s Core Theorem
have been studied. The aim of this paper is to characterize a class
of four-dimensional matrices, and so to obtain necessary and sufficient
conditions for a new inequality related to the P- and o-cores.
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1. Introduction

A double sequence x = [z;x]5%—¢ is said to be convergent to a number I in the sense
of Pringsheim, or to be P-convergent, if for every € > 0 there exists N € N, the set of
natural numbers, such that |z;, —I| < € whenever j,k > N, [11]. In this case, we write
P-limz = I. In what follows, we will write [z;z] in place of [z;x]5%—0-

A double sequence x is said to be bounded if there exists a positive number M such
that |z;r| < M for all j, k, i.e.,

lz]| = sup|zjk| < oco.
gk

We note that in contrast to the case for single sequences, a convergent double sequence

need not be bounded. By ¢5°, we mean the space of all P-convergent and bounded double

sequences.
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Let A = [a}}"]5%=0 be a four dimensional infinite matrix of real numbers for all
m,n =0,1,.... The sums

oo o0
Ymn = > > afi T
j k=0
are called the A-transforms of the double sequence x. We say that a sequence z is A-
summable to the limit | if the A-transform of z exists for all m,n = 0,1,... and are
convergent in the sense of Pringsheim, i.e.,

P q
. mn
i D5 e = o

=0 k=0
and

lim  ymn =1I.
m,n— oo

Moricz and Rhoades [6] have defined the almost convergence of a double sequence as
follows:

A double sequence x = [z,] of real numbers is said to be almost convergent to a limit
Lif
P

1 q
lim sup |— Tjysk+t — L =0.
P,q—00 5 t>0 | Pq ;)kzzo e
Note that a convergent single sequence is also almost convergent but for a double sequence
this is not the case. That is, a convergent double sequence need not be almost convergent.
However, every bounded convergent double sequence is almost convergent. We denote
by f2 the set of all almost convergent and bounded double sequences.

Let o be a one-to-one mapping from N into itself. The almost convergence of double
sequences has been generalized to the o-convergence in [2] as follows:

A bounded double sequence = = [z,] of real numbers is said to be o-convergent to a
limit 1 if

‘ 1 I
lim sup — Z Z Tyi(s),ok) = L

,q—> 00
p,q s,t>0 P4 =0 k=0

In this case we write o-limz = [. We denote by V2 the set of all o-convergent and
bounded double sequences.

One can see that in contrast to the case for single sequences, a convergent double
sequence need not be o-convergent. But every bounded convergent double sequence is
o-convergent. So, ¢5° C V2. In the case where o (i) = i+1, the o-convergence of a double
sequence reduces to its almost convergence.

Let B = (bnk) (n,k = 1,2,...) be an infinite matrix of real numbers and z = (zx) a
sequence of real numbers. We write Bx = ((Bx)n) if Bn(z) = Y, burar converges for
each n. Let E¥ and F be any two sequence spaces. If x € E implies that Bz € Y, then we
say that the matrix B maps E into F. We denote by (E, F) the class of matrices B which
map F into F. If ' and F' are equipped with the limits ¥ —lim and F'—lim, respectively,
B € (E,F) and F —lim Bx = E —limz for all z € E, then we write B € (E, F);eg. The
matrix B is then said to be regular if B € (¢, ¢)reg. The conditions for regularity are
well-known, [3, p.4].

The concept of regularity has been defined for four-dimensional matrices in the same
way, (see [4] and [12]). Moricz and Rhoades [6] have determined necessary and sufficient
conditions for a four-dimensional matrix A to be strongly regular. In [9], necessary and
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sufficient conditions have been given for a four dimensional matrix A to belong to the
class (¢5°, f2)reg-

Recall that Knopp’s Core of a bounded sequence z is the closed interval [lim inf z, lim sup z],
[3, p. 138]. Recently, on analogy with Knopp’s Core, the P-core of a double sequence
was introduced by Patterson as the closed interval [—L(—z), L(z)], where —L(—z) =
P —liminfx and L(z) = P — limsupz, [10]. Some inequalities related to the these
concepts have been studied in [10] and [1].

Let us write
1 q
L*(xz) = limsupsup — Z Z Tt kit
p,q—oo  s,t ]:0 k=0
and
Co(z) = limsup sup — Z Z Toi(s),ok(t)-
p,q—oo s,t J 0 k=0

Then the MR- and o-core of a double sequence have been introduced as the closed
intervals [-L*(—=z), L*(z)] and [-Cy(—2),Cs(x)], and the inequalities
L(Az) < L*(z), L"(Az) < L(z), L*(Az) < L*(z), L(Az) < Co(x)
have also been studied for all = € ¢2 in [8], [9], [7] and [2], respectively; where £2, is the
space of all bounded double sequences.
In this paper, we investigate necessary and sufficient conditions for the inequality
(1.1) C,(Ax) < L(z)

for all z € ¢£%,. We should note that in the case o(i) = i + 1, the inequality in (1.1)
reduces to L*(Az) < L(x).

2. The Main Results

One can expect that in order for (1.1) to be satisfied, first of all A = [a}}"] must
be in the class (c5°, V2 )reg. S0, we need to characterize this class of four dimensional
matrices. For convenience, a matrix A € (c5°, V.2)reg Will be called a o-regular matriz in
what follows.

2.1. Theorem. A matriz A = [a}}"] is o-regular if and only if
(21) A =supd > |afi’| < o0,
m,n 7 &

(2.2) lim a(p,q,j,k,s,t) =0,

p,g—0o0

23) i (g ok s,t) = 1
(2.3) p’qlgloozza(pm 5,t)

(24) hm Z |Oé b, q, J7k737t)| - O (k € N)

p,g—0o0

25) i (4., kys,)| = 0, (j € N),
(2.5) qlgloo;lapm 5,)| =0,(j €N)

P,

2.6 lim a(p,q, 7, k, s, t)| exists,
(2.6) Mﬂo;;l (P, 4.4,k ,t)]

where the limits are uniform in s,t and

oD, 0,0,k 5) = Zia"m(s> s

m=0n=0
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Proof. Firstly, suppose that the conditions (2.1)-(2.6) hold. Take a sequence z € c¢5°
with P — lim;  x;x = L, say. Then, by the definition of P-limit, for any given £ > 0,
there exists a N > 0 such that |z;x| < |L| + & whenever j, k > N.
Now, we can write
N N

ZZ a(p, q,j,k, 5,t)x Zzap,q,j,k,syt)xjk

=0 k=0

Y

Jj=

2

a(p,q, 4, k, s, )0

ﬁﬁ

T

Nk

+ a(pv q7j7k757t)xjk

<
I
<}
ES

_|_
Il Il
=M =

> alpa. 4k, s, ).
1k=N+1

J
Hence,

N
< IIwHZ

j=0k

‘ZZ a(p, g, j, k, s, 1)

la(p, g, 5, k, 5,1)]

P

e OMZ

+ [l

(]

la(p, g, 4, k, 5,t)]

I|
2

2a~
g

J

+||xlzz (P4, k, 5, 1)
’ZZ p7q7j,k8t)’

Therefore, by letting p, ¢ — oo and considering the conditions (2.1)-(2.6), we have

lim a(p,q, i, k,s,t)xk| <|L|+¢,
MHOO;; (P, 4, .k, 5, O)z55 < |L|

ie., |o—lim Az| < |L|+¢. Since ¢ is arbitrary, this implies the o-regularity of A = [a}}"

For the converse, suppose that A is o-regular. Then, by the definition, the A-transform
of z exists and Az € V2 for each & € ¢°. Therefore, Az is also bounded. So, there exists
a positive number M such that

(2.7) supz Z |afi k] < M < oo
m,n J &

for each x € ¢5°. Now, let us choose a sequence y = [y;,] with

sgnall’, 0<j<r 0<k<r

Yjk = J A (m,m=1,2,...).
0, otherwise.

Then, the necessity of the condition (2.1) follows by considering the sequence y in (2.7).
For the necessity of (2.6), define a sequence v = [v;x] by y = [y;x], with a(p, ¢, 7, k, s,t)

in place of aj". Then, P —lim Av implies (2.6).
Let us define the sequence e as follows:

(2.8) e;zk:{l, if (j, k) = (3,0),

0, otherwise;
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and denote the pointwise sums by s' =", e” (1 € N) and 7' = 3", e” (i € N). Then, the
necessity of the condition (2.2) follows from o — lim Ae”. Also,

o —limAr = lim Z’a(p,q,j,k,s,tﬂ:O, (k € N)
J

p,g—0o0

and

o —lim As* = lim Z |a(p,q,j,k,s,t)| =0, (j €N).
k

p,g—0o0

To verify the conditions (2.4) and (2.5), we need to prove that these limits are uniform
in s,t. So, let us suppose that (2.5) does not hold, i.e., for any j, € N,

P,q s,t

lim supz |a(p, q,jo, k, s,t)| # 0.
%

Then, there exists an € > 0 and index sequences (p;), (¢;) such that
Supz |a(pi7 qi7j07 ka S, t)l 2 € (Z € N)
s,t ©

Therefore, for every ¢ € N, we can choose s;,t; € N such that

Z |a(piy g, Jo, Ky siyti)| > €.
k

Since

Z |a(pi,Qi,jO,k,3i,ti)| < Supz |a;7€n| < 00,

k NSk
and (2.2) holds, we may find an index sequence (k;) such that
ki

Z |a(p’i7qi7j07 ky‘s’ivt’i” <

k=1

ool m

and

oo

Z |a(pi7qi7j07k78i7ti)| <
k=kijt1+1

, (i€N).

ool m

So,
kit1
. 3e .
Z |a(p’i7q’i7.707k73’i7t’i)| > Iy (ZEN)
k=k;+1
Now, define a sequence z = [z,x] by

(=1)'a(pis qi, jo, ky siy ti), ifki+1 <k <kiy1 (i € N);j = jo,
Tk = e
0, if § # jo.
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Then, clearly z € ¢5° with ||z]|c < 1. But, for even 4, we have

sitpi—1ti+q;—1

Z Z ASC mn = Z Oé(pz‘7qi7j07 k75i7ti)xjok

Piq;

m=s; n=t; k
'L+1
> Z quu,]Oyk S’H )xj()k?
k=k;+1
ki
- Z |a(p’i7qi7j07k7si7t’i)|
k=1
S
- Z |a(pi7qi7j07k78i7ti)|
k=k;y1+1
kit - -
> > api,gis o, Ky siti)| — 373
k=k;+1

35 € €

— 4 4 2’
Analogously, for odd ¢, one can show that

sitpi—1t;+q;—1

P Z Z A:cmn<——

m=s;

Hence, the sequence

s+p—1t+g—1
( Z Z Ax mn)

m=s n=t

does not converge uniformly in s,t € N as p, ¢ — oco. This means that Az ¢ V.2, which is
a contradiction. So, (2.5) holds. In the same way, we get the necessity of (2.4).

On the other hand, for the necessity of the condition (2.3) it is enough to take the
sequence e;j; = 1 for each j, k.

This completes the proof of the theorem. d

We should mention that in the case o(i) = ¢+ 1, Theorem 2.1 gives a characterization
of the class (¢5°, f2)reg-

Now, we are ready to formulate our main theorem.

2.2. Theorem. The inequality in (1.1) holds for all & € 02 if and only if the matriz
A = [a}}y"] is o-regular and

(2.9) lim supsupz Z ‘a D,q,5,k, s t)‘ 1.

p,q—o0  s,t

Proof. Firstly, let (1.1) hold for all « € £2,. Then, since ¢§° C £2,, (1.1) also holds
for any convergent sequence x = [z;x] with lim;,x;, = L, say. In this case, since
—L(—x) = L(z) = limj x zjx = L, by (1.1) one has that

(210) L=-L(—z) < —C,(—Az) < Cs(Az) < L(z) = L,

where

—Co(— Ax)—hmlnfsupzz a(p,q,7,k, s,t) k.

P,q—00 gt
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Therefore, it follows from (2.10) that —Cy(—Az) = Cy(Ax) = 0 — lim Az = L, which
gives the o-regularity of A.

To show the necessity of (2.9) we note first that, by Patterson [10, Lemma 3.1], there
exists a y € £2, with ||y|| < 1 such that

Cr(Ay) = hmsupsupzz |a D, q, j,k,s,t)|

p,g—o0 s,t

Now, let us consider the sequence e defined by (2.8). Then, since |le*|| < 1, we have
from (1.1) that

Co(Ae" )—hmsupsupzz ‘a D,q,5,k, s t)‘ < LM < e <1,

p,q—oo  s,t

which is the condition (2.9).

Conversely, suppose that A is o-regular and (2.9) holds. Let x = [z;x] be an arbitrary
bounded sequence. Then, for any € > 0, there exists M, N > 0 such that z;, < L(z) +¢
whenever j, k > M, N.

Now, we can write

ZZ a(p, g, j,k, s, )z, <

Z Z (’O‘(p7Q7j7k757t)’ + O‘(p7Q7j7k757t)
2
7 k

|a(p7 q7j7k737t)| B a(p7Q7.j7k757t))
+ D) Tjk

M N
<l D2 |edp a5,k 5,1)]

j*O k=0

’ Z Z p7Q7]7k ) t)ZC]k

j=M+1k=N+1

H2l YD (lap,a.4, k. 5,8)| — alp, 4,4, k, 5, 1))
i &

M N
< ||50H ZZ ’05(1% %jakasat)’

7=0 k=0

2)+e) Y Y |ap,q,h,k 5,t)]
J k
+ ||I17|| Z Z (’a(pv(L.j?kyS:t)’ - a(p7Q7.j7k757t))'
k

J
Applying the operator limsup,, , ., sup, , and taking the conditions into consideration,
we get that Cy(Az) < L(x) + €, which is the inequality in (1.1) since ¢ is arbitrary. O

Here, we should note that our Theorem 2.2 is an extension of [5, Theorem 2] to the
double sequences.
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