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Abstract

In this paper Bayes estimators of the shape parameter of the general-
ized Pareto distribution have been obtained by taking quasi, inverted
gamma and uniform prior distributions using the linex, precautionary
and entropy loss functions. These are compared with the corresponding
Bayes estimators under the squared error loss function.
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1. Introduction

Let us consider the generalized Pareto distribution (GPD) whose cumulative distri-
bution function is defined by

(L1) F(z;0,0)=1-(1-5)9,0>0,0<z <o,
o
see E. Castillo and A.S. Hadi [5]. Thus the probability density function (pdf) of the
GPD is given by
1 T

(1.2) f(m;a',H):E(l—;)%71; 0>0 0<z<o,

where o and 6 are the scale and shape parameters, respectively.

The object of the present paper is to obtain a Bayes estimator of @ under various loss
functions using a number of prior distributions.

A commonly used loss function is the squared error loss function (SELF)

(1.3)  L(6,0) = (8,0,
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which is a symmetrical loss function that assigns equal losses to over estimation and
underestimation. The Bayes estimator under the above loss function is the posterior
mean given by

~

(1.4) 0, = Ex(9),
where E; denotes the posterior expectation.

The SELF is often used also because it does not lead to extensive numerical com-
putation, but several authors (Canfield [4], Varian [10], Berger [2], Zellner [11], Basu
and Ebrahimi [1], Dey and Liu [7], Calabria and Pulcini [3], and Norstrom [8]) have
recognized the inappropriateness of using a symmetric loss function in several estimation
problems. They use various asymmetric loss functions, given as follows:

(a) The Linex loss function:

Basu and Ebrahimi [1] considered the linex (linear-exponential) loss function L(A)
given by

(1.5)  L(A) =b[e"® —aA —1], a#0, b>0,

where

A=-—-1,

SYESN

and studied Bayesian estimation under this asymmetric loss function for an exponential
lifetime distribution. This loss function is suitable for situations where overestimation of
0 is more costly than its underestimation.

This Bayes estimator under asymmetric loss (A), denoted by 5,4, is the solution of
the following equation

(1.6) Ex [% exp(“04)] = eaEﬂ(%).

(b) The precautionary loss function:

Norstrom [8] introduced an alternative asymmetric precautionary loss function, and
also presented a general class of precautionary loss functions as a special case. These
loss functions approach infinitely near the origin to prevent underestimation, thus giving
conservative estimators, especially when low failure rates are being estimated. These
estimators are very useful when underestimation may lead to serious consequences. A
very useful and simple asymmetric precautionary loss function is

0 2
(17)  L0.0) = @

The Bayes estimator under a precautionary loss function is denoted by ém and is given
by the following equation.

(18) 0, = [Ex(6%)]%.

(c) The entropy loss function:

In many practical situations, it appears to be more realistic to express the loss in terms

of the ratio %. In this case, Calabria and Pulcini [3] point out that a useful asymmetric

loss function is the entropy loss function:

L(5) o« [87 — plog,(6) — 1],
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where

whose minimum occurs at 8 = . Also, the loss function L(§) has been used in Dey et al
[6] and Dey and Liu [7], in the original form having p = 1. Thus, L(§) can be written as:

(1.9)  L(6) = b[d —log,(8) —1]; b> 0.

The Bayes estimator under the entropy loss function is denoted by 01, and is given by
the following equation:

(1.10) 6, = [Eﬂ(%)yl.

Let us obtain the Bayes estimators of the shape parameter of GPD under three prior
distributions of 6.

(i) The quasi-prior: For the situation where the experimenter has no prior infor-
mation about the parameter 6, one may use the quasi density as given by

1
(1.11) g¢1(0) = Tk 0>0,d>0.

Here d = 0 leads to a diffuse prior and d = 1 to a non-informative prior.

(i) The inverted gamma prior: The most widely used prior distribution of 6
is the inverted gamma distribution with parameters o and (> 0) with p.d.f.
given by

B (ag1) 8 .
(112)  g2(0) = —F(a)9 e o, if0>0, (o, 3) >0,

0, otherwise.

The main reason for its general acceptability is the mathematical tractability
resulting from the fact that the inverted gamma distribution is the conjugate
prior for 6.

(iii) The uniform prior: It frequently happens that the life tester knows in advance
that the probable values of 6 lies over a finite range [«, 3], but he does not have
any strong opinion about any subset of values over this range. In such a case a
uniform distribution over[a, 3] may be a good approximation:

(1.13)  g2(0)={ B—a’ ifo<a<<p,

0, otherwise.

2. The Bayes estimator under g¢;(6)

Let us suppose that n items are put to a life test and that the experiment is terminated
when r(< n) items have failed. If z1,...,x, denote the first r observations having a
common density function as given in (1.2), where o is known, then the joint probability
density function is given by

1) /o) = (L) e

(n—r)\ob

where

TT——glog(l—%)+(n—r)log(1—%)
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The maximum likelihood estimator (MLE) of 6 is given by
E
s

§ =
The posterior pdf of 8 is obtained as
2.2 0 =
22 f0/2)= 55—
The Bayes estimator under the squared error loss function is given by
T
_ d>2
rrd—2" ta>2
and the Bayes estimator under the linex loss function by

R _ oma/(r+d)
(2.4) 04 = (167>T

a

T'r+d71
. 07(r+d)ef(TT)/9; 0>0, r+d>1.

(23) 6, =

(Srivastava [9]). Using (1.8), the Bayes estimator under the precautionary loss function
comes out to be
~ T
e (G ) oo g Y
Also, using (1.10), the Bayes estimator under the entropy loss function is obtained as
T,
(r+d-1)

(26) 6=

2.1. The Risk Functions: The risk functions of the estimators 557 5A7 ﬁp and 01
relative to SELF are denoted by Rs(fs), Rs(64), Rs(6p) and Rs(f.), respectively, and
are given by Basu and Ebrahimi [1] as:

~ o r(r+1) 2r
@0 BsOs) =8| g0y ~ Gt rd—2)

(28)  Rs(Ba)=02| T D (g _emertrayz 2 oca/trbay | 1}7

+1),

~ 2: r(r+1) _ 2r

29) Rs(Or) =0\ e T =+ d— 3] [(r+d—2)(r+d—3)]1/2+1}’
~ o rir+1) 2r

(210) Rs(0e) = 07| rm gy —(r+d—1)+1}

The risk functions of the estimators 557 §A7 /H\P and 017 relative to the linex loss
function are denoted by Ra(6s), Ra(0a), Ra(fp) and Ra(0.), respectively, and are
given by:

@) Ra@s) =t (1- —5—5) " - (55 —) +a-1].

(212)  Ra(6a) =ble o/ Fd _ r(l - e*“/(”‘”) +a— 1} 7

_“(1 BT 2)(?+ = 3)]1/2)4

C[(r+d=2)(r+d—3)]/?

(2.14) RA(@):b{e*“(u( a )>7T—( ar +a—1}

+a—1],

r+d-—1)
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The risk functions of the estimators §57 § A, é\P and @37 relative to the precautionary
loss function are denoted by Rp(6s), Rp(64), Rp(0p) and Rp(f.), respectively, and are
given by:

~ o rir+1) 2r
(215)  Re(0s) =07 o707 ~ v d=2)

~ [ 2
(216) Rp(a) = 02| U TV (1—em/tred) zr (1=e/0t ) 4 1} :

+1],

~ of r(r+1) _ 2r
~ ol rir+1) _ 2r
@18) - Rele) =0 | GG ~ rrd—D) H}

The risk functions of the estimators 53, 5,4, §P and 01, relative to the entropy loss
function are denoted by Re(fs), Re(04), Re(6p) and Re(fe), respectively, and are given
by:

(2.19)  Re(ds) :b:% — Eelog, (%)}

(2.20)  Re(0a4) = w — Eeclog, <%“> - 1},

(221) Re(@r) =0 :[(r T A Y (F) - 1} ’
(2.22)  Re(f.)=1b _(7’%.1?1) — Eelog, (%)} .

3. The Bayes estimator under g(0)

It can be easily verified that g2(0), i.e. the inverted gamma family, is the natural
conjugate prior for the parameter 6 with respect to GPD. Using (2.1), we obtain the
posterior distribution

(B+T)"" _(riat1) —(8+T))/0
1 0 =7 90 ™70
(3.1)  f(9/x) T+ o) e ; 0>0,

which is again an inverted gamma family of parameters (84 1r, 7+ «). Thus, the Bayes
estimator of 6 under the squared error loss function is given by:

B+ T
(r+a-1)

The Bayes estimator under the linex loss function is given by:

(32) Os=

N 1— efa/(r+a+1)
(3.3) 0a = T(ﬁ +1T).
Using (1.8), the Bayes estimator under the precautionary loss function comes out to be:

o 5+Tr
B4 O = T e o

Using (1.10), the Bayes estimator under the entropy loss function is obtained as

_ B+T.
S (rta)

(35) 0.
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3.1. The Risk Functions: The risk functions of the estimators 557 5,47 é\P and @37
relative to SELF are denoted by Rs(fs), Rs(04), Rs(6p) and Rs(f.), respectively and
are given by:

~ [/ r(r 27"‘3
B
62

(3.7) Rs(éA):N:c?{ (r+1)+ ¥+ }—20(7"—&—5)—&—1}7
(3.8)  Rs(0p) = 0 :Kz{r(r—k 1) +2r g) + (g)z} - 2K{r—|— <g)} n 1},

R () Y ) BT

(39) RS( C):@ I [(T+a)]2 o (7‘+Oé) +1:|7
1 — e—a/(rtatl) 1

where ' = (7)’ and K = [(r+a—1)(r+a-2)]1/2

The risk functions of the estimators 05, 0,4, 0p and 09, relative to the linex function
are denoted by RA(HS) RA(HA) RA(HP) and RA(H ), respectively, and are given by

- 8
Gy (e (@ N (et P
(3.10) Ra(#s) =10 (e )(1 r+a—1> rra—1) o1

Ra(@4) = b (e—a(a+1)/(r'+a+1)) (eg(k;wwwm))
(3.11) . 5
_ *a/(7+a+1) P _
(1- )(r+5)+a 1}7
1_ aBK

(312)  Ra(@p) = b|(1 — ake) e (=% )—aK<r+ —|—a—1}

%Im

(3.13) RA(taC):b(1—rza>7rexp{—a(1—9(ria))} a( a)—|—a—1]

The risk functions of the estimators §57 5,47 é\P and 567 relative to the entropy loss
function are denoted by Re(fs), Re(04), Re(0p) and Re(f.), respectively, and are given
by:

(3.14)  Re(ds) =b % — Eylog, (%S) - 1} -

(3.15)  Re(0a) =1 (1- efa/w:“)) (rt5) Eo log, (7*“) - 1} :
(3.16) Ro(0p) =b (r+%)K—Eelogc<;—1)},

(3.17)  Re(fc) =1 :7(’:;(52 — Eg log, (%) - 1}

3.2. The Bayes Risks: The Bayes risks for the estimators §s, §A, §p and §C are the
prior expectations of the risks obtained above. Thus, the Bayes risks relative to SELF
are denoted by rs(0s), rs(04), rs(0p) and rs(0.), respectively, and are given by:
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619) 7509 = ey

o - 2
T !
Ty SR

1

where B = m

Similarly, the Bayes risks for the estimators 55, 5,4, /0\]3 and §C relative to the linex
loss function are denoted by 74(0s), ra(64), ra(6p) and ra(f.), respectively, and are
given by:

(3.22)  ra(fs) = b{e*“@ _ L)’(”“) _ <1 _ L)}

r+a-—1 r+a-—1
(3.23) TA(HA) =b

|
(3.24)  ra(0p) = b[e*“u —aK) T K (r o) +a— 1],

a )*(Tﬂl) a(r+1)

(3.25)  ra(0e) = b {eia (1 r+ta (r+a)

+a—1}.

Also, the Bayes risks for the estimators @s, §A, Op and 0. relative to the entropy loss
function are denoted by r4(fs), ra(64), ra(0p) and ra(fe), respectively, and are given
by:

(326) re(fs) = b Wl—n - E{Ee(loge %S) H

(3:27) re(@a) = <r+ Z )(1‘9“/(”‘””)_E{Eeuoge%}—l}

a—1 a

(3.28) re(fp)=b :K(r +a)— E{Ee(logc %) } - 1} 7

(329)  re(Be) = —b{E{Eg(logc %) H .

Under g2(0), the risk functions and corresponding Bayes risks relative to the precaution-
ary loss function cannot be obtained in closed form.

4. The Bayes estimator under g3(0)
Under g3(6), using (2.1), the posterior distribution is given by

T:71977'6T7‘/9
Ig(%ﬂ" -1)- Ig(%ﬂ“ - 1)7

(1)  f(0/z)=
where

Ig(z,n) :/ e 't dt.
0
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The Bayes estimator of § under SELF is given by

Ig(?,r—2) —Ig(?,r—2) .
Iy(%r—1) _Ig(#vr_ 1)

(42)  fbs = (

Using (1.6), the Bayes estimator of § under the linex loss function is 5,4, where @A is the
solution of the following equation:

Wy oo —toben) L) :< T )
Ig(T;29A77,) _ Ig(TfaeA’r) T, —afa

B

Using (1.8), the Bayes estimator of § under the precautionary loss function turns out to
be

1/2

Ig(%m—?))—lg(%ﬂ“—i%) T

(Er 1)~ LG 1)

(4.4)  0p = [

Using (1.10), the Bayes estimator of § under the entropy loss function is obtained as

Ig(%ﬂ“— 1) —Ig(%m— 1) T
Ig(%vr)_fg(%vr) '

In this case risk functions and the Bayes risks cannot be obtained in a closed form.

(45) 0. = [

5. Conclusion

It is evident from Equations (2.3), (2.4), (2.5), (2.6), (3.2), (3.3), (3.4), (3.5), (4.2),
(4.3), (4.4) and (4.5) that the Bayes estimators of the shape parameter of the generalized
Pareto distribution, under the squared error, linex, precautionary and entropy loss func-
tion using quasi, inverted gamma and uniform priors, are given by different expressions.
The Bayes estimators are seen to depend upon the parameters of prior distributions.

In Figure 1 (a~d) we have plotted the ratio of the risk functions to 62, i.e.

Rs(/e\s) Rs(é\A) Rs (Zg\P)
0? 02 0?

Rs(0.)
02

= By, =By

:Bz, :Bg, and

for the Bayes estimators §579AA7 é\P and @37 respectively, under the squared error loss
function, as given in Equations (2.7) to (2.10), fora = 1, r = 5(5) 20 and d = 0.5 (0.5) 5.0.
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Figure 1 (a). Ratio of the risk functions to 6% for r = 5
Legend: B; ¢ Bx [0 Bs A Bs X
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Figure 1 (b). Ratio of the risk functions to 6* for r = 10
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Figure 1 (c). Ratio of the risk functions to 8% for r = 15
Legend: B; ¢ Bx [0 Bs A Bs X
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Figure 1 (d). Ratio of the risk functions to 62 for r = 20
Legend: B; § B: [0 Bs A Bs X
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In Figure 2 (a—d) we have plotted the ratio of the risk functions to b i.e.

Ra(0s)

~ ~

= (1, LAE)QA)

Ra(Be) _ o,
b

= (o,

Ra(Or) (§P) = (3 and
b

b
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he Bayes estimators 557 5,47 é\p and 567 respectively, under the linex loss function
), as given in Equations (2.11) to (2.14), for a = 1, r = 5(5) 20 and d = 0.5 (0.5) 5.0.

Figure 2 (a). Ratio of the risk functions to b for r =5
Legend: C1 ¢ Co 0O Cs A Ci X
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Figure 2 (b). Ratio of the risk functions to b for r =10
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Figure 2 (c). Ratio of the risk functions to b for r = 15
Legend: C1 0 Co 0O Cs A Ci X
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Figure 2 (d). Ratio of the risk functions to b for r = 20
Legend: C1 ¢ Co0O Cs A Ci X
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In Figure 3 (a—d) we have plotted the ratio of the risk functions to 6 i.e.

Rp(05)
2PS) - p
0 b

~ ~

RP(9A)_D Rp(0p)
0o 70

= D3, and =Dy

Rp(0.)
0
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for the Bayes estimators 55, @4, é\P and @37 respectively, under the precautionary loss
function, as given in Equations (2.15) to (2.18), for a = 1, »r = 5(5)20 and d =
0.5(0.5) 5.0.

Risk function

Risk function

Figure 3 (a). Ratio of the risk functions to 6§ for r =5
Legend: Dy DO D3 A D4 x
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Figure 3 (b). Ratio of the risk functions to 6 for r = 10
Legend: Dy DO D3 A D4 x

0.400000 -
0.350000
0.300000
0.250000
0.200000
0.150000
0.100000

0.050000

5.00

0.000000 T T T T T
0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 4.50

quasi prior parameter

5.00



82

Risk function

Risk function

H. Pandey, A. K. Rao

Figure 3 (c). Ratio of the risk functions to 0 for r = 15
Legend: D; ¢ D0 D3 A

D4><
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Figure 3 (d). Ratio of the risk functions to 6 for r = 20
Legend: Dy DO D3 A D4 x
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From Figures 1, 2 and 3 it is clear that no one of the estimators uniformly dominates any
other. We therefore recommend that the estimators be chosen according to the value of
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d when quasi-density is used as the prior distribution, and this choice in turn depends
on the situation at hand.

The risk functions under the inverted gamma prior are dependent on the population
parameter 6, which is not separable. Therefore, a comparison could only be made by
using numerical techniques.
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