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Abstract

In the present paper we will establish some properties of the class of
α - Quasi - Uniformly convex, p-valent functions of type β in the open
unit disk, which we denote by QUCVp,λβ,α, for λ > −1; 0 ≤ β < p, α ≥ 0
and p ∈ N, by making use of the Ruscheweyh Derivatives.
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1. Introduction and Definitions

Let Ap denote the class of functions of the form

(1) f(z) = zp +
∞
∑

n=2

anz
n, p ∈ N,

which are analytic in the open unit disk ∆ = {z ∈ C : |z| < 1}, normalized by conditions

f(0) = 0, f (p)(0) = p!. Also, let B denote the subclass of Ap that are p-valent in ∆. We
also denote by UCVp, C∗,p and Qpα the subclasses of functions in Ap that are respectively
uniformly convex p-valent, Quasi-convex p-valent and α-Quasi-convex p-valent in ∆. For
p = 1 we obtain the classes UCV and C∗ which were introduced and studied in [1], [2]
respectively.

To prove our results, we need the following definitions.
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1.1. Definition. Let f(z) = zp +
∞
∑

n=1

an+pz
n+p, p ∈ N. Then the Ruscheweyh Deriva-

tives of f(z) are defined by

Dλf(z) =
1

λ!
{z(zλ−1f(z))(λ)} = S(λ, p)zp +

∞
∑

n=1

S(λ, n)an+pz
n+p, λ > −1,

where S(λ, p) =

(

λ+ p− 1
λ

)

.

1.2. Definition. The class UQCVp,λβ of uniformly Quasi-convex p-valent functions of

type β consists of function f of the form (1) for which there exists a function g ∈ UCVp

of the form

(2) g(z) = zp +
∞
∑

n=2

bnz
n

such that

(3) Re

{

[(z − η)(Dλf(z))′]′

(Dλg(z))′

}

> β, 0 ≤ β < p,

where z 6= η ∈ ∆. When η = 0, the class of functions satisfying (3) is called the class of

Quasi-uniformly convex p-valent function of type β, which we denote by QUCVp,λβ , see

[6]. For p = 1, λ = 0 and β = 0 we get the class UQCV introduced in [6].

1.3. Definition. The class CUCVp,λβ of close-to-uniformly convex p-valent functions of

order β consists of functions f of the form (1) for which there exists a uniformly convex
p-valent function g ∈ UCVp of the form (2) such that

Re

{

(Dλf(z))′

(Dλg(z))′

}

> β, z ∈ ∆, 0 ≤ β < p.

For λ = 0, p = 1 and β = 0 we get the class CUCV, which was introduced by K. S.
Padmanabhan in [5].

We note that here

UCVp ⊂ UQCVp,λβ ⊂ QUCVp,λβ ⊂ CUCVp,λβ ⊂ K ⊂ B,

whereK is the class of close-to-convex functions of order β, and we haveDλf ∈ QUCVp,λβ
if and only if z(Dλf)′ ∈ CUCVp,λβ . This is proved in [6] for λ = 0, β = 0 and p = 1.

1.4. Definition. Let f(z) = zp +
∞
∑

n=2

anz
n, be analytic in ∆. Then f(z) is said to α−

Quasi - uniformly convex p-valent of type β in ∆ if and only if, there exists a uniformly
convex, p-valent function g(z) = zp +

∑

n=2

bnz
n in ∆ such that

Re

{

(1− α)
(Dλf(z))′

(Dλg(z))′
+ α

[z(Dλf(z))′]′

(Dλg(z))′

}

> β, 0 ≤ α ≤ 1, 0 ≤ β < p.

This class of functions is denoted by QUCVp,λβ,α.

We note here that QUCVp,λβ,0 = CUCVp,λβ , the class of close-to-uniformly convex

functions; and QUCVp,λβ,1 = QUCVp,λβ , the class of Quasi-uniformly functions. Thus,

QUCVp,λβ,α unifies the classes CUCVp,λβ and QUCVp,λβ in the same way as Qpα connects K

and C∗,p.
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2. Main Results

2.1. Theorem. Let

(4) Dλd(z) = (1− α)Dλt(z) + αz(Dλt(z))′, λ > −1, α ≥ 0, p ∈ N,

and |z| < 1. Then t(z) ∈ QUCVp,λβ,α if and only if d(z) ∈ CUCVp,λβ .

Proof. Let Dλd(z) = (1−α)Dλt(z) +αz(Dλt(z))′ and suppose t(z) ∈ QUCVp,λβ,α. Then

there exists a function ψ(z) ∈ UCVp such that

(5) Re

{

(1− α)
(Dλ(t(z))′

(Dλψ(z))′
+ α

[z(Dλt(z))′]′

(Dλψ(z))′

}

> β.

Now by (4) we have

(Dλd(z))′

(Dλψ(z))′
= (1− α)

(Dλt(z))′

(Dλψ(z))′
+ α

[z(Dλt(z))′]′

(Dλψ(z))′
,

so by (5) we have Re
{

(Dλd(z))′

(Dλψ(z))′

}

> β, proving that d(z) is in CUCVp,λβ .

Conversely assume d(z) ∈ CUCVp,λβ . Then there exists a function ψ(z) ∈ UCVp such
that

(6) Re

{

(Dλd(z))′

(Dλψ(z))′

}

> β.

From (4) we have

(Dλd(z))′

(Dλψ(z))′
= (1− α)

(Dλt(z))′

(Dλψ(z))′
+
α[z(Dλt(z))′]′

(Dλψ(z))′
.

Then

Re

{

(1− α)
(Dλt(z))′

(Dλψ(z))′
+ α

[z(Dλt(z))′]′

(Dλψ(z))′

}

> β (by 6)

which implies t(z) ∈ QUCVp,λβ,α. This completes the proof. ¤

2.2. Corollary. For p = 1, λ = 0 and β = 0 we get the result due to C. Selvaraj [8]
involving CUCV and QUCVα.

2.3. Theorem. A function f of the form (1) is in QUCVp,λβ,α if and only if there exists

a function S(z) ∈ CUCVp,λβ such that

(7) Dλf(z) =
1

αz( 1

α
)−1

∫ z

0

t(1/α)−2DλS(t)dt, 0 < α ≤ 1, λ > −1.

Proof. From the representation (7) we have

(8) αz(1/α)−1Dλf(z) =

∫ z

0

t(1/α)−2DλS(t)dt.

After differentiating both sides of (8) we obtain

(1− α)z( 1

α
)−2Dλf(z) + αz( 1

α
)−1(Dλf(z))′ = z( 1

α
)−2DλS(z),

or equivalently,

(1− α)Dλf(z) + αz(Dλf(z))′ = DλS(z).

So we obtain (4), and hence by Theorem 2.1 the proof is complete. ¤
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The same result was obtained for p = 1, λ = 0 and β = 0 by C. Selvaraj [8].

Goodman [1] showed that the classical Alexander result f ∈ K ⇐⇒ zf ′ ∈ S∗ does
not hold between the classes UCVp and USTp (uniformly starlike functions). Rønning
[7] introduced the class SP(γ) consisting of functions zf ′, f ∈ UCVp. To prove the next
theorem we require the definition of the class SP(γ).

2.4. Definition. Let f(z) = zp +
∞
∑

k=2

akz
k ∈ Ap. Then f ∈ SP(γ) if and only if

∣

∣

∣

∣

zf ′(z)

f(z)
− p

∣

∣

∣

∣

≤ Re

{

zf ′(z)

f(z)
− γ

}

, z ∈ ∆,−1 ≤ γ < 1.

He also defined the class UCVp(γ) of functions f for which zf ′ ∈ SP(γ). In this paper
we obtain this class by letting γ = 0, that is SP(0) = SP.

2.5. Theorem. Let DλS(z) ∈ SP,

(9) Dλt(z) =
p

αz(1/α)−1

∫ z

0

t(1/α)−2DλS(t)dt, α > 0, λ > −1, p ∈ N,

and let 1/α be a positive integer. Then Dλd(z) ∈ S∗( 1
2
p).

Proof. By using logarithmic differentiation, from (9) we have

(Dλd(z))′

Dλd(z)
=

pz(1/α)−2DλS(z)

p
∫ z

0
t(1/α)−2DλS(t)dt

−
(1− α)z(1/α)−2

αz(1/α)−1

=
z(1/α)−2DλS(z)− ( 1

α
− 1)z−1

∫ z

0
t(1/α)−2DλS(t)dt

∫ z

0
t(1/α)−2DλS(t)dt

.

So

(10)

z(Dλd(z))′

Dλd(z)
=
z(1/α)−1DλS(z) + (1− 1/α)

∫ z

0
z(1/α)−2DλS(z)dz

∫ z

0
t(1/α)−2DλS(t)dt

=
zµ′(z) + (1− 1/α)µ(z)

µ(z)
,

where µ(z) =
∫ z

0
t(1/α)−2DλS(t)dt. Now we have

Re

{

[zµ′(z) + (1− 1/α)µ(z)]′

µ′(z)

}

=

= Re

{

zµ′′(z)

µ′(z)
+ 2− 1/α

}

= Re

{

z[(1/α− 2)z(1/α)−3DλS(z) + z(1/α)−2(DλS(z))′]

Z(1/α)−2DλS(z)
+ 2− 1/α

}

= Re

{

z(DλS(z))′

DλS(z)

}

>
1

2
p

as DλS(z) ∈ SP. Hence, Re
{

[zµ′(z)+(1−1/α)µ(z)]′

µ′(z)

}

> 1
2
p. By a Lemma of Libera [3],

Re

{

zµ′(z) + (1− 1/α)µ(z)

µ(z)

}

>
1

2
p, z ∈ ∆.

Therefore, by (10) we have Re
{

z(Dλd(z))′

Dλd(z)

}

> 1
2
p z ∈ ∆. Then Dλd(z) ∈ S∗( 1

2
p) (classes

of starlike function of order 1
2
p) and the proof is complete. ¤
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2.6. Corollary. For λ = 0 and p = 1 we get the result due to C. Selvaraj [8] .

2.7. Theorem. If η(z) ∈ CUCVp,λβ and Fλ(z) = 1
2
[zDλη(z)]′, then Fλ(z) is close-to-

convex of order β for |z| < 1/2.

Proof. Because η(z) ∈ CUCVp,λβ there exists a function h(z) ∈ UCVp such that

Re

{

(Dλη(z))′

(Dλh(z))′

}

> β, z ∈ ∆,

and since h(z) ∈ UCVp we have Dλh(z) ∈ UCVp which implies z(Dλh(z))′ ∈ SP. There-

fore we have Re
{

z(Dλη(z))′

z(Dλh(z))′

}

> β, so Re
{

z(Dλη(z)′

Hλ(z)

}

> β where Hλ(z) = z(Dλh(z))′ ∈

SP. If Gλ(z) =
1
2
[zHλ(z)]

′, from Livingston [4] we have Gλ(z) ∈ S
∗, |z| < 1

2
.

To prove Fλ is close-to-convex of order β, it is sufficient to show that Re
{

zF ′
λ
(z)

Gλ(z)

}

> β

for |z| < 1
2
. Now proceeding as in Theorem 3 of [5], we get Fλ is close-to-convex of order

β for |z| < 1
2
. This completes the proof. ¤

2.8. Corollary. For p = 1, λ = 0 and β = 0 we get the result due to C. Selvaraj [8].

2.9. Theorem. Let µ(z) ∈ QUCVp,λβ,α and let Fλ(z) =
1
2
[zDλµ(z)]′, z ∈ ∆. Then Fλ is

close-to-convex of order β for |z| < 1
2
.

Proof. Since µ(z) ∈ QUCVp,λβ,α, by Theorem 2.1 we have

(11) Dλφ(z) = (1− α)Dλµ(z) + αz(Dλµ(z))′, z ∈ ∆

such that φ(z) ∈ CUCVp,λβ . Suppose Hλ(z) =
1
2
[zDλφ(z)]′. By Theorem 2.7, Hλ(z) is

close-to-convex of order β for |z| < 1
2
. From (11) we have

(Dλφ(z))′ = (1− α)(Dλµ(z))′ + α(Dλµ(z))′ + αz[Dλµ(z)]′′.

Therefore

(12)

1

2
[zDλφ(z)]′ =

1

2
[Dλφ(z) + z(Dλφ(z))′]

=
1

2
[(1− α)(zDλµ(z))′ + αz[z(Dλµ(z))′′ + 2(Dλµ(z))′].

To prove Fλ is close-to-convex, we have to prove G(z) = (1 − α)Fλ(z) + αz(Fλ(z))
′ is

close-to-convex of order β for |z| < 1
2
and for α ≥ 0 (by Theorem 2.1), where Fλ(z) =

1
2
[zDλµ(z)]′, z ∈ ∆, so we have

G(z) = (1− α)
1

2
[zDλµ(z)]′ + αz

1

2
[Dλµ(z) + z(Dλµ(z))′]

=
1

2
[(1− α)(zDλµ(z))′ + αz(Dλµ(z))′ + αz2(Dλµ(z))′′]

=
1

2
[zDλφ(z)]′ (by (12)).

So G(z) is close-to-convex of order β in |z| < 1
2
and consequently Fλ(z) is close-to-convex

of order β in |z| < 1
2
, and the proof is complete. ¤

In the final theorem we obtain a necessary condition for a function belonging to
QUCVp,λβ,α.
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2.10. Theorem. Let f(z) = zp +
∞
∑

n=2

anz
n. If f(z) ∈ QUCVp,λβ,α then

(13)
∞
∑

n=2

nδ(λ, n)[βbn−an(1+α(n−1))] < pδ(λ, p)[(1−β)+α(p−1)], p ∈ N, 0 ≤ β ≤ p

where g(z) = zp +
∞
∑

n=2

bnz
n is in UCVp.

Proof. Let f(z) ∈ QUCVp,λβ,α. By Definition 1.4 we have

(14) Re

{

(1− α)
(Dλf(z))′

(Dλg(z))′
+ α

[z(Dλf(z))′]′

[Dλg(z)]′

}

> β,

or
∣

∣

∣

∣

(Dλf(z))′ + αz(Dλf(z))′′

(Dλg(z))′

∣

∣

∣

∣

> β.

So we have
∣

∣

∣

∣

∣

∣

∣

∣

pδ(λ, p)zp−1(1 + α(p− 1)) +
∞
∑

n=2

nδ(λ, n)an(1 + α(n− 1))zn−1

pδ(λ, p)zp−1 +
∞
∑

n=2

nδ(λ, n)bnzn−1

∣

∣

∣

∣

∣

∣

∣

∣

> β

=⇒ pδ(z, p)|z|p−1(1 + α(p− 1)) +
∞
∑

n=2

nδ(λ, n)an(1 + α(n− 1))|z|n

− βpδ(λ, p)|z|p−1 − β
∞
∑

n=2

nδ(λ, n)bn|z|
n−1 > 0.

Now letting z → 1− we obtain
∞
∑

n=2

nδ(λ, n)[βbn − an(1 + α(n− 1))] < pδ(λ, p)[(1− β) + α(p− 1)].

Hence the proof is complete. ¤
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