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SOME NUMERICAL CHARACTERISTICS OF DIRECT SUM OF
OPERATORS

Elif OTKUN ÇEVİK

Avrasya University, Trabzon, TURKEY

Abstract. The connection between some numerical characteristics (numeri-
cal range, numerical radius, Crawford number and sectoriality) of direct sum
of operators in the direct sum of Hilbert spaces and their coordinate operators
has been investigated.

1. Introduction

The general information on numerical characteristics (as numerical range, nu-
merical radius, Crawford number, sectoriality and etc.) can be found in [1-7].
The obtained results may be applied in perturbation theory, generalized eigenvalue
problems, numerical analysis, system theory, dilation theory and etc. [1-4].
It is known that infinite direct sum of Hilbert spaces Hn, n ≥ 1 and infinite

direct sum of operators An in Hn, n ≥ 1 are defined as

H =
∞
⊕
n=1

Hn =

{
u = (un) : un ∈ Hn, n ≥ 1, ‖u‖2H =

∞∑
n=1

‖un‖2Hn
< +∞

}
and

A =
∞
⊕
n=1

An, D(A) = {u = (un) ∈ H : un ∈ D(An), n ≥ 1, Au = (Anun) ∈ H} ,

A : D(A) ⊂ H → H

(see [8]).
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The general theory of linear closed operators in Hilbert spaces and its applica-
tions to physical problems has been investigated by many mathematicians (see for
example [8]).
However, many physical problems of today arising in the modelling of processes

of multi-particle quantum mechanics, quantum field theory and in the physics of
rigid bodies support to study a theory of linear direct sum of operators in the direct
sum of Hilbert spaces (see [9-11] and references there in).
Connections between numerical range and numerical radius for the direct sum

of two operators in the direct sum of Hilbert spaces and coordinate operators have
been investigated in [6].
In this work, the connection between some numerical characteristics of direct

sum of operators in direct sum of Hilbert spaces and their coordinate operators will
be investigated.

2. Numerical Range of Direct Sum Operators

Definition 1. [1] Let H be a Hilbert space with inner product (·, ·) and norm ‖ · ‖
be induced norm by this inner product. In this case, the numerical range of a linear
bounded operator T in H is the subset of the complex numbers C given by

W (T ) = {(Tx, x) ∈ C : x ∈ H, ‖x‖ = 1}.

Recall that a numerical range of an operator is convex (Toeplitz-Housdorff) and
spectrum of an operator is contained in the closure of its numerical range.
The following result is true.

Theorem 2. If for any n ≥ 1, Hn is a Hilbert space, An ∈ L(Hn), H =
∞⊕
n=1

Hn

and A =
∞⊕
n=1

An, A ∈ L(H), then numerical range of the operator A is in the form

W (A) = co

( ∞⋃
n=1

W (An)

)
,

where co (Ω),Ω ⊂ C denotes the convex hull of Ω.

Proof. Indeed in this case, for any element f ∈ H with norm

‖f‖2H =

∞∑
n=1

‖fn‖2n = 1, fn 6= 0, n ≥ 1,

we have

(Af, f)H =

∞∑
n=1

(Anfn, fn)n =

∞∑
n=1

‖fn‖2n (An (fn/‖fn‖n) , fn/‖fn‖n)n =

∞∑
n=1

αnµn,

where

αn = ‖fn‖2n , µn = (An (fn/ ‖fn‖n) , fn/ ‖fn‖n)
n
∈W (An), n ≥ 1.
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It is clear that
∞∑
n=1

αn = 1.

Now, assume that there exists a number nk ∈ N ∪ {+∞} such that

fn1 6= 0 , fn2 6= 0 , ..., fnk 6= 0 , k ≤ ∞

and
f = (0, ..., 0, fn1 , 0, ..., 0, fn2 , 0, ..., 0, fnk , 0, ..., 0, ...) .

In this case,

(Af, f)H =

k∑
j=1

(
Anjfnj , fnj

)
nj

=

k∑
j=1

∥∥fnj∥∥2nj (Anj (fnj/ ∥∥fnj∥∥nj) , fnj/ ∥∥fnj∥∥nj)nj
=

k∑
j=1

αnjµnj ,

where

αnj =
∥∥fnj∥∥2nj , µnj =

(
Anj

(
fnj/

∥∥fnj∥∥nj) , fnj/ ∥∥fnj∥∥nj)nj ∈W (
Anj

)
.

It is clear that
k∑
j=1

αnj = 1. �

3. Numerical Radius of Direct Sum Operators

Definition 3. [1] Let H be a Hilbert space with inner product (·, ·) and norm ‖ · ‖
be induced norm by this inner product. In this case, the numerical radius of a linear
bounded operator T in H is a number which is given by

w(T ) = sup{|λ| : λ ∈W (T )}.

Recall that for any vector x ∈ H, it is true that

|(Tx, x)| ≤ w(T )‖x‖2.

The following result is true.

Theorem 4. If for any n ≥ 1, Hn is a Hilbert space, An ∈ L(Hn), H =
∞⊕
n=1

Hn and

A =
∞⊕
n=1

An, A ∈ L(H), then numerical radius of the operator A is in the following

form
w(A) = sup

n≥1
w(An).
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Proof. For any n ≥ 1, since w(An) ≤ w(A), then

sup
n≥1

w(An) ≤ w(A). (1)

On the other hand, if µ ∈ W (A), then µ =
∞∑
n=1

αnµn,
∞∑
n=1

αn = 1 and µn ∈

W (An) for n ≥ 1. Then

|µ| =
∣∣∣∣∣
∞∑
n=1

αnµn

∣∣∣∣∣ ≤
∞∑
n=1

αn |µn| ≤
∞∑
n=1

αnw(An) ≤ sup
n≥1

w(An)

∞∑
n=1

αn = sup
n≥1

w(An).

Hence, by the definition of numerical radius we get

w(A) ≤ sup
n≥1

w(An). (2)

Combining two inequalities (1) and (2), we reach to the desired inequality. �

4. Crawford Number of Direct Sum Operators

Definition 5. [1] Let H be a Hilbert space with inner product (·, ·) and norm ‖ · ‖
be induced norm by this inner product. In this case, the Crawford number of a
linear bounded operator T in H is given by

c(T ) = inf{|λ| : λ ∈W (T )}.

The following results are true.

Theorem 6. If for any n ≥ 1, Hn is a Hilbert space, An ∈ L(Hn), H =
∞⊕
n=1

Hn and

A =
∞⊕
n=1

An, A ∈ L(H), then Crawford number of the operator A is in the following

form
c(A) ≤ inf

n≥1
c(An).

Proof. Since c(A) ≤ c(An), for any n ≥ 1, c(A) ≤ inf
n≥1

c(An) satisfies. �

Theorem 7. If for any n ≥ 1, Hn is a Hilbert space, An ∈ L(Hn), Re(An) ≥ 0 (≤
0), H =

∞⊕
n=1

Hn and A =
∞⊕
n=1

An, A ∈ L(H), then Crawford number of the operator

A is in the following form
c(A) = inf

n≥1
c(An).

Proof. If µ ∈ W (A), then by Theorem 2, µ =
∞∑
n=1

αnµn,
∞∑
n=1

αn = 1 and µn ∈

W (An), n ≥ 1.



SOME NUMERICAL CHARACTERISTICS OF DIRECT SUM OF OPERATORS 1225

On the other hand, since for any n ≥ 1, µn ≥ 0 (≤ 0), we have

|µ| =
∣∣∣∣∣
∞∑
n=1

αnµn

∣∣∣∣∣ =

∞∑
n=1

αn |µn| ≥
∞∑
n=1

αnc(An) ≥ inf
n≥1

c(An)

∞∑
n=1

αn = inf
n≥1

c(An).

Therefore,
c(A) ≥ inf

n≥1
c(An). (3)

In this case, equation (3) and Theorem 6 complete the proof of proposition. �

5. Sectoriality of Direct Sum Operators

Definition 8. [1] Let T be a linear bounded operator in Hilbert space H. If
Re(Tx, x) ≥ 0 for any x ∈ H, then it is called an accretive operator in H.

Definition 9. [1] Assume that T ∈ L(H) is a accretive operator. If W (T ) ⊂
{z ∈ C : |argz| < ϕ} for any ϕ ∈ [0, π/2), then it is called a sectorial operator with
vertex γ = 0 and semi-angle ϕ. In this case, T ∈ Sϕ(H).

The following result is true.

Theorem 10. If for any n ≥ 1, Hn is a Hilbert space, An ∈ L(Hn), An ∈ Sϕn(Hn), H =
∞⊕
n=1

Hn and A =
∞⊕
n=1

An, A ∈ L(H), then for some ϕ ∈ [0, π/2),

A ∈ Sϕ(H) thenecessaryandsufficientconditionis sup
n≥1

ϕn < ϕ.

Proof. From Theorem 2, it is clear that W (An) ⊂W (A) for any n ≥ 1.
On the other hand, if An ∈ Sϕn(Hn), n ≥ 1, then for any x ∈ H with norm

‖x‖H =

( ∞∑
n=1

‖x‖2n

)1/2
= 1, n ≥ 1,

we have

Re(Ax, x) =

∞∑
n=1

Re (Anxn, xn)n ≥ 0.

Then A : H → H is an accretive operator in H.
Moreover, it is clear that

∞⋃
n=1

{z ∈W (An) : |argz| ≤ ϕn} ⊂W (A).

If we choose ϕ = sup
n≥1

ϕn, then

W (A) ⊂ {z ∈ C : |argz| ≤ ϕ} .
Since ϕ ∈ [0, π/2), then A ∈ Sϕ(H).
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On the contrary, if A ∈ Sϕ(H) for some ϕ ∈ [0, π/2), then from the relation
W (An) ⊂ W (A) and accretivity of each coordinate operator An ∈ L(Hn), n ≥ 1,
we get

W (An) ⊂ {z ∈ C : |argz| ≤ ϕ} .
Consequently, for any n ≥ 1, An ∈ Sϕn(Hn). This completes the validity of the
assertion. �

6. Applications of Some Numerical Characteristics of Direct Sum
Operators

Example 11. Let for any n ≥ 1, Hn = (C, |.|), An = αnE, αn ∈ C and H =
∞⊕
n=1

Hn = l2(C), A =
∞⊕
n=1

(αnE) : H → H. In this case,

W (An) = αn, n ≥ 1,

w(An) = |αn|, n ≥ 1,

c(An) = |αn|, n ≥ 1

and for Re(αn) ≥ 0, n ≥ 1, An is accretive. In addition

ϕn = argαn, n ≥ 1.

Therefore,

W (A) = co{αn, n ≥ 1},
w(A) = sup

n≥1
|αn|,

c(A) = inf
n≥1
|αn|

and this case when sup
n≥1
|argαn| < π/2, angle of sectoriality of operator A is

ϕ = sup
n≥1
|argαn|.

i.e. A ∈ Sϕ(l2).
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