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Abstract

This paper focuses on the multiple positive solutions for a coupled system of nonlinear
boundary value problems of fractional order. Our approach is based on a fixed point
theorem due to Bai and Ge. Also, an example is given to demonstrate the applicability of
our main result.
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1. Introduction

We concentrate on the multiple positive solutions of the following fractional differential
systems with m-point integral boundary conditions:
DPru(t) + f1(t,v(t), DPo(t)) =0, te(0,1),
DP2y(t) + fo(t,u(t), D2u(t)) =0, te (0,1),

m—1 n;

W (0) = ... = u™2(0) = u""D(0) =0, u(l) = Y a@-/o u(s)dA(s), (1.1)
=0, v(1)

=

1
m—1

(s)
7 (0) = ... = =2 (0) = p=D(0) — 3y, /0 " o(s)d

1=

d
B(s),

[y

in which D is the standard Caputo fractional derivative, n,r € N, n,r > 2, n—1 < p; < n,
r—1l<p<rnl<g<p-L1l1<g@g<p—-1lmeNm2>20<n <n <
e < M1 = 1, a5, > 0 for i € {1,2,...,m—1}. Here fi,fo € €([0,1] x [0,00) x
R, (0,00)), [o* u(s)dA(s) and [3" u(s)dB(s) are the Riemann-Stieltjes integrals with pos-
itive measures, A and B are functions of bounded variation, 377! a; Jo'idA(s) < 1 and
St b [ dB(s) < 1.

In recent years, the theory of boundary value problems for fractional differential equa-
tions and coupled systems has gained a significant research area of investigation due to
their applications in various research areas such as physics, biology, chemistry, control
theory, economics, etc. Consequently, there are many works devoted to the existence of
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positive solutions for fractional boundary value problems by means of methods of nonlin-
ear analysis, see [1-3,5,8,9,11,12,14,16,17] and the references therein. For instance, Su
[14], investigated the following system of the form

Du(t) + f(t,v(t), D*v(t)) =0, te(0,1),

DPv(t) + g(t,u(t), D?u(t)) =0, te(0,1), (1.2)
u(0) =v(0) =u(l) =v(1) =0,

where D is the Riemann Liouville differentiation, o, 8 € [1,2), p,d > 0, a — ¢ > 1,

B—pu>1, f,g€C(0,1] x R x R). The author established the main result of the system

(1.2) by using the Schauder fixed point theorem.
In [7], the authors studied the following system of fractional boundary value problem

Du(t) + Af(t,u(t),v(t)) =0, te(0,1),
DP(t) + pug(t,u(t),v(t)) =0, te(0,1),

u(0) = v/ (0) = ... = u»2(0) =0, u(1)

I
.M“

aiu(&i), (1.3)

=1

-

Il
—_

v(0) = 0'(0) = ... =™ 2 (0) =0, v(l) = biv(n;),

K2
in which D® and D? are Riemann Liouville derivatives, n,m € N, n,m > 2, a € (n—1,n],
g€ (m—1ml] p,g €N, a; €R forany i € {1,2,...,p}, b; € R for any ¢ € {1,2,...,q},
0<& <& <. <Ep<L,0<m<np<...<n<1and fisa given function on
[0,1] x (0,00) x R. Here, they investigate the positive solutions of the system (1.3) via the
Krasnoselskii’s fixed point theorem.

On the other hand, fractional boundary value problems with Riemann Stieltjes integral
boundary conditions is an interesting class of problems. Since they contain multi-point
and integral boundary conditions as special cases, the problem (1.1) is more general than
problems given in some literature. Also, compared with [7,15] we consider the system
whose nonlinear terms constitute the fractional derivative which gives rise to complication.

In order to establish our main theorem, the following concepts and the fixed point
theorem due to Bai and Ge [4,6] are presented.

Let ¢ be a nonnegative continuous concave functional on the cone P and 7, ¥ be non-
negative continuous convex functionals verifying

|lu|| < M max {n(u),d(u)},for all u € P, (1.4)
where M > 0 is a constant and
K ={ue P:n(u) < R,¥(u) <k} #0, forany R >0 and k > 0. (1.5)

For any R > ¢ > 0 and k > 0, define the following convex sets

P(n,R,9,k) ={ue P:n(u) <R,¥u) <k},
P(n,R,9,p) ={ue P:n(u) <R,Iu) <k},
P(n,R,Y,k,(,c) ={ue P:n(u) < R,I(u) < k,((u) >c},
P(n,R,9,k,¢,c) ={ue P:nu) <R,I(u) <k, ((u) >c}.

Lemma 1.1 ([4]). Suppose that B is a Banach space, P C B is a cone, Ra > d > e >
Ry > 0, ko > k1 > 0, and 1,9 are nonnegative, continuous, convex functionals on P
satisfying (1.4) and (1.5), ¢ is a nonnegative continuous, concave functional on P veri-
fying ¢(u) < n(u) for all w € P(n, Ry;V, ko). If A : P(n, Re; 9, ke) — P(n, Ry; 9, ka) is a
completely continuous operator and the following conditions are satisfied

(Z) {u € ?(77’ d7 791 k27 Ca 6) : C(U) > 6} 7é ®7 C(AU) >e fOT u € ?(777 d7’197 k?a Cv 6),



1628 F. Yoruk Deren

(i) n(Au) < Ry, 9(Au) < ky for all uw € P(n, Ry,9, k1),
(iii) C(Au) > e, for all u € P(n, Re; 9, ks, (, e) with n(Au) > e,

then A has at least three fized points uy,ug,ug in P(n, Re, 9, k) satisfying

ui € P(naRlaﬁa kl)? ug € {?(77) R2;197k‘2;C7€) : C(u) > 6}7
us € P(Th RQ? 19? k2) \ (ﬁ(n7R27’197 kQ; Cv 6) Uﬁ(nv Rl; ?97 kl))

2. Existence results

Many definitions on the fractional calculus have emerged over the years. In this paper,
our work relies on the sense of the Caputo fractional derivative (see [10,13]) given by

1

P = 5 )

t
/ (t—s)" PR (s)ds, n—1<p<n, n=][p+1,
0

D"h(t) = h*(t), n € {1,2,3,...},

where h € €"[0,00), and [p] is the integer part of p.
Consider the following boundary value problem of fractional differential equation

—DPu(t) = h(t), te(0,1),

W (0) = ... = w2 (0) = u»D(0) =
0= =02 0) =0, .
1m:;mémmm)

In order to establish the positive solutions of the boundary value problem (2.1), we give
the following lemma:

Lemma 2.1. Let h € €([0,1],R), then the BVP (2.1) has an integral expression

1
u@%:A H(t, 5)h(s)ds,

where
1 m—1 n;
Hﬁ@:&meizw/Gﬁ@M@ (2.2)
1= 0
(1—s)r—1t, 0<t<s<l,
Gi(t,s) = —— 2.3
1t ) T'(p1) {(1—s)p1_1—(t—s)p1_1, 0<s<t<1, (2:3)
m—1 n;
and Dy =1— Z ai/ dA(s).
=1 70
Proof. Let u verify (2.1). Then the general solution of (2.1) is given by
(t) ! /t(t P h(s)ds 4+ 1 + cat + . + cpogt" T
u(t) = — —s s)ds+c1+c v FCpe .
L(p1) Jo ! ? !
By the boundary conditions of (2.1), an easy calculation yields that co =c3 = ... = ¢;,—1 =

0, and
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C1

1 1 m—1 n;
= 1— s~ h(s)ds + ai/ u(s)dA(s
Fr 0T > o

Thus, the unique solution of the BVP (2.1) is of the form

——71 ' — )P h(s)ds m_la- nius s 1 1 — 5P h(s)ds
)=~y fy €= s+ X [T utaA) + s [0 G
1 m—1 n;
:/0 Gr(t, 5)h(s)ds + ;a/o u(s)dA(s
(2.4)
where

jzllm /Oniu(s)dA(S) ?Ifaz/om / Crlsmh d”ZC“/ njaAc)
So,

m—1 1m1

Mg —
@i / uls D, 2
i=1 0 =1

Putting (2.5) into (2.4), we get that

/ 5)ds + /O 1 [;l 21 ai /0 " G (t, $)dA()| h(s)ds
= [ m

a; / 1 / " G (s, T)dA(s)h(r)dr (2.5)
0 JO

ds.

O

By (2.2) and (2.3), one can easily see that Gi(t,s) and Hi(t,s) have the following
properties:
Lemma 2.2. The function G1(t,s) given by (2.3) satisfies
(i) Gi(t,s) >0 for any t,s € [0,1].
(ii) Gi(t,s) < Gi(s,s) for any t,s € [0, 1].
(iii) For any p € (0,1/2) and s € [0,1], we have

min Gi(t,s) > 01G1(s,s), forall s € [0,1],
te(p,1—p]

where
Op=1—-(1—pr L (2.6)
Lemma 2.3. The function Hi(t,s) given by (2.2) verifies

(i) Hi(t,s) >0 for any t,s € [0,1].
(ii) Hi(t,s) < & Gi(s,s) for any t,s € [0, 1], where

1 m—1 n;
§=1+5 ; ai/o dA(s). (2.7)

(iii) For any p € (0,1/2) and s € [0,1], then

[mm ]Hl(t ,8) > 101G (s, s), forall s €0,1],
te

where & and O1 are given by (2.6) and (2.7) respectively.
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In a similar way, we can obtain the above results for the BVP
DP2y(t) = h(t), te(0,1),
m—1 n;
V' (0) = ... = 02 (0) = v"=D(0) = 0, v(1) = > bz-/ v(s)dB(s).
i=1 70

Here, we assume that Ga(t,s), Ha(t,s), Oz, & denote the corresponding functions and
constants defined in a similar way as in Lemma 2.1-Lemma 2.3.

Let U = {u(t) : u € C[0,1] : D®u € C[0,1]} with the norm |[jully = max;g[o 1] |u(t)] +
maxe(o,1] [ D®u(t)], and V. = {v(t) : v € €[0,1] : D"v € €[0, 1]} with the norm [[v|ly =
maxyeo,1] |v(t)] + max,e(oq) [Dv(t)|. Then U x V is a Banach space endowed with the
norm ||(u,v)|| = max {||ul|v, [[v|v} for (u,v) € U x V.

Define the cone

P ={(u,v) eU xV :u(t) >0, v(t) >0},
and the operator A: U x V — U x V given by
A(u,v)(t) = (Arv(t), Azu(t)), (2.8)

in which

1
Avo(t) :/O Hi(t, 5) fi(s, v0(s), D% o(s))ds,

1
Asu(t) = / Hal(t, 5) fo(s, us), D=u(s))ds.
0
Then the fixed point of the operator A is the solution of the system (1.1).
Lemma 2.4. A: P — P is a completely continuous operator.

Proof. From the definition of A, it is clear that A(P) C P. Also, in view of the Arzela As-
coli theorem and the standard arguments, one can see easily that A : P — P is completely
continuous. O

For the readers convenience, let us denote

1 1 1
A = / G1(s,s)ds, By = 7/ 1— g9~ 1gs,
=4 0 1(59) LT T(pr - a2) Jo ( )

1 1 1
Ay = / Go(s,s)ds, By = 7/ 1— s)P2a—lgg,
2 =8 0 2(s ) ? L(p2 —aq1) Jo ( )

1—p 1—p
M1 = 51@1 Gl(s,s)ds, M2 = 52@2 GQ(S,S)dS,
12 I
1
0=—.
1%

Theorem 2.5. Suppose that there exist constants Ry > ©e > e > Ry > 0, ko > k1 > 0
such that

k
ft2 < min{RQ,Z}, Assume
(a fl t, U,U) < mm{%,%}fort € [0? 1]’ RS [07 RQ]} v E [71{52,]{:2]'
( >%f07"t€[u,l—u],UE[G,@Q],UG[—kQ,kQ],

7

)
(t,u,v) < min{%,%}fort €10,1], w € [0, R1], v € [—k1, k1].
)

forte [pu,1—pul, uele, Ra|, v e [—ka, kal.

@

M;
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Then the system (1.1) has at least three positive solutions (u;,v;) (i =1,2,3) with

0< t t)e <R DRy (t DUy (t)] p < k
_maX{tgl[gfﬁm(),trél[gff]vl()}_ 1, maX{tren[gfﬁl m()l,trg[gfﬁl vl()\}_ 1

< mi t i t)y < t), t) ¢ < Ry,
e < min {te[lzulnu]u (t), i, va( )} < maX{tgl[% us(t) max va( )} 2

D%y (t)], DT vy ()] ¢ < ko,
max {trél[%?f]| U2( )| tfen[gfli]’ ’02( )|} = h2

k1 < max { max |D%us(t)|, max \Dqlvg(t)\} < ko,
te[0,1] te[0,1]

< < i <e.
R; < max {tgl[%fﬁ us(t), tlél[a)li] v (t )} < Ry, min {te[l;?,lln Mu 3(t), teﬁnln § vg(t)} <e

Proof. To prove that the system has three positive solutions, we introduce the following
three functionals by

n(u, v) = max {[|uflco, [[0]loc}
I(u,v) = max {|| D ul|oo, | D" vloc} ,

C(u,v):min{ min u(t), min v(t)}.

t€[p,1-p t€[p,1-p

It is apparent that ( is a nonnegative concave functional and 7, 1 are nonnegative convex
functionals satisfying (1.4) and (1.5).

Define A : P — P by (2.8) and (2.9) It follows from Lemma 2.4 that A is completely
continuous. Now, we will show that all the conditions of Lemma 1.1 is verified. First,
we prove that A : P(n, Re,9,ks) — P(n, Re, 9, k). Let (u,v) € P(n, Ry, 9, k). Then
n(u,v) < Ra, 9(u,v) < ko. By virtue of assumption (a), we can get

1
HAlvHoo—m[aax] / Hl(t,s)fl(s,v(s),Dqlv(s))ds‘
0

<& /01 Gi(s, 8)fi(s,v(s), DMv(s))ds (2.10)

1
<26 [ Gils,9)ds = Ry
A1 Jo
and

1 t
D% A o = _ / t— g)P1—a2—1 7 , D% d
D% Avvllos = max | i (= )P~ fu(s, 0(s), DO u(s))ds|

1 / ey
(1—s)Pr=2lds = ky.
I'(p1 — ¢2) B1 2

(2.11)

Similarly, one has | A2ul|oo < Ry and || D% Aqu||so < ko. So, we have A : P(n, Ra, 9, ko) —
P(n, Ra,9, k2). Next, we shall show that condition (i) of Lemma 1.1 is verified. Pick
(B¢, ©¢). Then, one can easily see that (e, Oce) € P(n, Oc, ¥, ks, (, e), where ((u,v) > e.

Thus, {(u,v) € P(n,0e, 9, ko, C,€) : ((u,v) > e} # (). If we choose (u,v) € P(n, Oe, U, ks, €),
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then u(t),v(t) € [e, O¢] for any t € [, 1 — p]. Thus, from assumption (b) we get

1—p
min Aj(t) > €161 [ Gilss)fi(5,0(s), D™ o(s)ds
te€[p,1—p] 2

Also, it is evident that min,¢, ;) A2u(t) > e. So, we obtain that ((A(u,v)) > e. Thus
(i) of Lemma 1.1 is verified.

In a similar way as in (2.10) and (2.11), we can prove that the operator A holds the
condition (ii) of Lemma 1.1.

Finally, we show that the last condition of Lemma 1.1 is satisfied. Foru € P(n, Ra,9, ko, (, €)
with n(A(u,v)) > Oe, we know that n(A(u,v)) < Ry. Then (d) implies that

1-p
min_ Ao(t) > 0,6 / Gi(5,) f1(s, v(s), DI o(s))ds
t€u,1-p @

1—p
@M1@1§1 ; G1(s,s)ds

_ R nA)

e S)

Similarly, one has minge, 1, A2u(t) > e. Hence, ((A(u,v)) > e, (iii) of Lemma 1.1 is
verified.
Consequently, it follows from Lemma 1.1 that the operator A has at least three positive

solutions (u;, v;)

(1=1,2,3) with
(U1, Ul) S P(?], R17 19) k1)7 (u27 ’UQ) € {P(Th R27 197 k?v C? 6) : C(U) > 6} ’
(u37 US) S P(ﬁ, R27 197 k2) \ (F(TL R27 197 k27 gv 6) U F(na Rla 197 kl))
The proof is complete. U

Example 2.6. Consider

D72u(t) 4+ fi(t,v(t), D¥?v(t)) =0, te(0,1),
D72u(t) + fo(t,u(t), D¥?u(t)) = 0, te (0,1),
W/(0) = u"(0) =0, u(1) = & [/° u(s)dA(s) + & Jy/* u(s)dA(s) + 5 3 Jy w(s)dA(s),
V'(0) = 0"(0) = 0, v(1) = § [3"2 v(s)dB(s) + L [o/* v(s)dB(s) + L J3 v(s)dB(s)

3 1
Wherep1:pgzg,qlzqu§,m=4,A(S)=B(S)=%,a1:a2:a3=§,n1=
1
ny =4, ng =1,

INtFL 100w o2
(g) T+T047 B u € [0,8],
1\t+1
filt,u,v) = (g) +950u — 7500 + 1. 8, 10]
1 t+1+100u+17000+ v2 € [10, o]
= —_— =, u 00
8 9 101’ b
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and

1\t 100w ol

6+ i uelos)
falt,u,v) = (l)t +950u— 7500+ 1%L e [8,10]

6 1057 9y Y

1\t 100w+ 17000 |o|
By easy calculation, we obtain D = 2L 3 a; [P dA(s), Yi i ai [;"dB(s) € (0,1),
@1:@2:ﬁ,§1:§2:%. Letu:i,thenAl:Agzﬁﬁ,BlzBQ:%,and

My = Ms =~ 0.005593. Choosing R1 =8, e = 10, Ry = 100, k1 = 100, ko = 2000, one gets
£1(t,u) < min {ﬁ—f g%} = 4000, for ¢ € [0, 1], u € [0,100], v € [—2000, 2000],
fit,u,v) > Mil ~ 1787.949, for ¢ € [1, 3], u € [10,100], v € [—2000, 2000],

fu(tu,v) < min {82 8L — 200 for ¢ € [0,1], u € [0,8], v € [~100, 100],

Ry

fit,u,v) > ~ 2760 for t € [%, 3], u € [10,100], v € [~2000, 2000];

i
i.e., f1 holds the conditions of Theorem 2.1. Similarly, fs verifies the conditions of Theorem
2.1. Consequently, Theorem 2.1 implies that the system (2.12) has at least three positive
solutions (u;,v;) for i € {1,2,3} with

0< t )y <8 D%u(t)], D%y (t)] p < 100,
_maX{tgl[gff]m(),trg[gfﬁvl()}_ : maX{trél[gff]l uy(t)] tgl[gfﬁl vl()l}_

10 < mi i t), mi t) 3 < t), £) b < 100,
min {teﬂﬁnu] us(t) o min va( )} max {32[8‘3‘] us(t) max va( )}

max { max_ | D®usy(t)|, max ]Dqlvg(t)|} < 1000,
te(0,1] t€[0,1]

100 < max { max |D%us(t)|, max |Dq103(t)\} < 1000,
t€[0,1] te[0,1]

8 < t), t) p <100, mi i t), i t) p < 10.
< { g a0 g0 <100, min{ i 0. i, 0}
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