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Abstract

In this paper, by using the properties of @ and 8 cuts of intuitionistic fuzzy numbers,
we have firstly proposed a method to find the general solution of the second order initial
value problem with intuitionistic fuzzy initial values under intuitionistic Zadeh’s extension
principle interpretation. Then we have given some numerical examples for the proposed
method.
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1. Introduction

To utilize uncertainty in engineering and mathematical models, L. A. Zadeh coined the
fuzzy set idea in 1965 [36]. In this idea, every element in a set is given with a function
p(x) + X — [0,1], called membership function, to explain the full membership, non-
membership and partial membership of the elements to the set. Since this approach was
considered as one of the powerful tools to handle vagueness, it has been applied to various
fields of science and engineering [1-3, 14, 16-24,26, 27,33, 34] In fuzzy set theory, 1 — p is
considered as the non-membership function of an element to the set. That is why, the sum
of the membership function and non-membership function of an element is always one.
However, due to inadequate or incomplete information in models, there may be uncertainty
in the membership or non-membership of an element. Hence, some extensions of fuzzy
set theory were introduced [4,25,28]. One of these extensions is Atanassov’s intuitionistic
fuzzy set theory [4].

In 1986, Atanassov [4] introduced the intuitionistic fuzzy set concept. In his concept,
every element in a set is accompanied with a membership function p(z) : X — [0,1] and
a non-membership function v(z) : X — [0, 1] such that the sum of both is less than or
equal to 1. Hence the difference 1 — (u+v), called hesitation degree, is used to express the
lack of knowledge and imprecision in a model. Later, Atanassov unveil some important
intrinsic properties of intuitionistic fuzzy sets in his further researches [5-12].

As a tool to explain vagueness, fuzzy initial value problems have a significant importance
in physics, biology, engineering and the other fields of science. Hence many researches
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were done in this topic. For example, in population models [1, 14], civil engineering [24],
computational biology [21,26] and etc. [13,22,24,31].

Recently intuitionistic fuzzy initial value problems (IFIVPs) have been studied as well
[29,30,32]. In these papers, mostly first order intuitionistic initial value problems were
studied. Although the second order linear differential equations have a variety of applica-
tions such as the motion of a particle, the vibration of a spring and the flow of electrons in
an electric circuit [35], we have not found any studies in second order intuitionistic fuzzy
initial value problems in our literature search.

Generally in the application of fuzzy numbers, the arithmetic operations on fuzzy num-
bers are performed either by Zadeh’s extension principle or by a-cuts of fuzzy numbers
[15,22]. In this paper we will propose a method to find the solution of second order in-
tuitionistic fuzzy initial value problems under intuitionistic Zadeh’s Extension Principle
[11] by performing interval arithmetic operations on « and f cuts of intuitionistic fuzzy
numbers.

This article is organized as follows. In Section 2, we introduce some basic definitions and
theorems which we will use in further sections. In Section 3, we introduced our proposed
method and give some numerical examples. Finally conclusions are given in Section 4.

2. Preliminaries

Definition 2.1. [4] Let A C X and let pa(z) : X — [0,1], va(z) : X — [0, 1] be two
functions such that 0 < pa(z) + va(x) < 1. The set

A = {(z,pa(x),va(x)) 2 € X, pa(z), valz) : X —[0,1]}
is called an intuitionistic fuzzy set of X.
Here p4(x) is called membership function and v4(z) is called non-membership function.
We will denote set of all intuitionistic fuzzy sets of X by I'F(X).
Definition 2.2. [4] Let A’ € IF(X). The set
Ala,f)={r e X :a, B€[0,1]; pa(z) > a, va(x) <, 0<a+p<1}
is called the (c, B)-cut of the intuitionistic fuzzy set A’.

Definition 2.3. [4] Let A’ € IF(X). The a-cut of A’ is defined as follows:
For a € (0, 1]
Afa) = {z € A pa() > a},
and for a =0

A(0) = cl( U A(a)).
a€e(0,1]
Here and after we will use "cl" to denote the closure of a set.
Definition 2.4. [4] Let A* € IF(X). The -cut of A’ is defined as follows:
For g € ]0,1)
A*(B) ={z € A:va(x) < B},

and for 8 =1

A1) =d( |J A*0).

BE0,1)

Theorem 2.5. [4] Let A" € IF(X). Then A(a, ) = A(a) N A*(3) holds.

Definition 2.6. An intuitionistic fuzzy set A* € IF(R") satisfying the following properties
is called an intuitionistic fuzzy number in R™
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(1) A?is a normal set, i.e., 3 29 € R" such that pa(zo) = 1 and va(zg) = 0
(2) A(0) and A*(1) are bounded sets in R™.
(3) pa : R™ —[0,1] is an upper semi-continuous function, i.e.,
Vk € (0,1}, {x € A: pa(z) < k}) is an open set.
(4) va : R™ —[0,1] is a lower semi-continuous function, i.e.,
Vk € [0,1]{x € A:va(z) > k} is an open set.
(5) The membership function p4(x) is quasi-concave, i.e., VA € [0,1],Vz, y € R”

pa(Az + (1= A)y) = min(pa(z), pa(y))-
(6) The non-membership function v4(z) is quasi-convex; i.e.,VA € [0,1],Vz, y € R”
va(Az + (1 = N)y) < max(va(x),va(y)); VA € [0, 1].
We will denote the set of all intuitionistic fuzzy numbers of R" by IFx(R").

Remark 2.7. In some articles [29,30] the non-membership function v4(z) is called a fuzzy
concave function in the definition of intuitionistic fuzzy numbers. However, in our view,
it is more suitable to address it as quasi-convex because the inequality v4(x)(Az1 + (1 —
AN)zg) < max(va(z1),va(x2)) is already an equivalence for quasi-convex functions.

Definition 2.8. [29] A triangular intuitionistic fuzzy number (TIFN) A’ € IFy(R) is
defined with the following membership and non-membership functions:

e e <z < a
pa(z) =4 22505 az <z < ag
0; otherwise,
and
;22 ag%; ai <z <ag
va(z) = %7“;2; az <z < aj

1; otherwise.
Here a} < a1 < ag < az < a3 and it is denoted by Al = (a1, as, as; ai,az, al).

Now we will give fundamental theorems characterizing o and S-cuts of intuitionistic
fuzzy numbers based on the characterization and stacking theorems in [15,22] for fuzzy
numbers.

Theorem 2.9. Let A* € IFyN(R™) and o, B € [0,1] such that its a and B cuts given by

Ala) ={z € R" : pua(z) > a} and A*(B) = {x € R" : va(z) < B}. Then the followings
hold:

(

1) A(a) and A*(B) are non-empty compact and convex sets in R™
(2
(3
(4

)

) IfO < (05} < a9 < 1 then A(Ozz) C A(Oél)

) If 0 < By < By <1 then A*(B1) C A*(52).

) If (Oén) 1S a non- decreasmg sequence COTLU@T‘ang to o then

O Alay,) = A(a).

(5) If (Bn) is a non-increasing sequence converging to [ then

[ A"(Bn) = A*(B).

n=1

(6) If (ap) is a non-increasing sequence converging to 0 then

(| Alan)) = A(®0).
n=1
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(7) If (Bn) is a non-decreasing sequence converging to 1 then
d(|J A*(Bn) = A*(1).
n=1

Corollary 2.10. Let A® € IFN(R). Then A(a) and A*(B) are closed and bounded inter-
vals such that

A(a) = [A1(a), Ag(a)],
and

A*(B) = [A1(B), A3(B)].
Here

Ai(a) =inf{x €e R: pa(z) > a},
Az(a) =sup{z € R: pa(x) > a},
Al(B) =inf{z e R:va(x) < 5},
A5(B) =sup{z € R:vy(z) < B}

Now we will give Zadeh’s extension principle for intuitionistic fuzzy environment.

Definition 2.11. [11] Let X and Y be two sets and f : X — Y be a function. Let A’ be
an intuitionistic fuzzy set in X. Then f(A') is an intuitionistic fuzzy set in Y such that
for every y € Y

sup{pua(z) : f(x) =y} X
and
inf{va(x) : f(z) =y}, X
Vf(’i)(y)_ { {ra( )17f( ) =y} ;/;JJ:(( ))

3. A method for IFIVPs

In this section, we will propose a method to find the solution of second order intuition-
istic fuzzy initial value problems under intuitionistic Zadeh’s extension principle interpre-
tation [11]. Under this interpretation, firstly we will solve the crisp initial value problem.
Then, we will get the solution of the intuitionistic fuzzy initial value problem from the
crisp solution with the help of intuitionistic Zadeh’s extension principle. To prevent the
switching of endpoints of « and  cuts, we will apply Heaviside (step) function during the
interval operations on « and 3 cuts.

3.1. The method

Now, we will consider the following type of intuitionistic fuzzy initial value problem:

y" () + a1y () + azy(x) = Y54 blg; () (3.1)
y(0) =76:y'(0) = 71 '
Here a; and ay are crisp constants and g; (j = 1, ...,7) are continuous functions on the
interval [0, 00). The initial conditions 73, 7% and forcing coefficients B; (j=1,...,r) are
intuitionistic fuzzy numbers.

Theorem 3.1. Let Yi(z) be the solution of the intuitionistic initial value problem in (3.1)
obtained by intuitionistic Zadeh’s extension principle. Let o and 3 cuts of Yi(x), l_); (j :
1,..,7) and 7i (k : 0,1) be given by [Y1(z, a), Ya(x, )], [V (2, B), Yo' (z, B)]; [bj1 (), bja(ar)],
[b;‘l(ﬁ), ;‘2(6)] and [k (o), ve2(a)], [V (B), i (B)], respectively. Then the o and 5 cuts
of the solution can be determined as follows:
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Yi(w,a) =) o[m(a) (Y2 (@) — r1(@))0(Ag ()] Ar ()
+ZJ 1[bia(e) = (bja(a) = by (e )) (Bj(2))]Bj (),
Ya(w,a) = ) o[m(a) (yh2( ) Y1 (@))0(Ax ()] Ax ()
+ 2 5-1101(@) + (bja(a) = by (a )) (Bj(2))]Bj(x), (3.2)
Yi' (2, 8) = Yi—olnia(B) — (m( ) V1 (8)0(Ar(2))] Ak () '
+ 25-11b52(8) = (52(8) = 611(8))0(B; (@)1 B; (@),
Yy (x, B) = Zk ol (B) + (V2 (B ) — Vi1 (8))0(Ag ()] Ag ()
+ 2252151 (8) + (052(8) — b51(8)0(B;(2))1Bj ().

Here Ay(z) and Bj(x) are continuous functions of x and 6 is Heaviside function.

Proof. We will firstly solve the following crisp initial value problem related to the intu-
itionistic fuzzy initial value problem in (3.1)

,
y' () + ary () + agy(x) = Y bjgi(), (3.3)

y(0) = 70; ¥'(0) =m. (3.4)

Here a1, az, 70, 71 and b;(j = 1,...,7) are real (crisp) numbers. The general solution of

the differential equation in (3.3) can be written as:

Y(z) = ciy1(z) + coya(z) + Z biGy( (3.5)

where ¢; and ¢ are arbitrary constants and G(x) (j = 1, ...,7) are the particular solutions
for each of the following differential equations:

y'(@) + ay (@) + agy(w) = g;(2); (G = 1, ),

Here y; () and y2(x) are linearly independent complementary solutions satisfying (3.3).
Let us next obtain the arbitrary constants ¢; and ¢z in (3.5).

cly(O + 02y2 —|— Z b G
and
c1y1(0) + coys(0) + Z b;G5(0) = 71,
Here after, we will use the following notatlons for the sake of shortness.
Wo— ( Wiy Wiz ) ;
w21 W22
win = y1(0), wiz2 = y2(0), w21 = y4(0), w22 = y5(0);
— c1 Y\ W Aoj )
= - N — j
‘ <02>’7 (71)’ ’ (Alj ’
ANoj = Gj(0),A; = G;-(O); j=1,..,r

According to these notations, we can write (3.6) in the matrix form:
=
W?e=7-3 bA, (3.6)
j=1

Using Cramer’s rule, we obtain c¢; and co as follows:

o = Wyl Wyl
Toowl o w

=1,2.
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Here

Wl =
Wi| =
Wha| =

[Wai| =

[Waa| =

o W11W22 — W21W12;
w1 W22 ’
Y0 W12

= Yowa22 — Y1W12;
Y1 wa ’
w11 Y

= Y1W11 — YoW21;
wo1 M ’

> i=1 0005 w2
> =101 wa2

.
w11 D=1 bjAo;
IS8
war D 5q bjAy;

J=1

Thus, ciand co can be rewritten as

(Wii| — [War|  yowsz — yiwiz — 35— bj(Agjwa — Ajwiz)

= bj(Agjwar — Agjwia);

= Z bj(Alij — Aojwm).
j=1

cl =

W]

W]

[Wia| — [Waa|  mwin —Y0war — 35— bi(Arjwin — Agjwar)

@ = W]

W]
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To simplify the results above, ¢; and co can be rewritten in the following form, respec-

tively:

c1 = Y0f22 — v1fi2 + Z bi(Avjfiz — Dojfaz),

and

J=1

c2 =y1f11 — YoSfa1 + > bj(Aojfor — Ayjfi1).

where f;; = %;i,j =1,2.
Substituting ¢; and ¢y into

Y(z) = 70 (fey1(®) — fay2(2)) + v (fuive(z) — frzma(z)) +

T
>
j=1

j=1

(3.5), we obtain the solution as:

bj(Gj(x) + y1(z) (A1 frz — Dojfa2)

+y2(x)(Aoj for — Arjf11))-

Next we will use the following notations for the sake of simplicity

Ao(x) = f22y1(
Ai(z) = fuya(

x) — forye(z),
r) — fray1(z),
Bj(x) = Gj(x)+yi(x)(Avjfiz — Aojfo2) + y2(x)(Aojfor — Avjfir),

(3.7)
(3.8)
(3.9)

where j = 1,...,7. Thus the solution of the crisp initial value problem can be written as:

Y(z) = v0A0 +7141 + Z b;B;.
j=1

(3.10)

By Zadeh’s Extension Principle for the intuitionistic fuzzy sets we can write the solution
of the fuzzy initial value problem as follows:

'
Yi(x) =54Ao + 71 A1 + Y _b:B;.
=

(3.11)
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In terms of o and (8 cuts of the intuitionistic fuzzy numbers we obtain that

[}/1 (‘T? O‘)ﬂ Y, (.T, a)] = leczo [’Ykl (a)7 7k2(a)]Ak (LI?)
+ 25=11bj1 (@), bja(a)] Bj(2),

Yy (2, 8), Y5 (2, 8)) = Sioliia (B), via(8)] Ax(2)
+ > 25=11051(8), b52(B)] B ().

Here vj1(a), bj1 (), Yi(a); 71 (8), 051 (B), Yi*(B) are lower bounds for a-cuts and S-cuts,
respectively; and vja(a), bja(a), Ya(a); vj2(B), bj2(8), Y5 (B) are upper bounds for a-cuts
and S-cuts, respectively.

Using the Heaviside function and interval arithmetics we can write the o and 3 cuts of
the solution Y?(z) as follows:

Yi(z, o) = Ypoolmz(a) — (vr2(cr) — i1 (@) 0(Ax(z))] Ak ()
+ 21 bja () = (bj2(a) — bj1())0(B;(2))]Bj(z),

(3.12)

Ya(z,a) = Sh_olmi (@) + (ya(@) — 1 ()0 Ag(2))] Ax(2)
+ 3251 b1 (@) + (bj2(a) — bj1())0(B;(2))]Bj(z), 1)
3.13
Y (@, B) = Zk o[k (B) — (’Ykz(IB) Y51 (8))0(Ag(z))] Ak (2)
+3251[052(8) — (b52(8) — 071(8))0(B;(2))] B; (z),
Yy (@, 8) = Zk 0l 7%1(B) + (V2(B) — 751 (8))0(Ak(2))] Ak (2)
+ 2251051 (8) + (052(8) — 071(8))0(B;(2))] B; (z).
Hence the proof is completed. ]

Now let us consider the following numerical examples

Example 3.2. Consider the following second order intuitionistic fuzzy initial value prob-
lem:

y" + 3y + 2y bia? 4 b cos(x),
:}/(Z) = (07172a_171)3)a
Moo= (4,5,7;3,5,8)

where b} = (3,4,5;2,4,6), b = (19,20, 21;18, 20, 22).
Let us first solve the crisp initial value problem:

{ y" + 3y + 2y = 42 + 20 cos(x),
y(0) =1, y/(0) =5.

The general solution of the differential equation in this initial value problem is

Y (z) = e 4™+ 222 — 6+ T7+2 cos(z) + 6sin(z).

Thus, we can obtain proper solutions for g;(z) = 22 and go(z) = cos(x) as follows:

Gi(z) = i(ZzQ — 62+ 7),
Gao(x) = i(2 cos(z) + 6sin(z)).

20
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The functions Ag(z), A1(x), Bi(z) and Bs(x) are as follows:
Ao(z) = —e 27 42077,
Ay(z) = —e e
Bi(x) = ei?x -2+ 1(7 — 62 + 22%)
4 4 ’
Bsy(x) = ge_% _er + — ! (2cos(z) + 6sin(x)).
5 2 20

According to (3.17) the a and f§ cuts of the solution can be found as follows:

Yi(z, a)

Yo(z, )

and

Yo' (2, B)

7 2a — (3 — 3)0(Ao(2)] Ao (z) +

[

2 —a— (2 - 2a)0(A1(2))] A1 (z) +
[5—a—(2—2a)0(Bi(2))|Bi(z)
21 — o — (2 — 22)0(Bs(x))] Ba(),
[4+ o+ (3= 3a)0(Ao(x)] Ag(z) +

[a + (2 — 20)0(A1(x))] A1 () +
[3+a+(2—2a)0(Bi(z))]B1(r) +
[19 + a + (2 — 2a)0(Ba(x))| Ba(x),

5+ 38 — 480( Ao ()] Ao () +
[1+26 — 4B0(A1 (1)) A1 (2) +
4+ 28 — 480( By (2))] Bi() +
120 + 28 — 480(Ba(2))] Ba(x)

1

[6 =284 560(Ao(z)]Ao(x) +
[1 =26+ 45)0(Ai1(x))] A1 (z) +
[4 =253+ 450(B1(x))] B1(x) +
20 — 28 4 4560(B>(x))] Ba(x).

Here 0(z) is the Heaviside function.

— Y*(x, 1)
Yi(x, 0)
— Y(x)
— Ya(x, 0)
— Y*i(x, 1)

Figure 1. Solutions for « = 0 and S = 1 of the intuitionistic fuzzy solution for

Example 3.2.

1689

(3.14)
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20

Figure 2. The region of A(«) of the intuitionistic fuzzy solution for Example 3.2.

20

Figure 3. The region of A*(8) of the intuitionistic fuzzy solution for Example 3.2.

20

Figure 4. The intersection of A(a) and A*(3) of the intuitionistic fuzzy solution
for Example 3.2.
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“ i HW
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405 HV

0.0

Figure 5. Membership and non-membership functions of intuitionistic fuzzy so-
lution for Example 3.2.

Table 1. Values of Yi(z,a), Ya(z, o), Yi*(x, 8) and Y5 (z, B) at = 3 for Example 3.2

Yi'(z,B) | Yi(z,a) | Y(z) |Ya(x,a) | Y5 (z,5)

0 | 5.32651 | 3.4505 | 5.32651 | 7.24984 | 5.32651
0.1 | 4.95604 | 3.6381 | 5.32651 | 7.0575 | 5.70645
0.2 | 4.58557 | 3.8257 | 5.32651 | 6.86517 | 6.08638
0.3 4.2151 | 4.0133 | 5.32651 | 6.67284 | 6.46631
0.4 | 3.84463 | 4.2009 | 5.32651 | 6.48051 | 6.84625
0.5 | 3.47415 | 4.38851 | 5.32651 | 6.28817 | 7.22618
0.6 | 3.10368 | 4.57611 | 5.32651 | 6.09584 | 7.60612
0.7 2.73321 | 4.76371 | 5.32651 | 5.90351 | 7.98605
0.8 2.36274 | 4.95131 | 5.32651 | 5.71118 | 8.36598
0.9 | 1.99226 | 5.13891 | 5.32651 | 5.51885 | 8.74592
1.0] 1.62179 | 5.32651 | 5.32651 | 5.32651 | 9.12585

Example 3.3. Consider the second order linear intuitionistic fuzzy initial value problem:

y' 4+ 3y +2y = bix+ bhsin(x),
,_Y(l) = (071727_17173)7
7= (45,6:3,5,7),
where the forcing coefficients are b, = (=5,—4,—3;-6,—4,-2) and b, =

(—21,-20,—19; —22, —20, —18).

With the proposed method we obtain « and 8 cuts of the intuitionistic solution as follows:
YVi(z,) = [2—2a—(2—20)0(Ao(x)]Ao(z) +

[6 —a — (2 —2a)0(A1(2))]Ar(z) +

[-3 —a—(2—2a)0(B1(x))]Bi(x) +

[-19 — a — (2 = 20)0(B2(x))| B2(),

Yo(z,a) = [4+a+ (2 —2a)0(Ao(z)]Ao(z) +
[a + (2 = 20)0(A1(2))] A1 (z) +
[5+a+ (2 —2a)0(By(x))|B1(z) +
[—21 4+ o + (2 — 2a)0(Ba(z))| B2(x),
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[5 428 — 3B80(Ao(x)] Ao (z) +
[1+28 — 486(A1(2))]Ar(z) +
[—4+ 28 — 4B0(B1(2))]Bi(z) +
[—20 + 28 — 4B0(B2(x))] B2(z)
[5 =28+ 4B0(Ao(z)]Ao(z) +
[1=28+4B)0(A1(2))]A1(x) +
[—4— 28+ 480(B1(2))| Br (x) +
[—20 — 28 + 4B60(Ba(z))| B2 ().

5}

10}

Figure 6. The intersection of A(«) and A*(3) of the intuitionistic fuzzy solution

for Example 3.3.

Figure 7. Membership and non-membership functions of intuitionistic fuzzy so-

lution for Example 3.3.

Note that all numerical results and graphics are obtained by using Wolfram: Mathe-

matica 11.
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4. Conclusions

In this paper, we proposed an algorithm to solve a second order initial value problem
in intuitionistic fuzzy environment. In Theorem 3.1. we have given the solutions of the
second order intuitionistic fuzzy initial value problems with the help of Zadeh’s Extension
Principle for intuitionistic fuzzy numbers. To prevent the switching of endpoints of o and
B cuts, we used Heaviside function during the interval operations on « and § cuts. Based
on the method proposed in Theorem 3.1 we have given some numerical examples.

1]
2]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]

[21]

References

O. Akin and O. Oruc, A prey predator model with fuzzy initial values, Hacet. J. Math.
Stat. 41 (3), 387-395, 2012.

O. Akin, T. Khaniyev, S. Bayeg and I.B. Turksen, Solving a Second Order Fuzzy
Initial Value Problem Using The Heaviside Function, Turk. J. Math. Comput. Sci. 4,
16-25, 2016.

O. Akin, T. Khaniyev, O. Oruc and I.B. Turksen, An algorithm for the solution of
second order fuzzy initial value problems, Expert Syst. Appl. 40, 953-957, 2013.
K.T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst. 20, 87-96, 1986.

K.T. Atanassov, More on intuitionistic fuzzy sets, Fuzzy Sets Syst. 33, 3745, 1989.
K.T. Atanassov, Operators over interval valued intuitionistic fuzzy sets, Fuzzy Sets
Syst. 64, 159-174, 1994.

K.T. Atanassov, Remarks on the intuitionistic fuzzy sets — III, Fuzzy Sets Syst. 75,
401-402, 1995.

K.T. Atanassov, Remark on the intuitionistic fuzzy logics, Fuzzy Sets Syst. 95, 127—
129, 1998.

K.T. Atanassov, Two theorems for intuitionistic fuzzy sets, Fuzzy Sets Syst. 110,
267-269, 2000.

K.T. Atanassov, Answer to D. Dubois, S. Gottwald, P. Hajek, J. Kacprzyk and H.
Prade’s paper "Terminological difficulties in fuzzy set theory-the case of "Intuitionistic
Fuzzy Sets"", Fuzzy Sets and Syst. 156 (3), 496-499, 2005.

L. Atanassova, On Intuitionistic Fuzzy Versions of L. Zadeh’s FExtension Principle,
NIFS, 13, 33-36, 2007.

K.T. Atanassov and C. Georgiev, Intuitionistic fuzzy prolog, Fuzzy Sets Syst. 53,
121-128, 1993.

G.A. Banini and R.A. Bearman, Application of fuzzy cognitive maps to factors affect-
ing slurry rheology, Int. J. Miner. Process. 52 (4), 233-244, 1998.

L.C. Barros, R.C. Bassanezi and P.A. Tonelli, Fuzzy modelling in population dynam-
ics, Ecol. Model, 128 (2000), 27-33, 2000.

B. Bede, Mathematics of Fuzzy Sets and Fuzzy Logic, Springer-Verlag, Berlin Heidel-
berg, 2013.

B. Bede and L. Stefanini, Generalized differentiability of fuzzy-valued functions, Fuzzy
Sets and Systems, 230, 119-141, 2013.

B. Bede, I.J. Rudas and A.L. Bencsik, First order linear fuzzy differential equations
under generalized differentiability, Inform. Sci. 177 (7), 2007.

J.J. Buckley and T. Feuring, Fuzzy differential equations, Fuzzy Sets and Systems,
110 (1), 43-54, 2000.

J.J. Buckley and T. Feuring, Fuzzy initial value problem for N th-order linear differ-
ential equations, Fuzzy Sets and Systems, 121, 247-255, 2001.

J.J. Buckley, T. Feuring and Y. Hayashi, Linear systems of first order ordinary dif-
ferential equations: fuzzy initial conditions, Soft Comput. 6, 415421, 2002.

J. Casasnovas and F. Rossell, Averaging fuzzy bio polymers, Fuzzy Sets and Systems,
152, 139-158, 2005.



1694

22]
23]

[24]

32]
33]
[34]
[35]

[36]

0. Ak, S. Bayed

P. Diamond And P. Kloeden, Metric Spaces of Fuzzy Sets, Fuzzy Sets and Systems,
3745, 1994.

O. Duman, Statistical fuzzy approzimation to fuzzy differentiable functions by fuzzy
linear operators, Hacet. J. Math. Stat. 39 (4), 497-514, 2010.

M.S. El Naschie, From experimental quantum optics to quantum gravity via a fuzzy
Khler manifold, Chaos Solitons Fractals, 25, 969-977, 2005.

J.A. Goguen, L-fuzzy sets, J. Math. Anal. Appl. 18, 145-174, 1967.

Z. Hassan,V.K. Hali and H. Akbar, Fuzzy Modeling and Control of HIV infection,
Comput. Math. Methods Med. 17, Article ID: 893474, 1-17, 2012.

O. Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems, 24 (3), 301-317,
1987.

J.M. Mendel, Advances in type-2 fuzzy sets and systems, Information Sci. 177, 84—
110, 2007.

S.P. Mondal and T.K. Roy,First order homogeneous ordinary differential equation
with initial value as triangular intuitionistic fuzzy number, Journal of Uncertainty in
Mathematics Science, 1-17, 2014.

S.P. Mondal and T.K. Roy,System of differential equation with initial value as tri-
angular intuitionistic fuzzy number and its application, Int. J. Appl. Comput. Math
2015, 449-474 2015.

S.P. Mondal, S. Banerjee and T.K. Roy, First Order Linear Homogeneous Ordinary
Differential Equation in Fuzzy Environment, Int. J. Pure Appl. Sci. Technol. 14 (1),
16-26, 2013.

V. Nirmala, Numerical Approach for Solving Intuitionistic Fuzzy Differential Equation
under Generalised Differentiability Concept, Appl. Math. Sci. 9, 2015.

M. Oberguggenberger and S. Pittschmann, Differential equations with fuzzy parame-
ters, Math. Mod. Syst. 5 (1999) 181-202, 1999.

S. Seikkala, On the fuzzy initial value problem, Fuzzy Sets and Systems, 24 (3),
319-330, 1987.

X. Wei-Chau, Differential Equations for Engineers, Cambridge University Press, 188-
232, New York, 2010.

L.A. Zadeh, Fuzzy sets, Inf. Control, 338-353, 1965.



