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ABSTRACT. This paper considers the question of the output stabilization for
a class of infinite dimensional bilinear systems evolving on a spatial domain
Q. Then, we give sufficient conditions for exponential, strong and weak sta-
bilization of the output of such systems. Examples and simulations illustrate
the efficiency of such controls.

1. INTRODUCTION

In this paper, we consider the following bilinear system

{2(t) = Az(t) +v(t)Bz(t), t>0,

Z(O) = 20, (11)

where A : D(A) C H — H generates a strongly continuous semigroup of con-
tractions (S(¢))¢>0 on a Hilbert space H, endowed with norm and inner product
denoted, respectively, by ||.|| and (.,.), v(.) € Vaq (the admissible controls set) is a
scalar valued control and B : H — H is a linear bounded operator. The problem of
feedback stabilization of distributed system was studied in many works that
lead to various results. In [I], it was shown that the control

v(t) = —(z(t), Bz(t)), (1.2)
weakly stabilizes system (|1.1]) provided that B be a weakly sequentially continuous
operator such that, for all ¢ € H, we have

(BSt)y,S(t)y) =0, Vt>0= ¢ =0, (1.3)
and if (1.3) is replaced by the following assumption

T
| B0 560 lds = A0l b € H, (forsome 1, T>0), (14
0

then control (1.2)) strongly stabilizes system (1.1) (see [2]). In [3], the authors show
that when the resolvent of A is compact, B self-adjoint and monotone, then strong
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stabilization of system is proved using bounded controls. Let the output state
space Y be a Hilbert space with inner product (.,.)y and the corresponding norm
IIlly, and let C' € L(H,Y) be an output operator. The system is augmented
with the output

w(t) == Cz(t). (1.5)

The output stabilization means that w(t) — 0 as t — 400 using suitable controls.
In the case when Y = H and C = I, one obtains the classical stabilization of the
state. When C' # I, the output stabilization for distributed systems was studied
in many works: in [I4], authors considered the output exponential stabilization for
one-dimensional wave equations with boundary control. In [4], authors considered
output stabilization for Kirchhoff-type equation with boundary control. They stud-
ied the existence and uniqueness of solution of system and the strong stabilization
of such equation was proved. In [6], authors established the output stabilization for
a class of nonlinear systems with boundary control. They investigated the existence
of solution and the exponential stabilization of such systems. In [7], author studied
weak and strong output stabilization for semilinear systems using controls that do
not take into account the output operator. In [I1], authors considered exponential,
strong and weak output stabilization of semilinear systems. If Q@ c R? (d > 1) be
the system evolution domain and w C €2, when C' = x,, the restriction operator
to a subregion w of €2, one is concerned with the behaviour of the state only in a
subregion of the system evolution domain. This is what we call regional stabiliza-
tion. The notion of regional stabilization is useful in systems theory since there
exist systems which are not stabilizable on the whole domain but stabilizable on
some subregion w. Moreover stabilizing a systems on a subregion is cheaper than
stabilizing it on the whole domain [I2]. In [I3], regional stabilization for bilinear
systems was studied using decomposition of system into regional stable and
regional unstable subsystems, therefore regional stabilization of system (1.1} turns
out to stabilizing its unstable part. In [10], authors proved regional strong and weak
stabilization of bilinear systems with unbounded control operator. In [9], authors
considered regional weak, strong and exponential stabilization of bilinear systems
with control operator B assumed to be bounded with respect to the graph norm
of the operator A. In this paper, we study the exponential, strong and weak sta-
bilization of the output using bounded controls. Then, we develop sufficient
conditions that allow exponential, strong and weak stabilization of the output of
such system. Illustrations by examples and simulations are given. The approach
is based on the decay of an adapted function, the exact and weak observability
conditions, and semigroup properties. The paper is organized as follows. The sec-
ond section discusses sufficient conditions to achieve exponential, strong and weak
stabilization of the output . In the third section, we give illustrating examples.
The fourth section is devoted to simulations.

2. OUTPUT STABILIZATION

In this section, we develop sufficient conditions that allow exponential, strong
and weak stabilization of the output (1.5)).

Definition 2.1. The output is said to be:
1. weakly stabilizable, if there exists a control v(.) € V,q such that for any initial
condition zg € H, the corresponding solution z(t) of system s global and
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satisfies
(Cz(t),Y)y =0, YYevY, ast— oo,
2. strongly stabilizable, if there exists a control v(.) € Vaq such that for any initial
condition zo € H, the corresponding solution z(t) of system is global and
verifies
[Cz(t)|ly — 0, ast— oo,

3. exponentially stabilizable, if there exists a control v(.) € V,q such that for any
initial condition zo € H, the corresponding solution z(t) of system 1s global
and there exist a, 8 > 0 such that

IC2(B)lly < ae™P|zll, ¥E>o0.
Remark. [t is clear that exponential stability of implies strong stability of
implies weak stability of .

2.1. Exponential stabilization. In this subsection, we develop sufficient condi-
tions for exponential stabilization of the output (L.5]).
The following result concerns the exponential stabilization of (|1.5)).

Theorem 2.1. Let A generate a semigroup (S(t))i>0 of contractions on H and B
is a bounded control operator. If the conditions:

1. Re({C*CAy,y)) <0, Vy € D(A),

2. Re({C*CBy,y){By,y)) >0, Vy € H,

3. there exist T,y > 0, such that

T
/ (C*CBS(t)y, S(t)y)ldt > AlICyl3, Yy e H, (2.1)
0

hold, then the control

oy = | TR i 2020 (2.2)
0 if 2(t) =0,

exponentially stabilizes the output .
Proof. System (1.1]) has a unique weak solution z(t) (see [8]) defined on a maximal
interval [0, tmax] by

z(t) = S(t)zo + /0 g(=(s))S(t — s)Bz(s)ds, (2.3)

where (OB (0 2(0)
* z(t),z(t .
o) = Tl i #0
0 if z(t) =0.

Since (S(t))i>0 is a semigroup of contractions, we deduce
d
@Hz(t)ﬂ2 < 2g(2(2))(Bz(t), 2(1)).
Integrating this inequality over the interval [0, ¢], we have
t
IO = IO <2 [ o) (Bas). =)

Using hypothesis 2 of Theorem [2.1] it follows that
=@ < ll=oll- (2.4)
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For all zg € H and t > 0, we have
(C*CBS(t)z0,S(t)z0) = (C*CBz(t),z(t)) — (C*CBz(t), z(t) — S(t)zo)
+ (C*CBS(t)zg — C*CBz(t), S(t)z0).

Since B is bounded, then

(C*CBS(t)20, S(t)20)| < |(C*CBz(t), (1) + 20l| Bl [12(t) — S(®)zolll1z0ll, (2.5)
where « is a positive constant.
Using , we deduce

(C*CBz(t), ()| < |g(z(E)Iz(®)ll|zoll, YVt € [0,T]. (2.6)

While from and using Schwartz’s inequality, we obtain

1
2

T
12(£) = S()z0ll < [|1B] (T/O Ig(Z(t))|2|Z(t)||2dt> : (2.7)

Integrating (2.5) over the interval [0, 7] and taking into account (2.6)) and (2.7)), we

have
1

2

IN

T R T
/0|<C*CBS(t)Zo,S(t)Zo>\dt 20772 || B||*|| 0| (/O Ig(Z(t))IQIZ(t)Ith>

1
2

|20 (/0 Ig(Z(t))QIIZ(t)Izdt> - (28)

Let us consider the nonlinear semigroup U(t)zg := z(t) (see [1]). Replacing zo by
U(t)zo in (2.8), and using the superposition properties of the semigroup (U(t))¢>0,
we deduce that

+

IN

2072 || B|2|U (t)z0]|

t+T
(/ |g<U<s>zO>|2|U(s)zo||2ds>

T
/0 [(C*CBS(s)U(t)z0,S(s)U(t)z0)|ds

1
2

X

N t+T
+ T=U()zll (/t Ig(U(S)ZO)IQIIU(S)Zol2d8>

Thus, by using (2.1) and (2.9), it follows that
1
3

t+T
MCU@)zlly < M (/f Ig(U(S)Zo)QllU(S)zonS) ; (2.10)

where M = (2aT||B||? + 1)T% is a positive constant depending on ||zo|| and 7.
From hypothesis 1 of Theorem [2.1} we have

d
ZCU@ 5 < =2lg(U(#)20)P1U(#)z0]*. (2.11)
Integrating from nT and (n + 1)T, (n € N), we obtain
(n+1)T
ICU(nT) 2|3 = [CU((n+ 1)T)z0ll3 = 2/T l9(U(5)20)*[1U (5) 20| *ds.

N
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Using (2.10)), (2.11)) and the fact that |CU(¢)zo||y decreases, it follows

(1+2(5) ) ICUt@+ VD)% < ICUT )0l

M
Then
[CU((n+ 1)T)zolly < BICU(RT)z0]ly
where § = . By recurrence, we show that ||CU(nT)zl|ly < B"||Cz|ly-

(1+2()°)"

Taking n = F %) the integer part of %, we deduce that
ICU®)z0lly < Re™ "=l
ln(1+2(%)2)

where R = a (1+2(%)") ", with a > 0 and o = "=, > 0, which achieves
the proof. ([

[N E

2.2. Strong stabilization. The following result will be used to prove strong sta-
bilization of the output (L.5]).

Theorem 2.2. Let A generate a semigroup (S(t))i>0 of contractions on H and
B : H — H is a bounded linear operator. If the conditions:
1. Re((C*CAy,¥)) <0, Vi € D(A),
2. Re({C*CBy,¢)(Bi,¢)) >0, Vi € H,
hold, then control
(C*CBz(t),2(t))
1+ |(C*CBxz(t), 2(t))|’

o(t) = (2.12)

allows the estimate
T 2 t+T *CBz(s), z(s))]?
(/0 |<C*CBS(s)z(t),S(s)z(t)>|ds> @(/t 1|—|<—C|(<CC*BCéz)(73)( z)(>s|)>|ds)’
as t — 4o00.
(2.13)

Proof. We have

= Re((CAz(t), Cz(t)), ) + Re(v(t)(CBz(t), Cz(t)),, ).

1d
Y T 24t
From hypothesis 1 of Theorem we have
1d
2dt
In order to make the function ||Cz(t)[|3- nonincreasing, we consider the control
(C*CBz(t),2(t))
14 [(C*CB=(t), 2(1))’

so that the resulting closed-loop system is

5(8) = As(t) + F((), 2(0) = 20, (2.14)

f—<C’Z(t), Cz(t)>

|Cz(1)|)2 < Re(v(t)(C*CBz(t), z(t)>)

u(t) =

IC2()[|3 = Re((C*CAz(t), 2(t))) +Re(v(t){C*CBxz(t), 2(t))).
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<C*CBZ z> z
1+\<C*CBZ z>|
Since f is locally Lipschitz, then system (2.14]) has a unique mild solution z(t) (see
Theorem 1.4, pp 185 in [§]) defined on a maximal interval [0, t,,q2] by

t
(t)zo + / S(t—s)f(=(s))ds. (2.15)
0
Because of the contractions of the semigroup (i.e Re({(Av,1)) <0, V¢ € D(A)),
we have
d ) (C*CBx(t),2(t))(Bz(t), 2(t))
) < -2 : |
dt 1+ |{C*CB=(t), (1))
Integrating this inequality over the interval [0, ¢], we deduce
E{C*CBz(s),2(s))(Bz(s), z(s))
=) = O < -2 / < S
1+ |<C’ CBz(s), z(s)>|
Using condition 2 of Theorem [2.2] it follows that
||Z(t)|\ < [|zol- (2.16)
From hypothesis 1 of Theorem we have
[(C*CBz(t), 2(t))|?
14 |(C*CBx(t), 2(t))|

where f(z) = VzeH.

ds.

d
Zlezwl3 < -2
Integrating this inequality, we deduce

L {C*CBz(s >\2
Ct2—002<—2/ |<
sl ~ o0 < -2 [ LT,

While from ([2.15)) and using Schwartz inequality, we obtain
t (C*OB-(s), 2(s)I?
z(t)=S(t)zo|| < ||B]|||2 T/
12050201 < 1Bl (T | 23 epat 2o
Since B is bounded and C' continuous, we have
(C*CBS(s)20,5(s)z0)| < 2KIIBH||Z(S)—5(S)Zo|\||Zo||+|<C*CB’Z( ), 2(s))], (2.19)
where K is a positive constant. Replacing zg by z(¢) in (2.18)) and -, we deduce

=T *CBz(s),2(s))|? H
(CCBS =0 5020 < 2K|BPal?(T [ 1'ﬁ<g,i,;j(’s)(j(>s')>|ds)

+ [C*CBz(t+s),z(t+s))|, Vt>s>0.

Integrating this relation over [0, 7] and using Cauchy-Schwartz, we obtain

T 3
[ ieesse.seaias < (2x181P7E (14 KB )
0

(/t+T |(C*CBz(s), 2(s))|? ds>5
. 1+ |<C*CBZ(S)7 z(s)>| ’

which achieves the proof. O

(2.17)

ds>2, vt €[0,T]. (2.18)

IN

X

The following result gives sufficient conditions for strong stabilization of the

output (|L.5]).
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Theorem 2.3. Let A generate a semigroup (S(t))i>0 of contractions on H and B
is a bounded linear operator. If the assumptions 1, 2 of Theorem[2.4 and

T
/ (C*CBS(t)y, S(t)y)|dt > V|CYIy, ¥ ¢ € H, (for some T,y >0), (2.20)
0

hold, then control strongly stabilizes the output with decay estimate
1
Cz(t =0—), as t — +o0. 2.21
ety =6( ) (221)

Proof. Using (2.17)), we deduce

o~ s+ 1yl 22 [ ORI

ke 1+ [(C*CBz(t), 2(t))]
From and , we have
IC2(KT)I3 — IC2((k + D)D) = BIC=(KT) ]y, (2.22)

2

t, k> 0.

where f§ = 5. Taking s, = ||Cz(kT)||%-, the inequality

2(2K BT 2 +7 (1+K|Bll|20]12) )
(2.22)) can be written as
58% + sgpg1 < sg, Vk > 0.

Since si+1 < sg, we obtain

ﬁsi_,_l + Sk+1 < Sk, Vk > 0.
Taking p(s) = Bs% and q(s) = s — (I + p)~'(s) in Lemma 3.3, page 531 in [5], we
deduce

s <x(k), k>0,
where x(t) is the solution of equation z’(t) + ¢(x(t)) =0, x(0) = so.
Since z(k) > s and z(t) decreases give x(t) > 0, V¢ > 0. Furthermore, it is easy
to see that ¢(s) is an increasing function such that
0 <q(s) <p(s),¥s > 0.

We obtain —Bz(t)? < 2/(t) < 0, which implies that
z(t) = 0(t™h), ast — +o0.

Finally the inequality s, < z(k), together with the fact that ||Cz(t)||y decreases,
we deduce the estimate

IC2(0)ly = @(%), as t — 400,
O

2.3. Weak stabilization. The following result provides sufficient conditions for
weak stabilization of the output (1.5).

Theorem 2.4. Let A generate a semigroup (S(t))i>0 of contractions on H and B
is a compact operator. If the conditions:

1. Re({C*CAY,¥)) <0, Vip € D(A),

2. Re({C*CBy,v)(Bi,v)) >0, Vo € H,

3. (C*CBS(t)y, S(t)wi =0, Vt>0= Cy =0,

hold, then control weakly stabilizes the output (1.5).
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Proof. Let us consider the nonlinear semigroup T'(t)zo := z(¢) and let (¢,) be a
sequence of real numbers such that ¢, — 400 as n — +o0.

From , ['(tn)zo is bounded in H, then there exists a subsequence (ty(y)) of
(t,,) such that

L(tg(n))z0 — 1, as n — oo.

Since B is compact and C' continuous, we have
nHrfOO(C*CBS(t)F(t(z,(n))zmS(t)F(t¢(n))zo> = (C*CBS(t)y, S(t)y).
For all n >, we set

._ o)+t |(C*CBT (s)20,T(s)20)
An(t) := /W) 1+ |{C*CBI(s)20,T(s)20)]

It follows that V¢ > 0, A, (t) — 0 as n — +oo.

Using (2.13)), we deduce

n—-+o0o

¢
lim / {C*CBS(8)I (ty(n))z0, S(5)L'(tg(n))20)|ds = 0.
0

Hence, by the dominated convergence Theorem, we have

t
[ 1eresssv. sl o
0
We conclude that
(C*CBS(s)y, S(s)y) =0, Vs €|0,t].
Using condition 3 of Theorem [2.4] we deduce that
CT'(tg(n))z0 — 0, as n — +oo. (2.23)

On the other hand, it is clear that (2.23) holds for each subsequence (t4(,,)) of ()
such that CT'(t4(,))20 weakly converges in Y. This implies that Vi € Y, we have
(CT(ty)z0,¢) — 0 as n — 400 and hence

CT(t)z0 — 0, as t — +o0.

3. EXAMPLES

Example 3.1. Let Q2 denote a bounded open subset of R™, and consider the follow-
ng wave equation

% ~ Asmt) = o) 2B 00, oo
z(z,t) =0 Dol 00x]0, 00| (3.1)
2(z,0) = zo(x), Z(gt’ ) =z (z) Q.

This system has the form of equation if we set H = H}(Q) x L*(Q) wit

h
0 I 0 0
((y1,21), (Y2, 22)) = <y17y2>H1(Q)+<217Z2>L2(Q)7 A= < A 0O ) and B = < 0 I >
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We consider the output operator C' = I, we have A is skew-adjoint on H and the
assumption holds (see [2]). Then the control

||82(.,t)||2
B TR A
U(t)_ az(’t) ) ’ (32)
1+ 125522 0

strongly stabilises system with the decay estimate

0z(.,1)

1
9 o =0(——=), as t — +o0.

Vit

Example 3.2. Let us consider a system defined on Q =]0,1[ by

1(z(, 1),

0z(x,t)
o = Az t) +o(ta@)z(e, ) Qx]0,+oo] (3.3)
z(z,0) = zo(x) &,

where H = L*(Q), Az = —z, and a € L*(]0,1[) such that a(z) > 0 a.e on ]0,1]
and a(x) > ¢ > 0 on subregion w of Q and v(.) € L*(0,+00) the control function.
System is augmented with the output

w(t) = sz(t)v (34)

where x., : L*(Q) — L*(w), the restriction operator to w and X7, is the adjoint
operator of x.. The operator A generates a semigroup of contractions on L*(Q)
given by S(t)z0 = e~t2g. For all 29 € L*(Q) and T = 2, we obtain

2 2
/ (XixwBS(t)20, S(t)z0)dt = / e_Qtdt/a(x)|zo|2dx
0 0 w

> 5||Xw20||%2(w)7

2
with B = c/ e 2tdt > 0.

Then the co(r)ztrol
/a(m)\z(m,t)\gdac
1+/a(ac)|z(x,t)|2da:

strongly stabilizes the output with decay estimate

v(t) = —

1
Ixwz(D)lL2(w) = @(\/Z), as t — +oo.

Example 3.3. Consider a system defined in Q =|0,+o0o[, and described by

625;7 H_ az((;;, D o) Ba(at) 9x]0, +00]

z(x,0) = zo(x) Q,

(3.5)
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where Az = —% with domain D(A) = {z € H'(Q) | 2(0) =0, 2(z) = 0 asz —
T

1
+oo} and Bz = / z(x)dx. The operator A generates a semigroup of contractions
0

zolx —t) ifz >t

(S(t)z0)(z) = {

0 ife <t.
Let w =]0, 1] be a subregion of Q and system s augmented with the output
w(t) = xwz(t). (3.6)
We have
Re((X:,XNAz,z» = —Re( 01 2 (x)z(x)dx)
22(1
_ 20,

so, the assumption 1 of Theorem[2.]] holds. The operator B is compact and verifies
2

(XixwBS(t)20, S(t)z0) = (/Ol_tZo(fE)dx) , 0<t<1.

Thus
(X xwBS(t)z0,S(t)z0) =0, Vt >0 = 2z9(z) =0, a.e onw.

Then, the control
1
( / z(m,t)da:)
0

1+ </01z(:£,t)dx>2

4. SIMULATIONS

2

o(t) = — , (3.7)

weakly stabilizes the output (@

Consider system (3.5) with z(x,0) = sin(7z), and augmented with the output
(3.6)-
e For w =|0, 2|, figure [1| shows that the state is stabilized on w with error equals
3.4 x 1074, and the evolution of control function is given by figure
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FIGURE 1. The stabilization of the state on w =]0, 2.
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FIGURE 2. Evolution of control function.

e For w =]0, 3[, figure [3| shows that the state is stabilized on w with error equals
7.8 x 10~* and the evolution of control is given by figure
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FIGURE 3. The stabilization of the state on w =|0, 3].

0.1

0.2

0.3

0.4

0.5

0.6}

0.7 L L .

_.
o
o

~el
o
S
-

FIGURE 4. Evolution of control function.

5. CONCLUSION

The output stabilization of bilinear systems is discussed. Under sufficient con-
ditions, we give bounded controls depending on the output operator that expo-
nentially, strongly and weakly stabilizes the output of such systems. Numerical
simulations illustrate the efficiency theoretical results. This work gives an opening
to others questions, this is the case of output stabilization of semilinear systems
with bounded controls.
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