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and conjugates of these numbers. Later, generating function and Binet’s formula with the
help of this generating function have been derived. Also, Binet formula, Cassini’s, Catalan’s,
d’Ocagne’s, Honsberger and Tagiuri identities are found for dual-hyperbolic numbers with
generalized Fibonacci and Lucas coefficients. While these operations are being done, we
will benefit from the well-known Fibonacci and Lucas identitites. Moreover, it is seen that
the results which are obtained for the values p = 1 and ¢ = 0 corresponds to the theorems
in the article by Cihan et al. [1].

1. Introduction

Italian mathematician Leonardo Fibonacci’s Liber Abaci was one of the most important books on mathematics in the Middle Ages. Through
this book mathematicians introduced Fibonacci number sequence concept. Several studies have been conducted with respect to Fibonacci
numbers and Fibonacci quaternions [2]-[5].

Dual-hyperbolic numbers with Fibonacci and Lucas coefficients which is constitutes a new number system have been introduced by Cihan
and her colleagues [1]. In this article, the dual-hyperbolic number system has been generalized based on the article [1].

Firstly, addition, multiplication, modules and conjugates of these numbers have been defined and the fundamental identities for these numbers
regarding these operations have been proven. Then, we have defined generating function and this function helped us to find Binet’s formula.
Additionally, d’Ocagne’s, Honsberger, Tagiuri, Catalan identities have been obtained and Cassini’s identity has been given in case of r =1
for the Catalan identity. Finally, we have discussed special cases and have given examples.

2. Preliminaries

The Fibonacci and Lucas numbers have many interesting properties and applications. Initial conditions for the Fibonacci and Lucas numbers
are defined as follows respectively

=0, F=1,.., Fan=FK+F_, n>1
and
Ly=2, Li=1,..., Lyyy=Ly,+L,—;, n>1

where F, and L, denote the n-th Fibonacci and Lucas numbers, respectively.
Binet formula for the n-th Fibonacci and Lucas numbers are given by the following relation

F, = (o= B"), Ly=o"+p", n>1
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(see [2]).
On the other hand, Horadam introduced generalized Fibonacci numbers with the initial conditions as follows

Hy=p, Ha=p+q, pqeZ
where the recurrence relation is defined by
H,=H,_1+H,,, n>3,
or
Hy = (p—q)Fu+qF1.

In the above equation, if we take p = 1 and g = 0, then the generalized Fibonacci number becomes Fibonacci number. If we take p = 1 and
q = 2, then the generalized Lucas number becomes Lucas number. Furthermore, Horadam investigated Binet formula for the n-th generalized
Fibonacci number such that

Hy= = ("~ ")

25
(see [2]).

The set of dual-hyperbolic numbers is defined by
DH = {w:a +22€|21, 220 € Hwhere, &2 =0,e# O}.
If we consider two hyperbolic numbers z; = x| + x5 and zo = y| + y2j, then any dual-hyperbolic number can be written as
w=Xx]+x2j+ y1€+ y2 /€.
There exist five different conjugates and these conjugates are given as follows
|o|"1=z; + €25, hyperbolic conjugation
|a)|T2=z1 — &€z, dual conjugation
|o T3=21 — €7y, coupled conjugation
lo[t4=2, (1 — 8;—:) (we DH —A), dual —hyperbolic conjugation
|a)|T5=zz —&€z1, anti —dual conjugation

where “— “ denotes the standard complex conjugation and the zero divisors of DH is defined by the set A [6]. Namely, DH —A is a
multiplicative group. The dual hyperbolic numbers form a commutative ring with 0 characteristic. Unlike quaternions, the multiplication
of dual-hyperbolic numbers with generalized Fibonacci and Lucas number has a commutative ring structure. However, multiplication of
dual-hyperbolic numbers with generalized Fibonacci and Lucas number constitutes two-dimensional Complex Clifford and 4-dimensional
Real Clifford algebra structure.

3. Properties of Dual-Hyperbolic numbers with generalized Fibonacci and Lucas coefficients

The dual-hyperbolic Fibonacci and Lucas numbers are defined as

DHF, = Fy+ Fyp 1)+ Fpp2€ + Foy3j€
and

DHL, =Ly +Lpy1j+Lyt2€ +Lyy3j€

respectively. Here, F,, and L, are the n-th generalized Fibonacci number and Lucas numbers respectively and € denotes dual unit
(82 =0, €# 0), Jj denotes imaginary unit ( 2= 1), Jj€ denotes imaginary-dual unit ( jer = 0). After these numbers have been defined in
the article [1], some identities regarding the modules, conjugates have been obtained for dual-hyperbolic Fibonacci and Lucas numbers.
Then, negadual-hyperbolic Fibonacci, negadual-hyperbolic Lucas, d’Ocagne’s, Cassini, Catalan identities and the correspondence of Binet
formula have been given for these numbers. Now, Let’s define the dual-hyperbolic number system with generalized Fibonacci and Lucas
coefficients by considering the study [1].

Definition 3.1. H, is called as n-th Fibonacci number which have either H, = H,_1 + H,—, n >3 or H, = (p—q)F, + qF,+1 the
recurrence relations and depending on the initial values such that

Hy=p, Hy=p+q, Hy=2q+3p,... (p,q€Z).
Then, the sets of generalized Fibonacci and Lucas sequences are defined
DHX = {DHX, =R, +€R}, = (Hy+ jHy+1) + € (Hy1+2 + jHy+3) | H, Generalized Fibonacci Number}
and
DHY = {DHY, = P, +€P;, = (Vs + jVu+1) + € Vay2 + jVuy3) | Vi Generalized Lucas Number}
where € (82 =0, €# 0), j (j2 = 1) and i€ ((je)2 = O) , denote dual unit, imaginary unit and dual-imaginary unit, respectively. So the

base elements of dual-hyperbolic numbers with generalized Fibonacci and Lucas coefficients are (1, j, €, j€). Multiplication scheme of
these base elements are given in Table 1.
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(< 1 1J[e[je]
1 1 e | je
j j 1 | je| €
€ e |je| O 0
JE || jE | € 0 0

Table 1: Multiplication scheme of dual-hyperbolic units

If two dual-hyperbolic numbers with generalized Fibonacci coefficients are DHan =R,+Rie =H,+H,1j+H, 26+ H,3j€ and
DHX,% =K, +K;;€ =G+ Gpy1j+ Gyio€+ Gyyaje then the addition, subtraction and multiplication operations of these numbers are
defined as

DHX,) + DHX? = (R, + R;€) + (K, + K} €)
= (Hn +Hp1J+ Hyi0€ +Hn+3je) + (Gn +Gpy1j+Gpioe+ Gn+3j€) (3.1
= (Hy £ Gy) + (Hp11 £ Gpi1)j+ (Hp2 £ Gpyo)e + (Hyy3 £ Gpya) j€

and

DHX,) x DHX? = (R, +R:€) x (K, + K €)

= (Hn +I'InJrlj‘FHnJﬂS +Hn+3j£) X (Gn + Gn+1j + Gn+2£ + Gn+3j€)

+ (HuGn + Hy1Gps1) + (HyGpy1 + Hyy 1Gn) j (3.2)
+ (Hy Gy +Hyy 1 Gpi3 +Hy 3G 1 +Hy2Gr)€

+ (HnGny3 +Hp1Gny2 +Hy12Gny 1 +Hy3Gn) j€

respectively. Also, any dual-hyperbolic number with generalized Fibonacci coefficient can be expressed as follows
DHX, =Ry +RZ£ = (Hp+Hy1]) + (Hpt2 + Hyi3))€. (3.3)

This yields five different conjugates. Thus, these five different conjugates can be defined as follows

DHX," = (Hy — Hy 1 j) + (Hpyo — Huy3 j) €, hyperbolic conjugation (3.4)
DHX?> = (H, +Hy1 j) — (Hypo 4+ Hpy3 j) €, dual conjugation 3.5)
DHX,',h = (Hy—Hp+1j) — (Hpso —Hyy3 j) €, coupled conjugation 3.6)

H H j
DHXJ“ = (Hp — Hyy1J) X (l — #ﬁs) dual — hyperbolic conjugation (3.7
n n
DHX,I'5 = (Hpyo +Hy3j) — (Hy+Hyt1 j) €, anti — dual conjugation. 3.8)

Five different norms can be given for dual-hyperbolic numbers with generalized Fibonacci coefficients thanks to the definition of conjugates.

Definition 3.2. Let DHX,, be a dual-hyperbolic number with generalized Fibonacci coefficient. In this case, j-th modulus of DHX,, are
denoted by \DHXH\% , (j=1,2,3,4,5) and are given as follows

|DHX,|? =DHH, x DHH,'
1 4
|DHX,|> =DHH, x DHH,}*
2 .
|DHX,|? =DHH, x DHH,’
3 .
\DHX,|3, =DHH, x DHH,"
\DHX, |3, =DHH, x DHH,*

Proposition 3.3. Let DHX,, be a dual-hyperbolic number with generalized Fibonacci coefficient. Then, the following identities are satisfied:

DHX,,+DHX," =2 (H, + H,.€) (3.9)
DHX, x DHX,' = (H? — H2..|) +2¢& (HyHy 2 — Hyt 1 Hn13) (3.10)
DHX, + DHX,> =2 (H, + Hy, 1) (3.11)

DHX,, x DHX,> = [(2p — q) Hapt1 — eFap 1|+ 2H,H, 1 j (3.12)
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DHX,, + DHX,> = 2 (H, + H, 3 j€) (3.13)

DHX, x DHX,* = (H2 — H2, )+ je [24—1)”“} (3.14)

DHX,, +DHX,}* = 2H, + 8% [(Hp+3Hyp — Hyi1Hny2) + j (Hpy2Hp — Hyg1 Hy3)] (3.15)
+

DHX, x DHX,* = H? —HZ>., (3.16)

DHX, + DHX,'s = (H, +Hy 1) + (Hpy 1 + Hypy3)j + Hpy 1€+ Hy 2 j€ (3.17)

DHX,, x DHX,}> = (HyHy 12 + Hy i\ Hy3) + j (HyHyss + Hys 1 Hy )

e (Hyyy+Hy s —HY | —Hy) +2j€ (Hy3H, 12 — Hyy 1 H)

(3.18)

Proof. (3.9): Using equations (3.1), (3.3) and (3.4), we obtain
DHX, + DHX,' =2 (H, + H,2€).

Here, If the values p = 1,q = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that DHX, JrDHX,:r ' =
2 (Fn + Fn+28).

(3.10): Considering equations (3.2), (3.3) and (3.4), the result is found by

DHX, x DHX," = (H2 +H2, ) +2 (HyHy 12+ Hyy 1 Hyy3) €
= (H? —H?.\)+2¢(HyHyi2 — Hy 1 Hyi3).

Here, If the values p = 1, ¢ = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that DHX;, x DHXJ‘ =
Fopt1 +2Fny3€.

(3.11): From the equations (3.1), (3.3) and (3.5), we can reach the following identity
DHX, +DHX,”> = 2 (H, + Hy1 j).

Here, If the values p = 1, = 0 are specially taken in the generalized Fibonacci number H,, DHX, + DHX,' = (Fo+Foiaj).

(3.12): Using the equations (3.2), (3.3), (3.5), using the identity H371 +H,% = (2p—q)Hay_1 — eFy,_1 (seeref. [2]) and simplifying
we have

DHX, x DHX,? = [(2p — q) Hyuy1 — eFas1] + 2HyHy 1.

Here, If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,,, then it is concluded that DHX,, x DHX,:f =
F2n+l +2FnFn+1j-

(3.13): We can write the following equation by using the equations (3.1), (3.3) and (3.6)
DHX, + DHX,> = 2 (H, + H,,3 j€) .

Here, If the values p = 1, = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that DHX,, + DHX,:r 3=
2 (E1 +Fn+3j8)-

(3.14): From equations (3.2), (3.3) and (3.6), we have
DHX, x DHX,> = (H> — H2, |) + je [2e(—1)”+'] .

While we are obtaining the above equation, the identity H,H,1,+1 — Hy—sHptrys+1 = (—1)"+sngF,+S+1 has been used [2]. Here,

If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that DHX, x DHX,:r =
- n—an+2 - 2(_1)nj8'

(3.15): If we take into account the equations (3.1), (3.3) and (3.7), then the following identity can be easily seen

2H, .
DHX, +DHX,'* = 2H, + sﬁ (Hps3Hy — Hy 1Hy2) + j (Hp2Hy — Hy 1 Hy i 3)] -
n— HMptl
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Here, If the values p = 1, = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that
Ty 2F, 1 P
DHX, +DHXn =2F,+ 8272 [(Fn+3Fn - Fn+1E1+2) +J (Fn+2Fn - Fn+lE1+3)] :
n Tntl

(3.16): By making the necessary operations with the help of the equations (3.2), (3.3), (3.7) and rearranging the last equation, the following
identity can be given

DHX, x DHX,* = H> — HZ, |.

n

Here, If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,,, then it is concluded that DHX,, x DHXJ 4=

2 2
E; 7Fn+l'

(3.17): Considering the equations (3.1), (3.3) and (3.8), we have
DHX, +DHX,,+5 = (Hy+Hpi2)+ (Hyr1 +Hyy3)j+Hy 1€+ Hypa JE.

Here, If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,,, then it is concluded that DHX,, + DHX,:r S =
Fy+Foyo + (Fo1 + Fo3)J + Fup1 €+ B €.

(3.18): If we use equations (3.2), (3.3), (3.8) and make the necessary calculations, then the rearranged equation yields

DHX,, x DHX,{® = (HyHy12 + Hy i\ Hyy.3) + j (HuHyy3 + Hys 1 Hy )
+& (Hy o+ Hy s —Hp = H) +2j€ (Hyy3Hyyo — Hy 1 Hy).
Here, If the values p = 1,4 = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that
DHX, x DHX,}® = (FuFyia + Fyi 1 Fui3) + j (FaFys + Fu1 Fua)
+&(F2,+Fry—F2 —F}) +2je (FuaFuio — Fus1 Fa) -
O

Theorem 3.4. Let DHX,, and DHX,, | be two dual-hyperbolic numbers with generalized coefficients. There exist the following identities for
these numbers and their conjugates:

i) <DHXn % DHX, 1) n (DHXn_l x DHX;‘_I) — —[(2p — q)Han — eFy,) +2¢ (~H2,))

ii) DHX? = 2H,DHX, — (DHX,, x DHX,| 1) +2¢ (H2, ) — Hyy1Hyi3) +2j€ (Hyi 1 Hyi)

n

DHX? + DHX? | =2(2p—q) DHXa,_1 — DHX, x DHX,/' — DHX,_ x DHX" | + (2p — q) (2H2,13€ + 2H, 12 j€)

n—1 =

—€(2Fou—1 +2F20j + 2 (Font3 + Fant1) €+ 4Fo 0ig) —2H2 €
iv) DHY, x DHX,' — DHY,"" x DHX, = (—1)" [ (4p* — 8pq + 8¢%) + (—6p?) je] .

iii)

Proof. i) By using identity Hi | +H,% = (2p —q) Hyp—1 — eF>,—1 [2] and considering the equations (3.2), (3.3) and the above equations
which have been defined by Horadam, the proof can be seen easily.

ii) Considering the equation (3.1), the proof can be easily seen.
iif) From the identity H,H,, + Hy+ 1 Hynr1 = (2p — q) Hypin1 — €Fppnt1 [3] and equation (3.1), the proof is completed.

iv) Using the equation (3.1) and the identity L, F;;, = Fyqn + (—1)mFm_n [2], the desired result is obtained. Also, the equations given in
Proposition 2.2. in the article [1] are specially obtained by giving values p = 1, = 0 in the equations we have found above.

i) (DHX,, % DHX, '> + (DHX,H x DHX;LI) — —Fy+2¢(~F%))

ii) DHX? = 2H,DHX,, — (DHX,, x DHX,| ‘) +2€ (F2 5 — Fyy1Fuy3) +2j€ (Fg1 Fag2)

iii) DHX?+DHX? | =4DHX>,| — DHX, x DHX,|' — DHX, | x DHX:L1 +[=2Fn-1 +2(Foni3 — Fans1) € — 2F,j] — 2F2 (€

iv) DHY, x DHX,|' — DHY,"" x DHX, = (—1)" [4+ (—6) je] O
Theorem 3.5. Let DHX,, be a dual-hyperbolic number with generalized coefficient. Then, the following identities are valid:

1) DHX, + DHX,| = DHX, >

2) (DHX,)* = 2(HyDHXy) + 2 (Hys 1 DHX 1) — [(H2 + H2, ) +2 (Hys 1 Hy2) j+2 (Hy1 Hyy3) e

3) —DHX,, + DHX,, | j -+ DHX, 2€ — DHX, 3 j€ = Hy 11
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4 (DHXy x DHXp) + (DHXy 1 X DHXu11) = (2p =) [ (Hmtns1 +Hpint3) + 2Hmns2) +2 (Hnns3 + Hpgnis) € +4Hponiai€ ]
—e€ [ (Fntnt1 + Fann3) + 2Bn4n2J + 2 (Fant3 + Fntnts) € + 4Fnintaj€ }
DHX,> + DHX;?_| = [(2p — q) (Hans1 +Han—1) — € (Fani1+ Fan—1)] +2j[(2p — ) Hoy — eFa]
+2¢€[(2p — q) (Hon3 + Honi1) — € (Fany3 + Fons 1)+ 4J€[(2p — @) Hons2 — eFony]

Proof. 1) Let DHX,, and DHX,, | be two dual-hyperbolic numbers with generalized coefficients. In this case, taking into account that the
equation (3.1), we get

5)

DHX,,+DHX, 1 = Hyp1» + Hyy3j + Hyss€ + Hyp5j€ = DHX,, 2.

Here, if the values p = 1 and g = 0 are specially taken in the generalized Fibonacci number H,, then it is concluded that DHX,, + DHX,,, | =
DHF,».

2) Let DHX, be dual-hyperbolic numbers with generalized coefficients. If the equation (3.2) is used, then the following equality is
obtained

DHX;; = [(Hy+ Hyy1j) + (Hyi2 + Hy3))€) X [(Hy + Hyy 1) + (Hyio + Hyy3.)) €]
=2(HnDHXy) + 2 (Hy 1 DHX; 1) — [(H3+H3+1)+2( Hy1Hyy2) j+2( n+1Hn+3)18]

Here, if the values p = 1 and ¢ = 0 are specially taken in the generalized Fibonacci number H,, then (DHX,,)2 = 2(F,DHF,) +
2(Fy1DHF, 1) — [(F2+F2.,) +2(Fus1For2) j 42 (Fuy1 Fay3) je] s found.

3) By considering the equation (3.1) and doing some algebraic calculations, we obtain

—DHX, +DHXn+lj +DHXn+2£ *DHXn+3j£ = [(H +Hthl])
+ [(Hn+1 +Hn+21)
+[(Hy2 + Hyy37)
- [(Hn+3 +Hn+4j)

n+1-

(Hpi2 +Hyi3))€]
(Huy3+Hpiaj)e]j
( n+4 +Hn+5j)£] €
( n+5 +Hn+61)8}

++++

Here, if the values p = 1 and g = 0 are specially taken in the generalized Fibonacci number H,,,
—DHX, +DHX,, | j+DHX, .26 — DHX, .3 j€ = Fyy1
is found.

4) Follows from the identity H,Hy, + Hy 1 Hyp1 = (2p — @) Hypine 1 — €Fppns1 (see ref. [3]) and using the equation (3.2), we achieve that

(DHX, x DHXy) + (DHX 1y X DHX 3 11) = [(Hy + Hp 1)) + (Hp2 + Hy 3 §)€] X [(Hy + Hypv 1 ) + (Hp2 + Hiny 3. €]

J’_

(Hyps1 + Hyt2)) + (Hpy3 + Hoa ) €] X [(Hpsr + Hpi2) + (Hpg3 + Hpga )]
— (Zp _ q) [ (Hm+n+l +Hm+n+3) +2Hpnt2j+2 (H171+n+3 +I'ImﬁLthS) €
+4Hm+n+4i8

—e [(Fm+n+l +Fm+n+3) +2Fnint2J+2 (Fm+n+3 + Fm+n+5) e+ 4Fm+n+4j8]

Here, If the values p = 1 and ¢ = 0 are specially taken in the generalized Fibonacci number H,

(DHXy x DHX ) + (DHXp 1 X DHX 1) = (Fynn 1 + Fnnt3) + 2Fnini2) + 2 (Fpnt3 + Fougnss) € +4Fnya jE

5) Considering the identity H,Hy, + H, 1 Hypyo1 = 2p —q) Hypona 1 — €Fppiny (see ref. [3]) and the equation (3.2), we reach the result.
Here, If the values p = 1 and ¢ = 0 are specially taken in the generalized Fibonacci number DHX,? —l—DHX2 1 = By +Fop1) +
2P j+2 (Foni3 + Fapy1) €+ 4F2 0 j€. O

Theorem 3.6. Let DHX,, and DHL,, be dual-hyperbolic Fibonacci and dual-hyperbolic Lucas numbers with generalized Fibonacci and
Lucas coefficients, respectively. For n > 0, there exist the following relationships between these numbers:
1) DHX, 1 +DHX,,_| = pDHL, +qDHL,

2) DHX,.» — DHX,_» = pDHL, + qDHL,

Proof. Equations 1) and 2) are found by taking the identity H,.1 + H,_1 = pL, + gL, (see ref. [4]) and using the recurrence relation
H, = (p—q)F, + qFy41, respectively.

DHX, 11 +DHX, | = ( w1l FHyyoj+Hy 38+ Hypaj€) + (Hy1 +Hpj+Hyp1 € +Hn+3j8)
( 1+ Hy— l) + (Hn+2 +H, )J + (Hn+3 +Hn+l)€ + (Hn+4 +Hn+3)j8
= (pPLy+qLu—1) + (pLy—1+qLy) j+ (PLuy2 +qLa1) €+ (an+3 + an+2)j8
=pDHL,+qDHL,
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DHXn+2 —DHX, » = (Hn+2 +Hn+3j +1-1n+48 +Hn+5j€) - (Hn72 +H,_1j+HyE +Hn+lj£)
= (Hn+2 - anZ) + (Hn+3 _anl)j'i' (Hn+4 - Hn) £+ (Hn+5 _Hn+1)j8
= (pLn+qLy—1) + (PLa—1 +qLn) j+ (PLus2 + qLus1) €+ (qLnt3 +qLuy2) j€
= pDHL, +gDHL,
Here, if the values p = 1, g = 0 are specially taken in the generalized Fibonacci number H,,, then the desired results are obtained. O

Theorem 3.7. The sums of the dual-hyperbolic numbers with generalized Fibonacci coefficients satisfy the following relations:
n
1) Z DHX; = DHX,,1» —DHX>

S =1

2) z DHXg 4 +DHXy i1 = DHX, i 12

S—

3) z DHX»,_| = DHX,, — DHX,

3_

4) ¥ DHXy, — DHXays 1 — DHX,

s=1
Proof. Using the identity Z H; = H,. 2 — H,4 (see ref. [4]), the proof can be seen easily as follows
1) z DHX, = z Hy+j Z Hyy+e 2 Hypo+ je 2 Hyy3 =DHX,. — DHX;

b— s=1 s=1 s=1

n n
2) ): DHX,15s+DHXy 1 = ): Hyys+Hpp1+j ): Hyyor1+Hypo € Z Hyysio+Hyi3+ j€ ):1 Hy 513+ Hyya = DHX) 110
P

s,

3) Z DHX; 1 = ): Hys 1+j Z Hy+¢€ Z Hysy1+Jj€ Z Hys1 2 = DHX5, — DHX

b— _S— s=1 b—

4) ): DHXps = Z Hys+j Z Hygr1+€ Z Hysip + je Z Hys3 = DHXpp 1 — DHX)

s=1

Also, if we consider the values p = 1,¢ = 0 in the generalized Fibonacci number H,,, then the above equations becomes as follows:
n
1) Z DHX; = DHF, ., —DHF,

S =

2) z DHXyn+DHX .1 = DHFyy p 2

3_

3) z DHX»,_ = DHF,, — DHF,

Y_

4) Y. DHX,, — DHF,.| — DHF; O
s=1

Now, let’s find correspondence of the Binet formula for the dual-hyperbolic Fibonacci numbers which helps to find golden ratio.

Theorem 3.8. Let DHX,, be dual-hyperbolic number with generalized Fibonacci coefficient. For m,n > 1, the Binet formula for this number
is given by

aal‘l BBI’l

DHX,, =
S a-B

V5

where o = HT B=1 ‘[ and the coefficients &, B are as follows

=(p—4gB)+lp(1-B)+4qlj+p(2—-B)+q(1-B)le+[p(3-2B)+q(2-B)lje

and

B=(p—qo)+p(1—a)+qlj+[p2—a)+q(1—a)e+[p(3—2a)+q(2— a)] je.

Proof. Ift; and r, denote the roots of characteristic equation 12—t —1 =0 associated to the recurrence relation DHX,, +DHX, 1 =DHX,».

Then, these roots can be found as ot =¢; = HT\@ and =1, = % Note that, a+ B = 1,a.8 = —1 and & — B = /5. Therefore, the
general term of the dual-hyperbolic number sequence with generalized Fibonacci coefficients may be expressed in the form:

DHX, = Aa" + BB"
for some coefficients A and B. For n = 0 and n = 1, the following equalities can be written
DHXy=(q, p, p+4, 2p+q)
and

DHX, = (p, p+4q, 2p+q, 3p+2q).
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Also, if we give to n the values n = 0 and n = 1, we get
DHXy=A+B
and
DHX; = aA+ BB.
Then, solving this system of linear equations, we have

DHX, — BDHX oaDHXy) — DHX
1—B 0 and  Be ) 1

R R

where some coefficients & and 3 are

o= (p—gB)+[p(1=B)+4qlj+[p2-B)+q(1-B)le+[p(3-2B)+q(2—-B)]je

and

B=(p—qa)+[p(1-a)+4qlj+[p2-a)+q(l-a)le+[p(3-2a)+q(2—a)] je.

O
Theorem 3.9. The generating function for dual-hyperbolic number with generalized coefficients is
1 3
gx) = ) sgé(DHXS +DHX,_x)es.
Proof. Assuming that the generating function for dual-hyperbolic number with generalized coefficients becomes
glx)= Z P.x".
n=0
such that
Py= (DHX,,, DHX, 11, DHX) 1 :DHXn+3) .
Multiplying the generating function by x and x2, the following equalities can be written
xg(x) =Px+Px>+ ...+ P ¥+ ...
x2g(x) = Ppx® + P> + ..+ Pyox + ...
After some algebraic calculations, we obtain
3
=—7 Py+ (P —Ry)x).
W) =1—""0 s;()( 0+ (P1—Ry) x)
This completes the proof. O

Now, let’s write the Binet formula in terms of the generating function which has been obtained in Theorem 3.9.

Theorem 3.10. Binet formula for the dual-hyperbolic numbers with generalized Fibonacci coefficients is

P, =P H,+PH,_;.
Proof. Let’s we take the relation

P, =Aa" +Bp".
Putting n = 0 and n = 1 in the above equation, A and B are obtained by

P — Py g o —P

A=—T" -°
a—B "’ o—f
In this case, P, can be rewritten as

Py [(PL—BRy) o" + (aPy—Pr) B"].

1
e

When the equalities of Py and P; is written in Theorem 3.9 and is arranged, P, is found as

o — B 3 an—l _ pn—1 3
P, = ( B ) Y DHX,, e+ (7ﬁ) Y DHX;e;.

aiﬁ s=0 aiﬁ s=0

Finally
Py, = PH, + PoH,

is obtained. O
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Let us express the Catalan identity which is one of the most known identities of Fibonacci numbers.

Theorem 3.11. (Catalan’s Identity)
For n > r, the relation

DHXZ — DHXy 4y X DHX,—, = (—1)"""uF? [j+3je]
is verified.
Proof. Squaring DHX,,, multiplying DHX,,, and DHX,,_, and noting that H,, 1 H,_; — H,H, = (71)”7k+lp,Fka+k,n [7], the following
equalities are obtained
DHX; = Hy +Hyy + 2HyHy 1 j+2 (HyHys2 + Hy 1 Hyi3) €+ 2 (Hyy 1 Hyso + HaHyo3) je
and

DHXyyr x DHX,,y = Hpyr Hy—r + Hyp 1 Hy g1 + (Hn+r+1 Hy—r+Hpyr Hy—rt1 )J
+ (HnJrr Hy o +Hygrr1 Hyopi3 + Hypy2 Hoer + Hy—p 3 Hy— 1 ) €
+ (Hn+r+l Hy_yi2 +Hptr Hy— i3+ Hygr3 Hyor + Hyp 0 Hyp g1 )JE

Adding the above equations gives us the proof. Writting p = 1 and g = 0 in the Catalan identity for dual-hyperbolic numbers with generalized
coefficients, Catalan identity for dual-hyperbolic numbers with Fibonacci coefficients is found. Namely

DHX? — DHX,,., x DHX, _, = (—1)""F? (j+3je).

Let’s give Cassini identity for generalized dual-hyperbolic numbers as a special case of Catalan identity.

Theorem 3.12. (Cassini’s Identity)
Let DHX,, be the dual-hyperbolic number with generalized Fibonacci coefficients. For n > 1, we have

DHX;; — (DHX,. 1 x DHX, ) = (—1)" ' (j+3je).

Proof. For r =1, we see that the identity in Theorem 3.11 becomes the desired identity.Putting p = 1 and ¢ = 0 in the above identity, we get

DHX? — (DHX,,1 x DHX,_1) = (—1)""' (j+3je).
This identity is Cassini formula for dual-hyperbolic numbers. O
Theorem 3.13. (Honsberger Identity)
For n,m > 0, the Honsberger identity for the dual-hyperbolic number with generalized coefficient DHX,, is given by

(DHXj— x DHXy,) + (DHXy x DHXy11) = [(2p — @) (Hin + Hicn2) — € (Fiin + Fieyni2)]
+2j[(2p — q) Hisni1 — €Fiyns]
+2€((2p — q) (Hirn+2 + Hirnva) — € (Fiynt2 + Fiinta))
+4je((2p — @) Hirnys — eFinya)-

Proof. If we take into consider the equations (3.1), (3.2) and use the identity H,Hy, + Hy+ 1Hp1 = (2p — q) Hynt1 — €Fnpnt1 (see ref.
[3]), we complete the proof. If the values p = 1,q = 0 are specially taken in the generalized Fibonacci number H,,, then the following identity
is found

(DHX; 1 x DHXy,) + (DHX; x DHX;11) = (Fin + Firny2) + 2Fjini1J
+2 (Fitnt2 + Fiinta) € +4Fcni3 J€.

Theorem 3.14. (Tagiuri Identity)
Let DHX,, be the dual-hyperbolic number with generalized Fibonacci coefficients. For m n,m > 1, Tagiuri’s identity is as follows:

(DHX,y4 X DHX, i) — (DHXyn x DHXy) = (= 1) WF Fyyg (j+3 ).

Proof. The proof can be easily seen by using the identity H,,, \  H,_y — H,H, = (—1)"_k+] WELFyy i k—n [7] and equations (3.1) and (3.2). If
the values p = 1,4 = O are specially taken in the generalized Fibonacci number H,,, then it is concluded that

(DHXm+k X DHXn—k) - (DHXm X DHXn) = (_l)n_k_]Fka-‘rk—n (]+ 318) .

Theorem 3.15. (d’Ocagne’s Identity)
Let DHX,, be the dual-hyperbolic number with generalized Fibonacci coefficients. For m >n, m € N and n € Z, we have

(DHXk x DHX, ) — (DHXjn X DHX,,) = ”men(_l)n (j+3je).

Proof. Using identity H,,  H,_; — Hn,H, = (—1)"_k+] WELFy 1 k—n [7] and the equations (3.1) and (3.2), the proof is completed. If the
values p = 1,q = 0 are specially taken in the generalized Fibonacci number Hj,, then the following identity is found

(DHXm+k X DHXn—k) - (DHXm X DHXn) = men(_l)n (J“’ 3j€) :
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4. Conclusion

Our main aim in this study was to generalize the study which was done on dual-hyperbolic numbers. It was seen that, some theorems were
obtained as a result of this generalization and they corresponded to the theorems in the article [1] for p = 1, ¢ = 0. Also, the generating
function was obtained and the Binet formula was given with the help of the generating function. Unlike the identities which was given in the
article [1], Honsberger and Tagiuri identities were proved. At the same time, special cases of these identities were discussed. Because of the
fact that generalized Fibonacci and Lucas coefficient dual-hyperbolic number system have commutative algebra structure, five different
conjugates can be defined. As a result, in addition to the identities related to the conjugates which we obtained in Proposition 3.4, the
following identities are given.

i)

DHX, x DHXJZ + (DHX;—1 % DHXnTil = (2[) - Q) [Hanl +H2n+2] —e [Fanl +F2n+2] +2jH,Hy—

DHX, x DHX," ) + (DHX,_y x DHX." | ) = — (1+2;) [(2p — q)Hay — eF2,]
DHX, x DHX,* ) + (DHX,_ x DHX* | ) = —[(2p — q)Hay — eF)
DHX, x DHX,* ) + (DHX,,_y x DHX.* | ) = [(2p — q) (Hans3 + Hans1) — ¢ (Fans3 + Fans1)]

+2j[(2p — q)Hap 2 — eFap 2]
+&[(2p —q) (2Hay + Hapy5) — € (2F2n 43+ Fap5)]
+2je((2p — q) (Hapga +Hop) — € (Fania + Fop))

ii)
DHX? = 2H,DHX, — DHX,DHX,* + 2H,y 1 (Hp 1 + Hyj + Hy2€ + Hy 2 j€)
DHX? = 2H,DHX,, — DHX,DHX,* + 2 (Hy;2Hy € + H,H, 3 j€)
DHX? = 2H,DHX,, — DHX,DHX,* + 2H, > (H,€ + H, 1 j€)

DHX? = 2H,DHX, — DHX,DHX,> + (HyioHy_ 1 +HyioHy + Hyy 1 Hyi3)
+ (Hys3Hy + Hy 1 Hy) j+ (2HnsoHy + Hy ) +Hy s —HY  —Hp) €
+2 (Hnt2Hp 1 + Hy2Hy 3 — Hy 1 Hy) j€

iii)

DHX? + DHX> | =2(2p —q)DHXa, | — DHX,DHX,* — DHX, | DHX? |
+(2p—q) (2Hzu11 +2Hp,13€ +2Hy, 15 j€)
—¢ (2P 1 + 2P+ Fopj + 2 (Fong3 + Fopg1) € +4Fop 10 j€) + 2 (HyHp 1) j

DHX?+DHX2 | =2(2p—q) DHXa, | — DHX,DHX,* — DHX, DHX," |
+(2p —q) (—2Ha,j +2H, 136 +2Hp 12 j€)
—e(2F 1 +2(Fopy3 + Fany1) € +4F2, 12 j€)

DHX? + DHX> | =2(2p —q)DHXa, | — DHX,DHX,* — DHX, | DHX * |
+2(2p — q) (Hony3€ + Hopy 2 j€)
—2e(Fon—1 +Fonj+ (Fangs +Fony1) €+ 2Fn12j€)

DHX? +DHX? | =2(2p—q) DHXa,_1 — DHX,DHX,> — DHX, 1 DHX* |
+ (217 - q) [H2n+4 + 2H2n+2j + (2H2n+3 + 2H2n + H2n+5) €+2 (2H2n+2 + H2n) ]8]
—e[Foni3 + 2B 41 4+ Foue1 +2(Fy + Fopng2) + (4F2n13 + Fopys) €+ (6Fop40 + Foy) jE]

iv)
DHY, x DHX,)> — DHY,* x DHX,, = 4(—1)" [2p%e + p? je]
DHY, x DHX,* — DHY,* x DHX, = 4(~1)" [ (p* - 2pq + 2¢%) j — 2p%€]

DHY,, x DHX,"* — DHY,’* x DHX,, — [4(71)"*1 (P2 +2pg— 2q2)] j

8(=1)"p? —P*Foni1 + pq(—2F212 — Fan) .
WtVaer DD | g2 (Fani1 + Fon) g
DHY,, x DHX, — DHY,’ x DHX,, = 2(—1)""1 p2;

The proofs of these identities are easily seen by following the similar ways in the proof of Theorem 3.4. Finally, the special values p = 1 and
g = 0 provide the above equations.
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