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solution of fractional nonlinear generalized Burgers’ differential equations. Thereby we
find some exact solutions for the nonlinear generalized Burgers’ differential equation with a
fractional derivative, which has domain as RZ x R*. Here we use the Lie groups method.
After applying the Lie groups to the boundary value problem we get the partial differential
equations on the domain R? with reduced boundary and initial conditions. Also, we find
conservation laws for the nonlinear generalized Burgers’ differential equation.

1. Introduction

The research of exact solutions plays an important role in the study of nonlinear systems. Many methods as the inverse scattering method [1],
Hirota bilinear method [2], Lie symmetry analysis [3, 4], CK (Clarkson-Kruskal) method [5, 6], etc. have been developed to find these
exact physically significant solutions of the partial differential equation, although this is rather difficult. Our work in this area is to use Lie
transformation methods and its analysis to search exact solutions to fractional nonlinear partial differential equations. It is known that the Lie
group method is a powerful and direct approach to the construction of exact solutions of nonlinear differential equations. Essentially, the
symmetry analysis is aimed at using the symmetry of the equation. The process thus obtained reduces the complexity of the given equation.
Even though physical phenomena are mostly based on searching the solution of the underlying nonlinear model equations, it is too difficult
to find a general solution of the fractional nonlinear partial differential equation. There is no existing general theory for nonlinear partial
differential equations. While there is no existing general theory for nonlinear partial differential equations, many special cases have
yielded to appropriate changes of variable [7-11]. In fact, transformations are perhaps the most powerful tool currently available in this
area [12—14]. Ivanova, Sophocleous and Tracin in [15] investigated the Lie symmetry analysis of (2+1) - dimensional variable coefficient
Burgers differential equation of the form

up = A(t)uxy + B(1)uyy + uuy.

They obtained the symmetries, according them conservation laws and some analytical solutions for above equation. Later Abd-el-Malek and
Amin in [16] studied the symmetry analysis of the generalized (1+1)-dimensional Burgers differential equation in the form

ur o (u )y = Bg(t)(U")xxs

with boundary and initial conditions u(0,x) — oo, for x > 0, u(¢,0) = yr(t), fort > 0,y # 0, and lim u(f,x) — o, fort > 0.
X—boo
Some recent studies of Burgers differential equation the reader can see in [17, 18].

In this research, we show the applying of Lie group analysis to study (2+1)-dimensional time-fractional generalized Burgers’ differential
equation with boundary and initially conditions:
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V() = Re() D) )
o u’)=Rg u), .
M(O,X,y) — oo, (.X,y) S Rz
u(t,0,0) = (1), 1 €[0,00), (1.2)
lim  u(f,x,y) — oo, t €[0,00).
(x0,) = (e0,00)

Here(x,y) € R, e RT,0< a < 1,n>1,P,R#0and % is a fractional derivative which is considered in the Riemann-Liouville terms
as [19]

L da ot f(7) ;
9% F (1) r(nfa)WfO(rfr)aH*"dT’ if a¢N, n—l<a<n, neN,

EICa

4F (1), if a,neN.

Moreover we investigate the conservation laws for above equation by using Ibragimov’s theorem for fractional derivative equations [7,20].
The Lie group or Lie symmetry analysis allows us to see that the underlying symmetry algebra of the equation reduce the dimension, it is
since each of the time-fractional equations is invariant under time translation symmetry. So, by using the Lie symmetry, we show that the
fractional partial differential equation with the domain R? x R* can be transformed into a nonlinear fractional partial differential equation
with the domain R2.

2. Symmetry analysis for time fractional partial differential equation
Consider a time-fractional partial differential equations with three independent variables x > 0, y > 0, and # > 0 as following:
F(x7y7t7u7alau7uX7uy7MXX7uyy):07 O<a§ 17 (21)

where J%u is Riemann—Liouville fractional derivative of u.
A one parameter Lie symmetry transformations acting on a space of three independent variables (7,x,y) and depended variable u are
determined as

f= t+8f(tax7y7 M) +0(82)7

x

x+ €& (t,x,y,u) + O(e?),
2.2)
y=y+e&(t,x,y,u)+0(€?),

it = u+en(t,x,y,u)+0(?),
where € > 0 is an infinitesimal group parameter. The infinitesimal generator associated with the above transformations can be written as:
d d d d
X= t7777 t77771’-t7777 t7177
él(xyu)ax—i-éz( xyu)ay—b—(xyu)a[—i-n(xyu)au

with & = % le=0, & = % le=0, T= % le=o and n = % le—o. According to the infinitesimal invariant criterion (2.2), prolongation pr(®2)x
to equation (2.1) has the form

pr(al)X(E) |E:0: 07 E = F(Zaxyyv M, atau7 u)ﬁuxx) = 07
here the operator pr(a*z)X takes the following form
priPX = X 104050, + N Ou, + 30, + 1) O, + M0,
where
Mg = D (M) + &1Df (ux) — D (Erux) + EaDf (uy) — DY (Sauty) + DY (uDy (7)) — DFH! (tu) + TDF (u),
ni =Dyn — uD & — u}'Dx‘SZ —urDi T,
n; = Xrlf - uxxDxél - uxny§2 —uxDxT, (2.3)
Tlf =0yn 714ny51 - uyDy§2 - ”tDyT:

Ny = DyNy — uyeDy&) — uyyDyEy — uy Dy T,

with D; is the total derivative
D; = 0; +u;oy + u,-,aut + thaur +u,<,<8u‘. + ujja,,j + ...

and DY is a fractional derivative operator with respect to z.



Fundamental Journal of Mathematics and Applications 141

The expression for 77, nly , M3, and n; in (2.3) can be easily obtained [4,21], here we concentrate our attention on 1,. Using the generalized
Leibnitz rule, that was given in [22]

o

prs) = ¥ (£) e rsopin. (&) = (et

P n) " T(—a)C(n+1)
So we get
&b ()~ Df (G =~ T (1) 08 w22,
E2D% () — Dft (Eaty) = i} ("‘) DL (1)} (82).
and
DD (1))~ DI (tu) + TDF (1) = —aDy(T)DF () — ¥ ( )D“ ")y (2).
n=1

Thereby we get the expression

o =

me=oim - X (§) o rwint@) - X (&) o8 rwinp@) - andenfo - X () oot o),

n=1 n=1

According to the compound function of the chain rule [23] we get

LI F 3 (2) g e s (st ) T,

=0r=0

Thus infinitesimal 1, takes a form

an,
Mo = 5 + (M —a(ft+urfu))?9z3 u +

LG = (L)oo £ () prcomrr - £ (7)o rwmree)

J’_

n

IR ekt

where
nm B E R () () () iy e () e
S =25 IT(n+1—a) ot A" Ju
3. Symmetry analysis for time-fractional nonlinear generalized Burgers’ differential equation
After some easy mathematical transformations our equation (1.1) can be written in the form
0%

5ot nPu ™ (uy + uy) = nRg(t)((n— 1)u" 2 (u + ui) " e+ ttyy)). 3.1

By substitution of transformations (2.2) and (2.3) into (3.1) and equating the multiplier of € to zero we get that, for the fractional nonlinear
generalized Burgers’ differential equation (3.1) the invariance criterion takes the form

Nk +n(n—DPu" 21 (uy + uy) + nPu1 (ny{ + n{) —n(n—1)(n—2)Rg(t)u"3n(u2 + u%)
—2n(n—1)Rg(t)u" (N +ny) — n(n— DR ()u" 2 (uf +u3) (3.2)
(= V)Rt -+ tyy) 1) — RS ()" (s + 11} T — nRE(1 )"~ (15 +173) = 0.
Substituting the extended infinitesimals (2.3) into the equation (3.2) we get following system of differential equations:
9u61 =08 =061 =08 =T =0T =0T =N =0,
Pn(n* —n)+Rg(r)dyn (2n — 2n*) + u(nPad,t — nP(0y&1 +0:&1) +nRg(t) (A& + déy) +2nRg(1)dum) =0,
Pn(n® —n) +Rg(t)oyn (2n —2n*) + u(nPad, T — nP (& + &) +nRg(t) (dyyEa + dex&a) +2nRg(1)dyun) = 0,
Rg(6)n(n—n?) +u(—nRg'(t)t —nRag(t)d; 7+ 2nRg(1)0,E( ) =
Rg(t)n(n—n?) 4+ u(—nRg' (1)t — nRog(t) ;T + 2nRg(1)d: &) = 0,
Oumn — %1 9yt =0,

9%n M
ot u &t“‘

+nPu"” 1(3x11+9yn)*nRg( Hu" (axxn+a)’)'n) =0.
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In below we study some cases and obtain generating infinitesimal operators for classification of solutions of the equation.
Case 1: For arbitrary g(¢) and 0 < @ < 1 we get infinitesimals as

Si=ci,
62 =2,
7=0,
n = 07
here ¢ and ¢, are arbitrary constants and there are two infinitesimal operators
X = J Xy = J
1™ ox 2Ty
Case 2: For g(t) = 1 we get following infinitesimals
él =C1,
62 =2,
T =c3t+cy4,
_ _ocs
n=—uth
here cy,cy,c3, and ¢4 are arbitrary constants and thus we obtain two additional infinitesimal operators
¥ d X =1 d N o 0
== =t—4 —u=.
T YT T T=n o
Case 3: For g(t) = t” with b # 0 we have infinitesimals as
1 = csx+ce,
S =csx+er,
T=¢s %,

_ _b-a
N = pa=n 5%
here cs,cg, and c¢7 are arbitrary constants and there is one additional infinitesimal operator

Y=gl 2 f9 b-a o
3T Yy T har Thn— )" ou

Case 4: For g(r) = ¢' we obtain following infinitesimals in a form

&1 =cex+cy,
& =cey+cs,
T =c¢,
n= an| u,

here cg,c7 and cg are arbitrary constants and we have one additional infinitesimal operator

I )
3T yay o n—1"ou

4. Symmetry reductions of the time fractional nonlinear generalized Burgers’ differential equation

Now, we obtain similarity reductions and present the reduced nonlinear fractional ordinary differential equations. Also we classify the
corresponding group invariant solutions of the fractional nonlinear generalized Burgers’ equation.
Case 2: For g(t) = 1 we have four infinitesimal operators

_9 x99 g _9, @ 9
ox 279y 3T o T T T S

The similarity variables for infinitesimal operator X; and X, can be found by solving the corresponding characteristic equation

dx _dy _dt_du  dx_dy _dr_du
1 0 0 0 0O 1 0 o0

Thus we obtain the similarity reduction u = ¢(z), by substituting which into (1.1) we get

D¥¢(t) =0.
Thereby the exact solution of time fractional nonlinear generalized Burgers’ differential equation (1.1) with X; and X; is
a—1

u(t,x,y) = ct

where c is arbitrary constant.

For infinitesimal operator X3 the corresponding characteristic equation is in a form
dx dy dt du
0 0 1 0
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This equation gives us a similarity reduction u = ¢ (x,y), by substituting which into (1.1) we have

u(t,x,y) =0.
And the similarity variables for infinitesimal operator X4 can be found by solving the corresponding characteristic equation
dx dy dt du
0o o0 o

—n

Here we have u=t17 ¢ (x,y) similarity reduction, by substituting it into (1.1) we get

t

i [ s gL s e (0 ) (2e0(53) + 200 (1)
0

1
rl-o

Q.‘p_

=R 5 (10 (6,3))" (9 (5,9) + Ay (x,3)) +n(n = 1)(9(x,9))" (30 (x,3))> + 3,6 (x,3)))) = 0.

After some easy transformations we obtain following nonlinear ordinary differential equation

w¢(X»y) +nP(9(x,y))" " (9 (x,y) + 9 (x,3)) = Rn(9 (x,3))" " (duxd (x,7) + Iy (x,))

r(17a+—“§")

—Rn(n—=1)(9(x,)" (99 (x,))* + 3y (x,y))*) = 0.
Case 3: For g(t) = t* with b # 0 we have three infinitesimal operators

9 x99 g _9.,,9. 19 b-a 9
o 279y 3T Yy Thar Th(n—1) " ou

The third infinitesimal operator by solving the corresponding characteristic equations

dr _dy _bdr _ b

B - b—a,’
X Y ! n—14
gives us the similarity reduction
b a
u(x,y,1) =11 @(py,p2),

where p; =xt~? and p, = yr 2.
Case 4: And lastly for g(r) = ¢' we have three infinitesimal operators

d d d Jd d 1 d

Xi=—, Xo=—, Xzmxedy— 42
1Sy Ty BTt

U—=-.
(n—1) du
The third infinitesimal operator gives us the corresponding characteristic equations

a_dy_ar_
_x_y I_Lu’

and a similarity reduction
u(x,y,1) = em1'v(q1,42),

here g; =xe™’, and g» = ye™".

5. Conservation laws

In this section we will construct the conservation laws of time-fractional nonlinear generalized Burgers’ differential equation (2.1) by using
Ibragimov’s theorem [24,25]. Ibragimov proved this theorem for differential equations with integer order. And it was applied to fractional

differential equations [26,27].

We will search a vector field C = (C',C*,C*), where C' = C'(t,x,y,u, ux, uy, ...), C¥ = C*(t,x,y,u, y, uty, ...), and C¥ = CV (¢, X,y, u, Uy, hy, ..
is conserved vector for (3.1) on all its solution if it satisfies the following conservation equation D;(C") 4+ Dx(C¥) + D, (C”) =

C*, and C” are conservation laws for equation (2.1). A formal Lagrangian function for (2.1) is given by

L=v(t,x,y)E.
Here v(t,x,y) is a new dependent variable and
%u 2
E= Frea + 1P (uy + uy) — n(n— )Rg(t)u" 2 (12 +u ) +nRg (1)U (tyy + ttyy).

The Euler-Lagrange operator with respect to u is defined by [27,28]

o d d d d d d

— +(DY)* —Dy=— —Dy=—— +D? D;
su " au TP Gpa, T Pxg DG P g DG

where (D¥)* is adjoint operator of DY that has a form

(DF)" = (=) 17~ *(Dy).

)

0, where C*,

(5.1)



144 Fundamental Journal of Mathematics and Applications

By using Euler-Lagrange operator we can define an adjoint equation of equation (3.1) as
oL
— =0. 52
Su (5.2)
After calculations, the equation (5.2) takes a form
oL
Su

So, we say that generalized Burgers’ equation is nonlinearly self-adjoint if the adjoint equation (5.2) is satisfied for all solution u of equation
(3.1) upon a substitution v = @(z,x,y,u) and @(¢,x,y,u) # 0. This substitution allows us use formal Lagrangian as usual classical Lagrangian

and construct the conservation laws.
Thus, x-component conservation laws for the equation (3.1) have the form [28]

. (L oL oL
CI =& L+W, (Tux *Dx%) Dy(W;) < ) )

= (D*)*v —nPu" " (v +vy) — nRg (1)t~ (i 4 vyy).

Oty

here W; =1 — & fux - ééu), — lu,. y-component conservation laws for the equation (3.1) have the form [28]

, JL JL JdL
v _ = _p, (W [ =— .
Ci B §2L+VVZ (auy D} auyy) +D)(‘/Vl) (auyy)

And 7-component conservation laws for the equation (3.1) have the form

ml JL JL
€= X (-0AD WD ()~ (1) W DY ).
form—1 < oo <mand J is a integral
(T
100~ gy [ [ 2

Thus, by using (5.1) and above formulas we can find C*, C?, and C’ for our problem.
Case 1: For arbitrary g(¢) we have W) = u, and W, = u, that gives us

Ci =vD¥~ ](ux) J(ux,vr),

Ch =vD~ 1(uy) J(uy,ve),
Cx—v(gto’f +nPu"" l(ux+u))fn(nf I)Rg(t)u" 2 (u2 + 2) -+ nRg(t)u" (e +uyy))+
nRg (1) 'upev —3n(n — 1)Rg(t)u">v(uy)? + nPu~ 1uxv—nRg() "y (v + ),

C5 = nRg(t)u" Yuxyv — 3n(n — 1)Rg(t)u">vuyuy +nPu uyy — nRg(t)u" ™~y (uxvy +vy),
)

n—1

C) = nRg(t)u" uxyv — 3n(n— 1)Rg ()" 2vuuy +nPu uey — nRg(t)u"Lux (uyvy + vy),

(64 —v(gtﬂ‘f —Q—nPu”*l(ux—l—uy)—n(n— I)Rg( "2 (U2 4+ u2) + nRg (1) (e + ayy ) )+

nRg( " Luyyy —3n(n — 1)Rg(t)u">v(uy)? +nPu"~ 1uyvfnRg( O Ly (uyvy + vy).
Case 2: For g(t) =1* we get Wi = u,, W = uy, and W3 = xuy + yuy + bu, + b( )u, thus the corresponding conservation laws are like:
C! and C}, are the same.
¢y =t(9k +nPu" M+ uy) —n(n — I)Rg( Y2 (ug + ug) + R (1) (ww + uyy))+
DY~ (xux+yuy+but+b( i )+J(xux+yuy+ u’+b( b>u Vi),
Ci= y(2ou 9,a 4+ nPu " (ux +uy) —n(n — 1)RPu 2 (u? + 1 2) + nRO U (e + uyy) )+
nRtb "yeev —3n(n — DR 2v(u,)? + nPu’~ uxvfnRtb "y (v + ),
G = nRiby" ! Uxyv —3n(n— I)Rtbunfzvuxuy +nPy"! Uyy — nRe? ! uy (UxVy + Vx),
G :xv(% +nPu! (ux+u}) —n(n—1)RiPu"2 (i +u2) + nREPU (1 + uyy ) )+
nREP WV (uy + b( )ux + Lty + Yitgy + Xty ) + (b< i + Lur +yuy +xux>
(=3n(n— 1)Rt°u™ zvux +nPu" 'y — nRtPu" l(uxvu +vy)),
Cy = nRtbunfluxyv —3n(n— l)Rtbu”’Z\/uxuy +nPu" tuw — nRtbunflux(uyvu +vy),
) =v( ?91‘;4 +nPu " (ux +uy) —n(n — V)RPu 2 (u? + uf) + 1R (g + 1ty ) )+
nRth "Vuyv —3n(n — DRPW v (uy)? + nPu uyy — nRePu"uy (uyvy, +vy),
Q= (4 aza L+ nPu 1(ueruy) fn(nf DRPu 2 (u? +uy )+nRt” 1 (U + 1))+
nRiPu! v(uy + 2 B(I— )u) +1L b Uyt + Yityy + Xty ) + (b( >u+ us + yity +xux>
(=3n(n— DR vy + nPu 'y — nRe"u" " (uyvy +vy)).
Case 3: For g(t) = 1 we obtain W) = uy, Wo = uy, W3 = u;, and Wy = tu; + l%‘nu, thus the corresponding conservation laws are in the
following form:
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C! and C} is the same.
;= (3,0: +nPu" (ug +uy) —n(n— 1)Rg(t)u"*(u} +uy 2) -+ nRg(t)u"" l(uxx+“yy))+VD?71(“t)+J(Mt7Vt)7

Ci= (aza +nPu"~ l(ux+u})fn(nfl)Rg() o 2(u +u )+nRg() = 1(u)oﬂruyy)ﬂ»
Da 1(tu,+mu)+1(tul+ linu V;),

C’f:v(% +nPu" 1 (uy +uy) —n(n—1)Rg(t)u" 2 (u +u )+nRg() U Uy + )+
nRu Vv — 3n(n— DRU" 2 (uy)?v 4 nPu™ 'uxvfnRu Yt (uvi + ),

C5 = nRu" Wiy — 3n(n — D)Ru"2uxuyv + nPu L uyy — nRu"Vuy (uevy +vy)),
G = nRu" Wiy, —3n(n — I)Ru”*zuxu,v +nPu" upy — nRU T Vuy (v, +vy)),
Ch = nRu" " (tuy + %5 uy) + (tuy + 525 u) (—3n(n — DR 2uv+nPu 'y — nRu " (uyvy, +vx)),
CY = nRu" Yy — 3n(n — D)Ru" 2 uyityv + nPu" Lugy — nRu" L uy (uyvy +vy)),
= (ata +nPu" Yy +uy) —n(n— l)Rg( V"2 (u? + 2) + nRg(t)u ™ (tuxx + uyy) )+
nRu" Vuyyy — 3n(n— 1) Ru" 2 (uy)?v + nPu" ' uyy — nRu Ly (uyv +vy)),
Cg = nRu"*lvuy, —3n(n— l)Ru"*zuyu,v +nPu" Ly —nRu"u, (uyvu +vy)))s
C = nRu" W (tuy + - uy) + (tuy + %5 u(—=3n(n — DRu"2uyy + nPu1v — nRu" 1 (uyvy +vy))).
Case 4: For g(t) = ¢’ we have W) = uy, W = uy, and Wy = xuy + yuy + u; + ﬁu, and thus the corresponding conservation laws are:

C! and C} is the same.

¢ = (at«x +nPu" ](uxﬁ—u})—n(n—l)Re’u" 2(14 + u )+nRe’u" I(MM—Q—MW))—Q—
vD{~ (xux—o—yuy—i-ut—k =t )—i—](xux—o—yuy—i-u;—l— l_nu,v,)7

Cx—v(%t‘,’f +nPu"~ 1(l,tx—‘—uy)—n(n—l)Re’u" 2(u + 1y 2) -+ nRe' u" ™ (e + uyy) )+
nRe u" iy — 3n(n — 1Re' "2 (uy)?v + nPu"~ uxv—nRe’ L (v + vy,

G = nRe’u"*luxyv —3n(n— l)Re’u"*zuxuyv +nPu! Uy — nRe’u"fluy(uxvu +vy),

G = vx(% +nPu " (ux +uy) —n(n— 1)Re' "2 (u2 + u}z) +nRe "ty + 1ty ) )+
nRe' u" 1 (uy + Xttyy + Yidyy + gy + 1l—nux) + (e + +yuy + u; + l—lnu)
(=3n(n—1Re' " 2uyy +nPu v — nRe' w" ' (uyvy, +vy)),

C) = nRe' u"~! uyxv —3n(n—1)Re'u"~ 2uyuvarnPu” Yy —nRe' w1y e (Uyvy +vy),

C%:v(ata +nPu"~ l(ux+uy)—n(n—l)Re’u” 2(u + 1y 2) + nRe " (e + uyy) )+
nRe' u"Vuyyv —3n(n — 1)Re' "% (uy)*v + nPu~ u‘v—nRe’ "Ny (uyvy + vy),

G = vy(% +nPu (ux +uy) —n(n— 1)Re' "2 (u2 + uy) +nRe U™ gy + uyy) )+
nRe' W (xttyy - yuty + sy + upy + g ty) + (e iy + g + 7 u)
(=3n(n—1)Re'u"2uyv +nPu" v — nRe' w1 (uyvy, +vy)).

6. Symmetry analysis for boundary value problem

In this section, we will discuss the symmetry analysis for the boundary value problem. Lie symmetry analysis is one of the most
widely-applicable methods of finding exact solutions of differential equations, but it was not widely used for solving boundary value
problems. And the reason is the initial and boundary conditions are usually are not invariant under any obtained Lie symmetry method
transformations [3,29-31]. So, for partial differential equations, an invariant solution found by applying symmetry transformation solves a
given boundary value problem, when the symmetry transformation leaves invariant all boundary conditions and the domain of the boundary
value problem.

Now, let the Q-condition symmetry

d d d d
_ 9 9 g 7 1
Q él(x7y>t7u)ax+€2(x7y7t>u)ay+T(x7y7t>u)at+n(x>y7t7u)au7 (6 )
with . L
du du d*u J*u
—F ey =y = =0
Qk(ul (X,y,lzt, axa ayv 7axk’ ayk))lM )
and the manifold M = {u; — F (x,y,u, gz g;, ,3—;’,{, %”{) =0,0(u) = 0} is admitted by the boundary value problem defined on a domain
Q:

du du  *u IFu 2o
u,:F()c,y?mg,a—y,...7ﬁ,a—yk)7 (x,3,1) eQCR* xR, 6.2)

k—1 k—1
du Ju 9" u 9 ”>:0 a=1,...p. (6.3)

da()ﬁ)’v’) :OZBIJ ([7xayau7 57 aiyw'w WaW
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@ @ akflu akilu)_o
T9x’ Ay’ gxk—17 gyk—17 T

Ie(x,y,1) = 00 Le(x,y,t,u c=1,..., peo. (6.4)

Here B,(t,x,y,u, gx, g? ey ‘3;1’1‘, ‘3;1 “) boundary condition on d,(x,y,?). Suppose that the above boundary value problem has a unique
solution. L
So, for the manifold M = {l.(x,y,t) = oo, L. (x,¥,t,u, ‘3)’?, %, ey %, ‘3—;{) = 0} there exist a smooth bijective transformation that maps the
manifold M into . .

du du oK u 8ku)_0}
Yot 9 " a(x*)k* ’ a(y*)k* - ’

Definition 6.1. The symmetry Q which has the form (6.1) is allowed by the boundary value problem (6.2)-(6.4) if:

2 AT d *u dtuy.
¢ Q ( (x yu vg)uc 6.3’ --7%%77;)):Of0r”f:F(xvyv aaz 3; aﬁ?f)jﬁ)’
° Qda(x7y7 ) Oforda(xvyal) :0’ a= 17"'717;
du 9 AT du 9 AT .
* Q(Balx,y:t,u, 7527%""797;7 Ty’f) = 0 for By(t,x,y,u, 5%, 3—;...78—;7 Ty’,f) =0ondy(x,y,t)=0,a=1,..,p;
e there exist a smooth bijective transformation that maps the manifold M into M* of the same dimensionality;

© QU ) =0 for E(x .y i) =0, ¢ = ey pusi
k k
° Qzﬂkx ()C y7[7ua ngg;l 7%,%):0]“0}”&-()@)}7”:%,C=1,...,}"
Let us consider our fractional partial differential equation (1.1) with &t = 1, which defined on the domain 0 <7 < e, x > 0, and y > 0 with
initial and boundary conditions

ME = {1 (", y7,17) = oo, Lo (X7, Y717 u

g+ Pru™ 1 (uy + uy) = nRg (£) ("™t + 1ty + (n— "2 () + (y)?)), n>1, PR#0 (6.5)
“(x7y70) — o0, (x7y) €R+ XR+7
1(0,0,7) = ®(r), t € [0,00],
u(xaya[)(x,y)ﬂ(o,o) %, re [O,oo]

The problem (6.5) for g(t) = ' with boundary and initially conditions is not invariant. But it is invariant for g(¢) = 1 and g(¢r) =, b > 0.
As we found before the equation (1.1) with g(¢) = ¢ has an infinitesimal generator

t o b—o 0
+ep—=— oy —u—.

J
X=(a+ex)z bt bn—1)"ou

x +(c3+c2y)

2
dy
So, after applying X to boundary condition as &; (0) = 0 for x =0 and &, (0) =0 fory =0we getc; =c3 =0and ¢, (%tb(t) — t%) =0,
where ®(t) = Kt%, K is arbitrary constant.

According above definition let assume t* =7, x* = 1/x, y* = 1/y, and u* = u bijective transformation which maps M= {x —) 00, ¥ —) oo, u —
J

oo} to M* = {x* — 0,y* — 0,u™ — 0}. This transformation maps the infinitesimal operator X to X*. Thus, X —xa +yay +1 5 ar + b(n ]) Ju
infinitesimal operator with X* = —x* ai* +5 9 — b&ill)
conditions:

u(t7x7y)t—>0—>°°7 (x7y) €R+XR+7

u(t,0,0):Kt%, t € [0,00],

M(t,x,y)<x7y)4>(070) —> oo, te [0,00].

Which give us u = =l f(ri,r), where r; = B2 = t%, transformation, after applying that we get
{ Bl b(rifoy +rafoy) F 0P (fry + ) = RSP oy + Frar) +0ln— D2 (f2 4 £2)) =0,

F(r,m2) 4y ry)00) — 0,
lim  f(r,n) =K,

(ry.r9)—(o0,00)
boundary value problem of partial differential equation with two independent variable.
And the equation (1.1) with g(r) = 1 have an infinitesimal generator

1
X = J +C2aa (c3t+c4) J

c 8 —_—
~lox bar T nau
Thus, as £;(0) =0 for x =0, &(0) =0 for y =0, and 7(0) = 0 for r = 0 we get

0.

1 dd
c1=0, =0, ¢4=0, and q(md)(t)ftZ)

So, ®(t) = Ct' -, C is arbitrary constant. According above, the X =5~ a 7ty é)u with X* =¢* aaﬁ - %u a‘z* infinitesimal operator leaves

invariant the equation (6.5) with boundary and initially conditions:

u(t7x7y)t—>0 — %, (-’ﬂy) ERJF XR+7
u(t,0,0) = Cr T, 1 €10,00],
w(1,2,3) () +(0.0) — 1 €[0,0].

Which give us u = tﬁh(x, y) transformation, after applying that we get

b nPR (e + hy) = R(nE ™ (e + Byy) +n(n— 1R 2(h2 4 h2)) =0,
h(X,3) (xy)—(0.0) — 0,
lim h(x,y):C

)

boundary value problem of partial differential equation with two independent variable.
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7. Conclusion

In this work, we presented the application of Lie group analysis to study time-fractional nonlinear generalized Burgers’ differential equations.
So, we found some exact solutions of nonlinear generalized Burgers’ differential equation with fractional derivative here we used the method
of Lie groups method. Also, we obtained the conservation laws for corresponding cases of the function g(¢). After applying the Lie groups
we got boundary value problems with reduced dimension for special cases of g(¢). Moreover we defined conditions which leave invariant the
boundary value problem (1.1)-(1.2) for g(r) = t* and g(t) = 1 with o = 1. The symmetry method on fractional boundary value problem is
our future research.
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