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1. Introduction

In this paper, we study the following parabolic system

Uy — Au + |u|q_2ut = f]_[u, 'U), xeN t>0,

vy —Av + |[v|7 %0, = £,(u,v), x€EN, t>0, 1)
u(x,t) =v(x,t) =0, XEM, t=>0,
u(x,0) =up(x), v(x,0)=rvy(x) x € 0,

where g > 2 are real numbers and (2 is a bounded domain in R™ (n = 1) with smooth
boundary 002. f;(u,v) (i = 1,2) will be given later.

Pang and Qiao [1] studied the blow up properties of the problem (1) with negative and
positive initial energy.

In the absence of |u|72u, and |v|9?v, term become the following problem

u; — Au = f,(u, v),
vy —Av = fL,(u,v). (2)
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This type of equation aries from a variety of mathematical models in engineering and physical
sciences, it appears naturally in the models of physics, chemistry, biology, ecology and so on
(see [2-12]). In [13], the authors got the global existence solution, blow-up in finite time
solution, and asymptotic behavior of solution for (2).

Currently, in [14] the author also discussed the problem (2). He got global existence of the
solutions , the asymptotic stability of solution and the blow up of solution.

In detail, this paper is organized as follows: In the next section, we present some notations
and statement of assumptions. In section 3, the growth of solution is given.

2. Preliminaries

In this section, we shall give some assumptions for the proof of our results. Let |||, |l. |, and

(w,v) = [, u(x)v(x) dx denote the usual L? (2) norm, LP (22) norm and inner product of

L? (), respectively. Throughout this paper, C is used to point out general positive constants.
For the numbers m and g, we suppose that

2<q<m_<_g ifn>2,
2<qg<m<+wifn=1,2 3

Regarding the functions f; (w, v), f>(u,v) € C* such that

oF (u, 0F (u,
filun) = o2 ) = )

v
and

{ffo(|u|m +[v[™) £ F(w,v) < ky([ul™ + [v]™), (@)

uf;(u,v) + v (w,v) = (m+ 1)F(u,v)
where k, k; are positive constants.

Combining arguments of [15.12,16], u(x, t), v(x, t) are called a solution of problem (1) on
2 x[0,T) if

{u,v € C(0,T; Ha() n €*(0,T; L2(1)), 5)

lu|9"%u,, |v|9%v, € L2(2 X [0,T))

satisfying the initial condition u(x, 0) = uy(x), v(x,0) = v,(x) and
fot Jo Vu()Vw(s) + ug(s)w(s) + lul"?uw — fi(u, v)w]dx ds = 0, (6)
fot fﬂ [V (s)VW(s) + v (s)w(s) + |v|92vw — fo(u,v)w]dx ds = 0 (7)

forallw € C(0,T; Hi ().

The energy functional associated with problem (1) is
1 1
E@®) = IVull® +-lvoll* - J, Fwv)dx, (8)
where u, v € Hg (02).
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Lemma 2.1 Suppose that (3) and (4) hold. E’(t) is noncreasing function ¢ > 0 and
E'(6) = —lluell® = llvell® = J, 1ul"w2dx — [, [v|97%v,* dx < 0. 9)

Proof. Multiplying Eq. (1), by u; and Eq. (1), by v; and integrating over {2, we obtain
fot E'(t)dt = — [f[:(llutll2 + |lvelI®)dr + f; fn |u|92u,dxdr + fot jn Ivlq_zvtzdxdr],

t t < t -
E(t)—E(0) =— [_fﬂ(llutll2 +llvell®dr + [ [, [ulT?u dxdr + [ [, [v]9 zvtzdxdr]
for t > 0.

3. Exponential Growth of Solution

In this section, we state and prove exponential growth result.

Theorem 3.1 Suppose that (3) holds, ug, vo € H (2) and E(0) < 0. Then, the solution of the
system (1) grows exponentially.

Proof. We set

H(t) = -E(t). (10)
From (10) and (9), we have

H'(t) = —E'(¢) > 0. (11)
Since E(0) < 0, we get

H{0) = —E(0) > 0. (12)
By the integrate (11), we get

0 < H(0) < H(t). (13)
By using (10) and (8)

H(t) - f, Fav)dx = —=(Ivull® +[Ivvl*) < 0. (14)
Then, by using (4), we have

0<H() <H®) < [ Fluv)dx < ky (lullf + 1vII7). (15)
We define the functional

®(t) = H(®) + - lull? + - llvil*. (16)

By differentiating (16) and using Eq.(1), we get
' (t) =H'(t) + ¢ (f uugdx + f vvtdx)
0 0
= lluell® + llvell* = elVull® — ellVoll* + e, [ufi(w,v) + vf,(u, v)]dx
+fﬂ [u|92u,2dx + J, WI97%v2dx — & [ 1u|" Puudx — ¢ [ [v|9?vv dx
= llull® + llvell* = ellVull® = ellVvll* +e(m+1) [, F(w,v)dx
+_f!2 |ul9"2u,2dx + I |v|92p2dx — sfﬂ |ul9 2uu, dx

—¢ [, [v|" vvdx. (17)
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In order to estimate the last two terms in the right-hand side of (17), we use the following
Young's inequality,

ab < 8 'a? + 5b?,
so we have

qa-2 -2
f |ul92uu, dx sf lu| 27w lul 2 dx
0 0

<871, [ulT?udx + 6 [, |ul? dx.
Similarly,
f |9 2 dx < 6_1j lv)92v,2dx + 6_[ |v|9 dx.
0 a o
Then, (17) becomes
®'(t) = lluell? + Nlvell? = ellvull® — ellvoll* + elm + D (luliy + lvliz)
—e8(llullg + lvllg) + (1 —e67") [, lul®?u>dx
+(1—&8™Y) _[Q |v|92v,2dx. (18)
By using follows equality that
—||Vull? = ||Vv||* = 2H(¢t) — ZfQ F(u,v)dx.

Hence, (18) becomes
@' (t) = 2eH() + lluell® + lvell> + e(m = Dl + (vl

—e8(llulld +vlid) + (1 —e67Y) Jo Il ?u,dx
+(1~e871) [, |7 %v dx. (19)
As the embedding L™ & [9 & [2,m > q > 2, we have

a
lullg < Cllullf, < Clulli)™,

a (20)
q q mys
vllg < Clvlln, < CAIvIE)™.
Since 0 < % < 1, now applying the following inequality
l 2
r<(x+1)< (1+z)(x+z),
q

which holds foralf x > 0, 0 <1 <1, z > 0, especially, taking x = ||lull7, [ = o’
z = H(0), we get

1
COuly™ < (1 +577) (Rl + 1)),
similarly
4 1
cAivlimm < (1+575) (Il + HO).

Then, from (15) and (20), we get
lull + Iol§ < C(llully, + Ivlig,)
< Gy (llullii + 7). (21)
Then, from (21) we obtain
®'(t) = 2eH(t) + lluell® + llvell* + ea, (lully + vln)
+(1-e67h) [, lu|Tu,2dx + (1 —671) [, [v|97%v,2dx,
where § small enough such that a; = m —1—6C; > 0 and taking £ and § small enough
suchthat 1 — &5~ > 0, then
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®'(t) = C(H(E) + lluell® + llvellI* + Null: + vl (22)
On the other hand, by definition of @(t) and Poincare's inequality, we get
O (t) = H(t) + = lull? + |lv]|?
< C(H(E) + IVull? + IV ll?).
From definition of H(t), we get

() < C(H(®) + lulliz + Ivim) (23)
< CCH@) + [l + Ivl + lwell® + v ). (24)

From (22) and (24), we arrive at
P'(t) =re(t), (25)

where r is a positive constant.
Integration of (25) over (0, t) gives us
@(t) = ®(0) exp(rt).
From (23) and (15), we get
o) <H@®) < lullm + vl
Consequently, we show that the solution in the L,,-norm growths exponentially.
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