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where the initial conditions are positive real numbers. The initial conditions of the equation are recursive sequence,
arbitrary positive real numbers. Also, we discuss and illustrate the stability of the solutions in semicycle

the neighborhood of the critical points and the periodicity of the considered equations.
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1. Introduction

Recently there has been a lot of interest in studying the global attractivity, boundedness character, periodicity and the
solution form of nonlinear difference equations. For some results in this area, for example: [1-40].

Elabbasy et al. [8-9] investigated the global stability, periodicity character and gave the solution of some special cases of
the following difference equations

bx, ax,

X ., =aX —————— =0
n+1 n 1 n+1 k
cx, —dx. , By

Xn—i

In [13] Elsayed dealed with the dynamics and found the solution of the following rational
recursive sequences

Xn—5

X j=———.
™ i_li_ Xn—lxn—3 Xn—5

Simsek et. al. [28,29,30,33], studied the following problems with positive initial values

X X\ 3

1+ Xn Xn—lxn—z

— n-5
1+ XX, 5

n+l Xn +1

respectively.
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In this work the following non linear difference equation was studied

n-20

= 6y
+ Xn—2 Xn—5 Xn—8 Xn—ll Xn—14 Xn—17

Xn +1

where X5, Xy, Xy, X, € (0,0) is investigated.
2. Main results

Let X be the unique positive equilibrium of the equation (1), then clearly

_ X . —
X=—— = X+X =X=>X =0=>X=0
1+ XXXXXX

s0, X =0 can be obtained.
Forany k>0 and m >k notation i =k,m means i =k,k+1,...m.

Theorem 1: Consider the difference equation (1). Then the following statements are true.
a) The sequences

(X21n720 ) ! (X21n719) v (XZlnfl) ! (XZln )
are being decreasing and
a8y, ...y 8y,8, 20
are existed and such that

lim X,,, 50« =8y, for k=0,20.

b) (a,,a,,8;,8,,85,85,8,,85,89, 19,8y, 81,813, 814, By5, Big, By, Bg, Bygr By, 8yy,--) IS @ SOlUtioN of Eq. (1) having period 21.

6 . 6 _
c) H!m Xomn-20-jsax = 0s j=0,2 or Ha3k+i =0,i=13.
k=0

k=0

d) If there exist n, € N such that x,_,, > x ., forall n>ng, then

limx, =0.
n—ow
e) The following formulas below are
7]

X =X 1 _ X—2+k X—5+k X—8+k X—11+k X—14+k X—17+k > 1

21n+1+k — -20+k 1 1 '

F X ok Xk Xk Xoanek Xoaaek Xoazek 20 =1 L7 Xgi 07,0 Xgi_140k Xsi1140k Xsi—gek Xai-sk Xai-2+k
7j+1

X =X 1_ X—2+k X—5+k X—8+k X—11+k X—14+k X—20+k X 1

21n+4+k T M-17+k

1 X X X g X anik Xagek Xazak 520 120 14 Xai 1700 Xai gk Xai 110k Xai gk Xaiosk Xai—2+k

n 7j+2
_ X—2+k X—5+k X—8+k X—11+k X—17+k X—20+k 1
X =X 1- ,
21n+7+k 14+k 1 l
X ok X sk X gk Xonnek Xaaak Xazak 320 i1 L Xgi_a7,0 Xsi144k Xaic110k Xsi-gk Xaios0k Xsi-2+k
n 7j+3
X =X ( _ X—2+k X—5+k X—8+k X—14+k X—17+k X—20+k 1
21n+10+k — A-11+k J
1 X o Xos Xk X Xoaark Xoazok 720 10 1 Xai 1700 X100k Xai 110k Xai-g ok Xais ok Xai-2.4k
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n 7j+4
_ X—2+k X—5+k X—ll+k X—l4+k X—17+k X—20+k 1
Xotnszsk = Xgek 1- 1 1 !
F X o Xk Xk Xorrek Xoaark Xoazak 720 121 L8 X700 K144k Xsica10k Xai—g+k Xaisk Xai—2+k
n 7j+5
X =X X—2+k X—8+k X—11+k X—14+k X—17+k X—20+k 1
21n+16+k — -5+k ’
1+ X gk Xogik Xogk Xoa1k X141k X740 120 i= 1+ Xgi 17k X314k X3i-12.0k Xai-g+k X3i—5.0k Xai—24k
n 7j+6
X =X X—5+k X—8+k X—11+k X—14+k X—17+k X—20+k Z 1
21n+19+k T M-2+4k | | ’
14 X X sk X g X anek Xoaark X a7k 520 120 L1 Xai 17k Xai 14k Xai-11k Xai -8k Xaisk Xai_2+k
k =0,2 holds.

X21n+4+k - a4+k #0 ! X21n+7+k - a7+k #0 '

f) If X21n+l+k g a'.l+k #0 '

Xotnste+k 2 Qugrk = 0 then Xornsro+k > Sgak = Oasn—ow. k=0,2.

Proof

a) Firstly, fromthe (1)

X21n+10+k - a10+k #0 '

X21n+13+k - a13+k # 0’

17 €(L). Since

b)
Xni1 (1"" Xn_2Xn_5Xn_g Xn_11Xn14 X217 ) = Xn_20
is obtained. If X,_,X, X, ¢X, 1% 14%, 17 € (0,0) , then 1-+X , X, X, oXy 11X, 14X
Xoir <X 20
neN,
!m Xotn-204k = Qi for k= m

existed formulas are obtained.

)

C) (a1'aZ’aS'aA’a5’a6’a7’a8'a9’a10'a111312’a13’314’a15’a16’a17’a18'a19’a20’a21""
d) In wiew of (1),

X
5

1+ H Xo1n-17.43k

k=0

21n-20

n=2In= X,,,,, =

is obtained. If the limits are put on both sides of the above equality,

6 6
H!T; Xotn-20+3k = 0 or Ha3k+1 =0
k=0 k=0
is obtained. Similarly for n=21n+1 and n=21n+2, we can obtain x,,,,, and

e) Ifthere exist n, e N suchthat x, ,, >x,,, forall n>n,, then,

is a solution of (1) having period 21.

X21n+3 .

8 <a,<a <8, <8; <a; <A, <a, 8, <8 <8<, <8y, <ay; <8y, <), Y <8 <8 <A, S8 <8 <8y <7

Using (c), we get

6 _
[Tas. =0 i=13.
k=0
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Then we see that

limx, =0.

n—oo

Hence the proof of (d) completed.

f) Subracting x,_,, from the left and right-hand sides in (1)

1
Xnsr ~ X0 = (Xn—l - anzz)

1+ Xn ZXn 5Xn BXn 11Xn—l4xn—20

and the following formula

n-3 1
X =(%—x)[]
3n-8 3n 29 — —20
i 1+ X3i_2 Xsi_5 %518 %3111 %3114 Xsi 17
n-3 1
n >3 for X3n—7 - X3n—28 = (Xz - X-19 )Hl (2)
i1 L X1 X5 X517 X5i_10 %5113 %3126
il :
Xy o — X = (%=X g5)
3n-6 3n-27 3 -18
i= 1+ X3i X3i_3 %316 X310 X5i_12 X3i_15

hold. Replacing n by 7j in (2) and summing from j=0 to j=n, we obtain:

n l -
Xotnsrek ~ X204k = X1+k X 204k ZH k=02

j=0i=1 1+ X3i—2+kx3i—5+kX3i—8+kx3i—11+kX3i—14+kx3i—17+k

Also, 7j+1 inserted in (2) by replacing n, j=0 to j=n is obtained by summing

n 7j+1 1 -

Kotnrask ~ Xoazak = (X4+k —17+k H ,k=0,2
j=0 i=1 1+ X3i—2+k X3i—5-¢-k X3i—8+k X3i—11+k X3i—14+k X3i—l7+k
Also, 7j+2 inserted in (2) by replacing n, j=0 to j=n is obtained by summing
n 7j+2 1 -
Xotnsrek ~ Xoark = (X7+k — X pask )Z H , k=0,2

j=0 i=1 1+ Xai2k Xai5k Xaigk Xai110k Xai 144k Xai_174k
Also, 7j+3 inserted in (2) by replacing n, j=0 to j=n is obtained by summing

n 7j+3 1

Xotns10+k ~ Xqpek = (X10+k X 114k )Z H , k=0,2.

j=0 i=1 1+ X3i—2+k X3i—5+k X3i—8+k X3i—11+k X3i—14+k X3i—l7+k

Also, 7 j+4 inserted in (2) by replacing n, j=0 to j=n is obtained by summing

n 7j+4 1

21n413+k — Xogak :(X13+k —8+k H  k=0,2.

j=0 i=1 1+X3i—2+kx3i—5+kX3i—8+kx3i—11+kX3i—14+kx3i—17+k

X

Also, 7j+5 inserted in (2) by replacing n, j=0 to j=n is obtained by summing
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n 7j+5 1
Xotnst6+k ~ Xosek = (X16+k - X—5+k) , k=0,2.
j=0 i=1 1+ X3i—2+k X3i—5+k X3i—8+k X3i—11+k X3i—14+k X3i—17+k
Also, 7 j+6 inserted in (2) by replacing n, j=0 to j=n is obtained by summing
n 7j+6 1 R
Xotnsiork ~ Xpuk = (X19+k — X gk )Z H 1 , k=0,2.
520 Ti-1 L Xgi_o 4 Xgi sk Xgi—gk Xaim11.k Xaicra+k Xai-17+k
Now we obtained of the above formulas:
7]
X =X 1 _ X—2+k X—5+k X—8+k X—11+k X—14+k X—17+k \ l
21n+k+1 — -20+k 1 1 ’
F X ok Xk Xk Xoatek Xoaaek Xoazek 770 =1 L 510700 Xgi14k Xsic11ek Xsizgk Xai-sk Xsiz2+k
7ij+1
X =X 1_ X—2+k X—5+k X—8+k X—11+k X—14+k X—20+k > 1
21In+4+k T M-17+k 1 1 !
X ok Xk X gk Xtk Xoaaek Xoazak 720 =1 L Xgia7k Xgi1ak Kaic11.0k Xai—gk X3ios.0k Xai—24k
7ij+2
X =X X—2+k X—5+k X—8+k X—11+k X—17+k X—20+k zn: 1
21n+7+k T M-14+k 1 Hl ’
+ X o X s X gk Xopnek X aank Xk 370 121 L Xgisa7.0 Xsi1a4k Xsic11ek Xsigrk Xaiosek Xai—2+k
7j+3
X =X 1 _ X—2+k X—5+k X—B+k X—14+k X—17+k X—20+k i H 1
21n+10+k — M11+k 1 1 '
F X ok Xk Xk Xazek Xoaaek Xoazek 520 =1 L Xgi_07,0 Xgi_140k Xsic1140k Xsi-g+k Xsi-sk Xai—2+k
7j+4
X =X 1 _ X—2+k X—5+k X—11+k X—14+k X—17+k X—20+k X 1
A T X X e X X g X g X 1+ X X X Xe o Xo o X '
+ —2+k M54k N-8+k N-11+k M-14+k N-17+k j=0 i=1 3i-17+k 3i-14+k "3i-11+k 3i-8+k "3i-5+k 3i-2+k
7j+5
X =X 1_ X—2+k X—8+k X—11+k X—14+k X—17+k X—20+k . 1
21n+16+k — M-5+k 1 1 '
F X ok Xk Xk Xoarek Xoaaek Xoazak 720 20 1 Xgig7k Xgic1a1k Xaic12.40k Xi—gk X3ios.k Xai—24k
X e X g Xogpor X gz Xgrpy X n Tit 1 —
_ —5+k M—8+k —-11+k M-14+k M-17+k 7*-20+k _
Xotnsaesk = X ook | 1 , k=0,2 holds.

14 X X sk X g X anek Xoaark a7k 520 120 14 Xaio17k Xai1ak Xai-11k Xai-gk Xai_sk Xai_2.1k

g) Supposethat a, =a, =a, =a,, =a,, =a,, =3, =0. By e) we have

X—Z X—S X—8 X—ll X—14 X—17

n 7j 1

limx,,,,, =limx_,|1-
n—ow n—w

X—2 X—5 X—S X—11 X—14 X—17

1+ X ,X X X 1 X 44X

211

-17 j=0 i=1 1+ Xgi17%3i-14 Xsi 11 X5 8 X515 X312

7j 1

a =Xy 1-

1+ X—ZX—SX—BX—IIX—14X—17 j=0 i=1 1+ X3i—17 X3i—14X3i—llx3i—8X3i—5X3i—2

1+ X X 6X gX 11X 14X 47 _ i

a=0=>
X—2 X—S X—B X—ll X—14 X—17

i T+ X X X o X X 4, X 2
Slmllarly; a, =0= 25 g N 1114 M7 :Z
XX 5X gX 11X 14X 20 j=0

fi 14+ X ,X X gX 11X 14 X ©
Similarly; a,=0= e Tty 3
X, X s X gX 11X 47X g =

fi 14+ XX X g X gy X 1, X e
Slmllarly; alO:O:> 2N 5N gA 11N 14 M7 :Z

X—Z X—S X—B X—14 X—17 X—ZO

1

+
<

- ©

3i—14x X X

3i-17 3i-11"'3i-8 3i—5x3i—2

i1 1
i=1 1+ X3i—17 X3i—14X3i—llX3i—8X3i—5X3i—2

(4)

v 1
i=1 1+ X3i—17 X3i—14X3i—11X3i—8X3i—5X3i—2

®)

. 1

(6)

BN
+
=

X X, Xgi_g X

3i-17 '3i-14 7*3i-117'3i-8 3i—5X

3i-2
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S
F 1+X72X75X78X711X714X717 SR 1
Similarly; a,=0= = 1 @)
X X 5X 11X 14X 17X 50 §=0 -1 L Xgi_17 X514 %5111 X518 X515 X2
P 1+X72X75X78X711X714X717 SRS 1
Similarly; a,=0= = 1 (8)
XX gX 11X 14X 17X 59 =0 i1 L X517 X5i14 %5101 X5 X5 Xgi2
. L4 XX X gX 1 X guX gy < 1
Similarly; a,=0= => 1 (9)
X5 X gX 11X 14X 17X 59 i=0 i1 L X5i_17 X511 X5i-11 X5 s X5 K52
From (3) and (4),
1+ X, X X gX g X puX s i 7 1 .
X o X 5X gX 11X 14X g7 j=0 i=1 1+ X3i-17%3i-14 %3i-11 %31 8 X315 X3i_2 (10)
o 7]+l
1+ X pX s X gX 11X 14X g7 — Z 1
XX 5X gX 11X 14X 50 j=0 i=1 1+ X3i17Xi-14 %5111 %51 -8 X515 X3 2
thus, x_,, > x_,,. Fromthe (4) and (5),
14+ X, X X gX gy X 1aX 17 _iﬁ 1 N
X o X 5 X gX 11X 14X 59 j=0 i=1 1+ X3i17 X3i-14 %3111 %31 -8 X35 X3 _2 (11)
14+ XX g X X 4y X 10X g7 Z“’:”*z 1
XX 5X gX 11X 17X 5 j=0 i=1 1+ Xsi 17 %3i-14 %5111 %51 -8 %515 Xzi_2
thus, x,, > x_,,. From the (5) and (6),
o T1j+2
1+ X o X sX X 13X 14X 47 — Z 1 S
XX 5X gX 13X 17X 50 j=0 i=1 1+ Xsi-17 %5114 X311 X318 Xsi 5 Xsi 2 (12)
14 X ,X 5 X gX 11X 10X 4 _i”” 1
X_ZX_5X_8X_14X_17X_20 j=0 i=1 1+X3| 17X3|-14X3| 11X3| X3| X3|
thus, x,, > x_,, .From the (6) and (7),
o 7j+3
1+ XX 5 X gX 11X 34X 47 _ Z 1 >
X o X 5X gX 14X 17X 5 j=0 i=1 1+ Xgi-17%3i-14 Xsi-11 X3 8 X315 X3i_2 (13)
o T1j+4
1+ X o X 5X gX 11X 14X 47 — Z 1
XX 5X 13X 14X 17X 50 j=0 i=1 1+ Xsi217 %5114 X31-11 X518 Xsi 5 Xsi 2
thus, x_,, > X4 .From the (7) and (8),
o T1j+4
1+ X o X sX X 13X 14X 47 _ Z 1 >
XX 5X 11X 14X 17X 50 j=0 i=1 1+ Xsi-17 %5114 X311 X318 Xsi 5 Xsi -2 (1 4)
o 7j+5
1+ XX s X gX 11X 14X 47 _ Z 1
X o X gX 11X 14X 17X 50 j=0 i=1 1+ Xai—17X3i-14 X311 X3 8 Xsi -5 X3i—2
thus, x4 > x ,.From the (8) and (9),
14 X ,X s X gX 11X 14X 4 _i”*5 1 .
XX gX 11X 14X 17X 5 j=0 i=1 1+ Xsi17 %5114 X211 X318 Xsi -5 X512 (15)
o 7j+6
1+ XX s X gX 11X 14X 47 _ z 1

X-s X-s X1 X 34X g7 X-zo i

]
o

thus, x> X,

i=1 1+ X3i—l7 X3i—].4 X3i—11X3i—8 X3i—5 X3i—2
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From here we obtain Xogo > Xg7 > Xy > X gy > X > X5 >X,. Similarly, we can obtain
X 49 > Xigg > Xigg > X0 > X > X, > X, and X_g > X e > Xy, > X g > X5 > X3 > X%,. We arrive at a contradiction which
completes the proof of theorem.

3. Example

Example 3.1: If the initial conditions are selected in accordance with Lemma 1 and Theorem 1;

x[-20] = 0.99999999999999999999999; X[-19] = 0.9999999999999999999999; x[-18] = 0.888888883888833888888;
x[-17] = 0.99999999999999999999;

x[-16] = 0.9999999999999999999;  X[-15] = 6; x[-14] = 0.99999999999999999; x[-13] = 0.9999999999999999:;
x[-12] = 0.999999999999999; x[-11] = 0.77777777777777; x[-10] = 0.9999999999999; x[-9] = 0.999999999999;
x[-8] = 0.99999999999; X[-7] = 0.9999999999; X[-6] = 0.999999999; x[-5] = 0.99999999; X[-4] = 0.9999999;

x[-3] = 0.999999; x[-2] = 0.99999; x[-1] =0.9999; x[0] = 0.999.

X, = {0.562502,0.500025,0.127093,0.695653,0.666678,5.32403,0.766667,0.750006,0.596669,
0.598291,0.800004,0.71259,0.847826,0.833336,0.776754,0.867925,0.857145,0.817496,
0.883324,0.874903,0.844688,0.465877,0.400026,0.0574,0.610812,0.579722,5.25524,
0.690279,0.672085,0.534988,0.530552,0.728998,0.655823,0.785099,0.767906,0.723852,
0.809425,0.796355,0.76781,0.828458,0.818062,0.797762,0.416792,0.350257,0.0315814,
0.565378,0.533888,5.22954,0.647651,0.629177,0.510473,0.491094,0.688476,0.632191,
0.747529,0.729414,0.700968,0.773522,0.759638,0.745588,0.794046,0.782923,0.776142,
0.385004,0.318321,0.0187474,0.535283,0.503755,5.21674,0.618892,0.600421,0.497984,
0.463926,0.660873,0.619944,0.721314,0.702817,0.688931,0.748166,0.733941,0.733742,
0.769474,0.758042,0.764474,0.361907,0.295245,0.0115556,0.513141,0.481689, }

solutions are obtained and the graphs of the solutions are shown below.
X(n)
12 I
1.0

0.8

0.6

04

10 20 30 40 50 60
Figure 1. x, solutions graph
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