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Abstract

In this work, we introduce the notion of 2-absorbing semiprimary fuzzy ideal which is a
generalization of semiprimary fuzzy ideal. Let R be a ring. Then the nonconstant fuzzy
ideal µ is called a 2-absorbing semiprimary fuzzy ideal if

√
µ is a 2-absorbing fuzzy ideal

of R. Furthermore, we give some fundamental results concerning these notions.

1. Introduction

Zadeh in 1965 introduced the fundamental concept of fuzzy set [1]. Focusing on the structure of ring, the paper of Liu [2], defining fuzzy
ideals, initiated the investigation of rings by means of expanding the class of ideals with these fuzzy objects. Mukherjee and Sen have
continued the study of fuzzy ideals by introducing the notion of prime fuzzy ideals [3]. Nowadays, fuzzy algebraic structures were developed
and many interesting results were obtained. The concept of 2-absorbing ideals, which is a generalization of prime ideals [4] and 2-absorbing
primary ideals, which is a generalization of primary ideals [5] were introduced. Although the prime fuzzy ideals and primary fuzzy ideals
have been investigated [3, 6], the concept of 2-absorbing semiprimary fuzzy ideals have not been studied yet. In this study, we characterize
the 2-absorbing semiprimary fuzzy ideals, some generalizations of 2-absorbing semiprimary fuzzy ideals and described some their properties.
Recall from [4, 5] that a proper ideal I of R is called a 2-absorbing ideal if whenever a,b,c ∈ R and abc ∈ I then either ab ∈ I or ac ∈ I or
bc ∈ I and a proper ideal I of R is called a 2-absorbing primary ideal if whenever a,b,c ∈ R and abc ∈ I then either ab ∈ I or ac ∈

√
I or

bc ∈
√

I. Recall also from [7] that a nonconstant fuzzy ideal µ of R is called a 2-absorbing fuzzy ideal of R if for any fuzzy points xr,ys,zt of
R, xryszt ∈ µ implies that either xrys ∈ µ or xrzt ∈ µ or yszt ∈ µ and a nonconstant fuzzy ideal µ of R is called a 2-absorbing primary fuzzy
ideal of R if for any fuzzy points xr,ys,zt of R, xryszt ∈ µ implies that either xrys ∈ µ or xrzt ∈

√
µ or yszt ∈

√
µ . Based on these definitions,

a nonconstant fuzzy ideal µ is called a 2-absorbing semiprimary fuzzy ideal if
√

µ is a 2-absorbing fuzzy ideal of R.

2. Preliminaries

We assume throughout that all rings are commutative with 1 6= 0. Unless stated otherwise L = [0,1] stands for a complete lattice. Z denotes
the ring of integers, L(R) denotes the set of fuzzy sets of R and LI(R) denotes the set of fuzzy ideals of R. For µ,ξ ∈ L(R) , we say µ ⊆ ξ if
and only if µ(x)≤ ξ (x) for all x ∈ R. When r ∈ L, x,y ∈ R we define xr ∈ L(R) as follows :

xr(y) =
{

x i f x = y,
0 otherwise,

and xr is referred to as fuzzy point of R. Let I be an ideal of R. Then

λI =

{
1 i f x ∈ I,
0 otherwise,

Definition 2.1. [2] A fuzzy subset µ of a ring R is called a fuzzy ideal of R if for all x,y ∈ R the following conditions are satisfied :
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• µ(x− y)≥ µ(x)∧µ(y), ∀x,y ∈ R
• µ(xy)≥ µ(x)∨µ(y), ∀x,y ∈ R

Let µ be any fuzzy ideal of R; x,y ∈ R , and 0 be the additive identity of R. Then it is easy to verify the following:
(i) µ(0)≥ µ(x), µ(x) = µ(−x) and µt ⊂ µs where s, t ∈ Im(µ) and t > s.
(ii) If µ(0) = µ(x− y), then µ(x) = µ(y), µ(x) = s iff x ∈ µs and x /∈ µt ,∀t > s.

Definition 2.2. [8] Let µ be any fuzzy ideal of R. The ideals µt , (µ(0)≥ t) are called level ideals of µ .

Definition 2.3. [3] A fuzzy ideal µ of R is called prime fuzzy ideal if for any two fuzzy points xr,ys of R , xrys ∈ µ implies either xr ∈ µ or
ys ∈ µ .

Definition 2.4. [6] Let µ be a fuzzy ideal of R. Then
√

µ , called the radical of µ , is defined by
√

µ(x) = ∨
n≥1

µ(xn).

Definition 2.5. [6] A fuzzy ideal µ of R is called primary fuzzy ideal if for any two fuzzy points xr,ys of R , xrys ∈ µ implies either xr ∈ µ or
ys ∈
√

µ .

Theorem 2.6. [6] Let µ be fuzzy ideal of a ring R. Then
√

µ is a fuzzy ideal of R.

Definition 2.7. [3] Let R be a ring. Then a nonconstant fuzzy ideal µ is said to be weakly completely prime fuzzy ideal iff for x,y ∈ R,
µ(xy) = max{µ(x),µ(y)}.

Theorem 2.8. [9] Let f : R→ S be a ring homomorphism and let µ be a fuzzy ideal of R such that µ is constant on Ker f and ξ be a fuzzy
ideal of S. Then ,

•
√

f (µ) = f (
√

µ),
•
√

f−1(ξ ) = f−1(
√

ξ ).

Definition 2.9. [4] A nonzero proper ideal I of a commutative ring R with 1 6= 0 is called a 2-absorbing ideal if whenever a,b,c ∈ R with
abc ∈ I, then either ab ∈ I or ac ∈ I or bc ∈ I.

Definition 2.10. [5] A proper ideal I of R is called a 2-absorbing primary ideal of R if whenever a,b,c ∈ R with abc ∈ I, then either ab ∈ I
or ac ∈

√
I or bc ∈

√
I.

Definition 2.11. [10] A proper ideal I of R is called a 2-absorbing quasi primary ideal of R if whenever a,b,c ∈ R with abc ∈ I, then either
ab ∈

√
I or ac ∈

√
I or bc ∈

√
I.

Theorem 2.12. [5] If I is a 2-absorbing primary ideal of R, then
√

I is a 2-absorbing ideal of R.

Definition 2.13. [11] An element 1 > α ∈ L is called a 2-absorbing element if for any x,y,z ∈ L, x∧ y∧ z < α implies either x∧ y < α or
x∧ z < α or y∧ z < α .

Lemma 2.14. [9] Let µ be a fuzzy ideal of R. Then for any positive integer n,
√

µn =
√

µ .

Lemma 2.15. [9] Let µ and λ be fuzzy ideals of R. If µ ⊆ λ then
√

µ ⊆
√

λ .

Theorem 2.16. [9] If µ and ξ are two fuzzy ideals of R, then
√

µ ∩ξ =
√

µ ∩
√

ξ =
√

µξ

Theorem 2.17. [7] f : R→ S be a ring homomorphism . If ξ is a 2-absorbing fuzzy ideal of S then f−1(ξ ) is a 2-absorbing fuzzy ideal of R.

Theorem 2.18. [7] Let f : R→ S be a surjective ring homomorphism. If µ is a 2-absorbing fuzzy ideal of R which is constant on Ker f then
f (µ) is a 2-absorbing fuzzy ideal of S.

3. 2-absorbing semiprimary fuzzy ideals

Before we investigate 2-absorbing semiprimary fuzzy ideals, we will give the characterization of cartesian product of some fuzzy ideals
which will be used in next parts.

Definition 3.1. Let µ and α be two fuzzy ideals of R. The cartesian product of µ and α is defined by µ ×α such that (µ ×α)(x,y) =
µ(x)∧α(y) [12]. In addition to this definition, if (xr,ys) ∈ µ ×α for any fuzzy points xr,ys of R then xr ∈ µ and ys ∈ α so r∧ s ≤
µ×α(x,y) = µ(x)∧α(y).

Recall that if µ and α are fuzzy ideals of R then µ×α is a fuzzy ideal of R×R.

Lemma 3.2. Let µ and α be two fuzzy ideals of R. Then
√

µ×α =
√

µ×
√

α

Proof.
√

µ×α(x,y) =
∨

n≥1
{(µ×α)(xn,yn)}=

∨
n≥1
{µ(xn)∧α(yn)}

=
∨

n≥1
{µ(xn)}∧

∨
n≥1
{α(yn)}=√µ(x)∧

√
α(y) =

√
µ×
√

α(x,y)

Lemma 3.3. Let R = R1×R2, where R1 and R2 are rings and µ be a nonconstant fuzzy ideal of R. If µ is a prime fuzzy ideal then either
µ = µ1×λR2 for some prime fuzzy ideal µ1 of R1 or µ = λR1 ×µ2 for some prime fuzzy ideal µ2 of R2 .

Proof. Assume that µ be a prime fuzzy ideal of R. Then there exist α and β fuzzy ideals of R1,R2 respectively such that µ = α×β . Then
for any fuzzy points xr,ys of R (xr,ys) = (xr,11)(11,ys) ∈ µ = α×β . So (xr,11) ∈ α×β or (11,ys) ∈ α×β since µ is a prime fuzzy ideal.
Thus we conclude that β = λR2 and α is a prime fuzzy ideal or α = λR1 and β is a prime fuzzy ideal.
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Theorem 3.4. Let R = R1×R2, where R1 and R2 are commutative rings with nonzero identity. Let µ be a nonconstant fuzzy ideal of R.
Then the following statements are equivalent:
(1) µ is a semiprimary fuzzy ideal of R.
(2) Either µ = µ1×λR2 for some semiprimary fuzzy ideal µ1 of R1 or
µ = λR1 ×µ2 for some semiprimary fuzzy ideal µ2 of R2 .

Proof. (1)⇒ (2) Assume that µ is a semiprimary fuzzy ideal of R. Then µ = µ1×µ2 for some fuzzy ideal µ1 of R1 and some fuzzy ideal µ2
of R2. Since

√
µ =
√

µ1×
√

µ2 is a prime fuzzy ideal then by the previous lemma either
√

µ1 = λR1 so µ1 = λR1 and
√

µ2 is a prime fuzzy
ideal or

√
µ2 = λR2 so µ2 = λR2 and

√
µ1 is a prime fuzzy ideal. Hence µ = µ1×λR2 for some semiprimary fuzzy ideal µ1 or µ = λR1 ×µ2

for some semiprimary fuzzy ideal µ2.
(2)⇒ (1) It is clear that since

√
µ =

√
µ1×λR2 =

√
µ1×λR2 is a prime fuzzy ideal of R if µ1 is any semiprimary fuzzy ideal of R1.

Theorem 3.5. Let µ be a fuzzy ideal of R. If µ is a 2-absorbing then µ×λR (λR×µ) is a 2-absorbing fuzzy ideal of R×R.

Proof. Assume that (xr,ak)(ys,bp)(zt ,ch)∈ µ×λR for any fuzzy points xr,ys,zt ,ak,bp,ch of R. Then (xryszt ,akbpch)∈ µ×λR so xryszt ∈ µ

and akbpch ∈ λR. Since µ is a 2-absorbing fuzzy ideal then xrys ∈ µ or xrzt ∈ µ or yszt ∈ µ . Thus we get that (xr,ak)(ys,bp) ∈ µ×λR or
(xr,ak)(zt ,ch) ∈ µ×λR or (ys,bp)(zt ,ch) ∈ µ×λR. Hence µ×λR is a 2-absorbing fuzzy ideal.
By the similar way it can be seen that λR×µ is a 2-absorbing fuzzy ideal of R×R.

Definition 3.6. Let R be a ring. Then the nonconstant fuzzy ideal µ is said to be a 2-absorbing semiprimary fuzzy ideal if
√

µ is a
2-absorbing fuzzy ideal of R.

Example 3.7. (1) Every prime fuzzy ideal is a 2-absorbing semiprimary fuzzy ideal.
(2) Every primary fuzzy ideal is a 2-absorbing semiprimary fuzzy ideal.
(3) Every semiprimary fuzzy ideal is a 2-absorbing semiprimary fuzzy ideal.

Proposition 3.8. Let µ be a nonconstant fuzzy ideal of R . Then the following assertions are equivalent.
(i) µ is a 2-absorbing semiprimary fuzzy ideal.
(ii) If xryszt ∈ µ for any fuzzy points xr,ys,zt of R then xrys ∈

√
µ or xrzt ∈

√
µ or yszt ∈

√
µ .

Corollary 3.9. If µ is 2-absorbing primary fuzzy ideal then µ is 2-absorbing semiprimary fuzzy ideal.
But, as indicated in the following example, the converse of Corollary 3.9 is not true.

Example 3.10. Let R = Z, the ring of integers. Define the fuzzy ideal µ of Z by

µ(x) =


1 x ∈ 36Z,

1/2 x ∈ 6Z−36Z,
0 otherwise.

Since 2131 /∈ µ , 211 1
2
/∈√µ and 311 1

2
/∈√µ while 21311 1

2
∈ µ , then µ is not 2-absorbing primary fuzzy ideal. However, it is easy to see

that µ is 2-absorbing semiprimary fuzzy ideal, since
√

µ = λ6Z where it is a 2-absorbing fuzzy ideal of Z.

Remark 3.11. In Example 2.7 [5], it is proved that a 2-absorbing semiprimary ideal is not necessarily a 2-absorbing primary ideal. In the
following theorem we show under what conditions a 2-absorbing semiprimary (fuzzy) ideal is a 2-absorbing primary (fuzzy) ideal. Note that
if µ is a semiprime fuzzy ideal of R, then we have

√
µ = µ .

Theorem 3.12. Let R be a ring. Then the following statements hold:
(1) Let µ be a semiprime fuzzy ideal of R. Then µ is a 2-absorbing primary fuzzy ideal if and only if it is 2-absorbing semiprimary fuzzy
ideal.
(2) Let I be a semiprime ideal of R. Then I is a 2-absorbing primary ideal if and only if it is 2-absorbing semiprimary ideal.

Proof. (1) We show that only sufficient conditions. Let µ be semiprime fuzzy ideal. If µ is 2-absorbing semiprimary fuzzy ideal and
xryszt ∈ µ for any xr,ys,zt fuzzy points of R, then xrys ∈

√
µ or xrzt ∈

√
µ or yszt ∈

√
µ . Since µ is semiprime fuzzy ideal then

√
µ = µ so

xrys ∈ µ =
√

µ or xrzt ∈
√

µ or yszt ∈
√

µ . Hence we get that µ is a 2-absorbing primary fuzzy ideal of R.
(2) We omit the proof since it is clear by (1).

Theorem 3.13. Let µ be a fuzzy ideal of R. If µ is a 2-absorbing semiprimary then µt is a 2-absorbing semiprimary ideal of R for any
t ∈ [0,µ(0)].

Proof. If µ is a 2-absorbing semiprimary then
√

µ is a 2-absorbing fuzzy ideal of R. By [7, Lemma 3.3],
√

µt =
√

µt is also 2-absorbing
ideal. Hence µt is 2-absorbing semiprimary ideal of R.

Theorem 3.14. Let µ1 be ξ1-semiprimary fuzzy ideal of R and µ2 be ξ2-semiprimary fuzzy ideal of R. Then the following statements hold.
(i) µ1µ2 is a 2-absorbing semiprimary fuzzy ideal of R.
(ii) µ1∩µ2 is a 2-absorbing semiprimary fuzzy ideal of R.

Proof. Since
√

µ1 = ξ1 and
√

µ2 = ξ2 are prime fuzzy ideals then
√

µ1µ2 =
√

µ1∩µ2 =
√

µ1∩
√

µ2 is 2-absorbing fuzzy ideal of R. Hence
µ1∩µ2 and µ1µ2 are 2-absorbing semiprimary fuzzy ideal.

Theorem 3.15. Let µ be a nonconstant fuzzy ideal. If µ∗ = {x ∈ R : µ(x)> 0} is a 2-absorbing semiprimary ideal of R where µ(0) = 1 and
|Imµ|= 2 then µ is a 2-absorbing semiprimary fuzzy ideal of R.
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Proof. Assume that µ(0) = 1, Imµ = {1,α} and µ∗ is a 2-absorbing semiprimary ideal.
Let xryszt ∈ µ but xrys /∈

√
µ , yszt /∈

√
µ and xrzt /∈

√
µ . Then r∧s∧ t ≤ µ(xyz) and r∧s >

√
µ(xy), s∧ t >

√
µ(yz) , r∧ t >

√
µ(xz). Thus

for all n ∈ Z+, r∧ s > µ(xnyn), s∧ t > µ(ynzn) and r∧ t > µ(xnzn). By our assumption we get that µ(xnyn) = µ(ynzn) = µ(xnzn) = α so
xy,yz,xz /∈ µ∗. However, α < r∧ s∧ t ≤ µ(xyz) = 1 so xy,yz,xz /∈√µ∗ and xyz ∈ µ∗. But this contradict that µ∗ is 2-absorbing semiprimary
ideal. Hence µ is a 2-absorbing semiprimary fuzzy ideal.

Theorem 3.16. Let I be a 2-absorbing quasi primary ideal of R and α ∈ [0,1) be any arbitrary. If µ is the fuzzy ideal of R defined by

µ(x) =
{

1 x ∈ I,
α x /∈ I,

for all x ∈ R, then µ is a 2-absorbing semiprimary fuzzy ideal of R.

Proof. Let I be a 2-absorbing primary ideal of R. Assume that xryszt ∈ µ but xrys /∈ √µ and xrzt /∈
√

µ and yszt /∈
√

µ for any x,y,z ∈ R.
Then µ((xy)n)≤√µ(xy)< r∧ s and µ((yz)n)≤√µ(yz)< s∧ t and µ((xz)n)≤√µ(xz)< r∧ t for all n≥ 1. In this case µ((xy)n) = α and
(xy)n /∈ I so xy /∈

√
I , µ((yz)n) = α and (yz)n /∈ I so yz /∈

√
I, µ((xz)n) = α and (xz)n /∈ I so xz /∈

√
I. Since I is 2-absorbing semiprimary

ideal of R then we get xyz /∈ I and so µ(xyz) = α . By our assumption we get (xyz)r∧s∧t = xryszt ∈ µ and r∧ s∧ t ≤ µ(xyz) = α . Thus
α < r∧ s, α < s∧ t and α < r∧ t so α < r∧ s∧ t, which is a contradiction. Hence µ is a 2-absorbing semiprimary fuzzy ideal of R.

Theorem 3.17. Let f : R→ S be a ring homomorphism . If ξ is a 2-absorbing semiprimary fuzzy ideal of S then f−1(ξ ) is a 2-absorbing
semiprimary fuzzy ideal of R.

Proof. Let ξ be a 2-absorbing semiprimary fuzzy ideal of S. We show that
√

f−1(ξ ) is a 2-absorbing fuzzy ideal of R. Since
√

f−1(ξ ) =

f−1(
√

ξ ) and
√

ξ is a 2-absorbing fuzzy ideal then the inverse image of
√

ξ is also 2-absorbing fuzzy ideal by [7, Theorem 31]. Hence
f−1(ξ ) is a 2-absorbing semiprimary fuzzy ideal of R.

Theorem 3.18. Let f : R→ S be a surjective ring homomorphism. If µ is a 2-absorbing semiprimary fuzzy ideal of R which is constant on
Ker f then f (µ) is a 2-absorbing semiprimary fuzzy ideal of S.

Proof. Assume that µ is a 2-absorbing semiprimary fuzzy ideal of R which is constant on Ker f . Then
√

µ is a 2-absorbing fuzzy ideal of R
such that

√
µ is also constant on Ker f . By [7, Theorem 32], f (

√
µ) =

√
f (µ) is a 2-absorbing fuzzy ideal of S.

Theorem 3.19. If f is a homomorphism from a ring R onto a ring S, then the mapping µ → f (µ) defines a one-to-one correspondence
between the set of all 2-absorbing semiprimary fuzzy ideals of R which is constant on Ker f and the set of all 2-absorbing semiprimary fuzzy
ideals of S.

Definition 3.20. Let µ be a 2-absorbing semiprimary fuzzy ideal of R. Then γ =
√

µ is a 2-absorbing fuzzy ideal. We say that µ is a
γ-2-absorbing semiprimary fuzzy ideal of R.

Theorem 3.21. Let µ1,µ2, ...,µn be γ-2-absorbing semiprimary fuzzy ideals of R for some 2-absorbing fuzzy ideal γ of R. Then µ =
n⋂

i=1
µi

is a γ-2-absorbing semiprimary fuzzy ideal of R.

Proof. Let µi, i ∈ {1,2, ...,n} be γ-2-absorbing semiprimary fuzzy ideals of R. Then

√
n⋂

i=1
µi =

n⋂
i=1

√
µi = γ =

√
µ is a 2-absorbing fuzzy

ideal. Hence µ is a γ-2-absorbing primary fuzzy ideal of R.

Theorem 3.22. Let R1 and R2 be commutative rings with nonzero identity and µ be a nonconstant fuzzy ideal of R1 (of R2). If µ is a
2-absorbing semiprimary fuzzy ideal of R1 (of R2) then µ×λR2 (λR1 ×µ) is a 2-absorbing semiprimary fuzzy ideal of R1×R2.

Proof. Assume that µ is a 2-absorbing semiprimary fuzzy ideal. Since
√

µ is a 2-absorbing fuzzy ideal then
√

µ×λR2 =
√

µ×λR2 is a
2-absorbing fuzzy ideal of R1×R2. Hence we get µ×λR2 is a 2-absorbing semiprimary fuzzy ideal of R1×R2.

Corollary 3.23. Let R = R1×R2 where R1 and R2 be two rings and µ be a nonconstant fuzzy ideal of R. Then the following statements are
equivalent: (1) µ is a 2-absorbing semiprimary fuzzy ideal of R. (2) Either µ = µ1×λR2 for some 2-absorbing semiprimary fuzzy ideal
µ1 of R1, or µ = λR1 ×µ2 for some 2-absorbing semiprimary fuzzy ideal µ2 of R2, or µ = µ1×µ2 for some 2-absorbing semiprimary fuzzy
ideal of R2.

4. Conclusion

In this paper, we have characterized 2-absorbing semiprimary fuzzy ideals of a ring. Also the notions of 2-absorbing and 2-absorbing primary
fuzzy ideals and their properties are proposed. Furthermore, the relationship between 2-absorbing semiprimary fuzzy ideals and 2-absorbing
semiprimary ideals. Finally, we have examined that the properties of cartesian product of 2-absorbing semiprimary fuzzy ideals. To extend
this study, one could study other algebraic structures and do some further study on the properties them.
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