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Keywords: General solution, Lucas In this paper we give some theoretical explanations related to the representation for the
numbers, stability, system of difference general solution of the system of the higher-order rational difference equations
equations
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Available online: 26 December 2019 where Ng = NU {0}, and the initial conditions x_j, X_gy1,- .-, X0s Y—k> Y—k+1;- - -» Yo are

non zero real numbers such that their solutions are associated to Lucas numbers.
We also study the stability character and asymptotic behavior of this system.

1. Introduction

Giving theoretical explanations related to the exact solutions of most systems of the higher-order rational difference equations is sophisticated
sometimes. Therefore, some of the recent papers give formulas for solutions to systems of difference equations and prove them by using only
the method of induction.

The prime purpose of this work is to give some theoretical explanations related to the general solution of the system of the higher-order
rational difference equations

5y —k— 5 5x —k— 5
Xn+1 :niv Yn+1 :n77 ﬂ,keNO., (11)
Yn—k Xn—k
where Ng = NU {0}, and the initial conditions x_j, X_gy1,..., X0, Y_k» Y_k+1;- - -» Yo are non zero real numbers. The solutions of (1.1) are

expressed using the famous Fibonacci and Lucas numbers.
The idea is establish the solution form of system (1.1) using appropriate transformation reducing the system into a system of linear type
difference equations.
In [30], the authors give formulas for solutions of the equation
I+y,—1
Yn+1 = — ) n € Ny,
YnYn—1
and prove them by using only the method of induction. However, the formulas are not justified by some theoretical explanations.
Halim et al. [8] gave the solutions of the systems of difference equations

1 1

) = keN
iliyn,kj Yn+1 i]ixn,k’ n, 0

Xnt+1 =

such that their solutions are associated to Fibonacci numbers.
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Also, in [7] Halim et al. establish the solution form of equation

a+Byn-1

s ne No,
OYnYn—1

Yn+1 =
using appropriate transformation reducing the equation into a linear type difference equation, such that their solutions are associated to
generalized Padovan numbers.

In [19], Stevic gave a theoretical explanation for the formula of solutions of the following difference equation

ayn+ﬁ
Yyn+6’

Yntl = n € Np,

where parameters «, 3,7, 6 and initial value y are real numbers, such that their solutions are associated to generalized Fibonacci numbers.
More details on this aspect can be simply found in refs. [1]-[3],[9]-[13], [19], [22]-[28], [30],[31].

2. Preliminaries

2.1. Linearized stability of the higher-order systems

Let f and g be two continuously differentiable functions:
f': 1k+l ><Jk+1 7 g: 1k+l ><Jk+l —J

where /, J are some interval of real numbers. For n € Ny, consider the system of difference equations

{ xn+l = f(xn:xn—la~-~axn—k’)’m)’n—1:~--:Yn—k) (2 1)
Yn+1 = g(xn7xn717‘"7~xn7k7yn7yn717"'7yn7k)
where n7k € NO’ (x—k7x—k+17'~ .,XO) € 1k+] and (y—k7y—k+l7' . 7)’0) € ‘]k+l'

Define the map H : I¥+1 x J&H1 — fetl o gkt py

HW) = (foW),iW),.... fi(W),80(W),g1(W),...,g(W))

where
W= (u07u1,...,uk7v0,v1,...,vk)T,
SoW)=f(W), AW) =ug,..., i(W) = w1,
go(W)=g(W),e1(W) =vo,...,&x(W) = vp_1.
Let

T
Wn = [xnaxnfla"'vxnfkaynvynfla"'aynfk] .

Then, we can easily see that system (2.1) is equivalent to the following system written in vector form

Wn+l = H(Wn)7 ne N07 (22)
that is

xn+l = f(xn7xn—l,~-~,xn—k,yn7yn—17~~~7yn7k)7

Xn = Xn,

Xn—k+1 = Xn—k+15

Ynt+1 = g(xnvxn—lw s Xn—kyYnyYn—1- ~~77yn7k)7

Yn = Yn,

Yn—k+1 = Yn—k+1-

Definition 2.1 (Equilibrium point). An equilibrium point (X,y) € I X J of system (2.1) is a solution of the system

{ ‘x:f(x7xa"'a'x7y7y7"'7y)a
y:g(x7x74~wx7)’7)’a~-~a)’)~

I JEHL of system (2.2) is a solution of the system

Furthermore, an equilibrium point W €

W =HW).

Definition 2.2 (Stability). Let W be an equilibrium point of system (2.2) and || . || be any norm (e.g. the Euclidean norm).
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5.

. The equilibrium point W is called stable (or locally stable) if for every € > 0 there exist 8 such that |Wy — W|| < & implies

W, —W|| < € forn>0.

. The equilibrium point W is called asymptotically stable (or locally asymptotically stable) if it is stable and there exist ¥ > 0 such that

Wo —W|| < vimplies
lim W, =W.

n—+oo

. The equilibrium point W is said to be global attractor (respectively global attractor with basin of attraction a set G C IFt1 x Jk1 jf

for every Wy (respectively for every Wy € G)
lim W, =W.

n—+oo

. The equilibrium point W is called globally asymptotically stable (respectively globally asymptotically stable relative to G) if it is

asymptotically stable, and if for every Wy (respectively for every Wy € G),

lim W, =W.

n—y+oo

The equilibrium point W is called unstable if it is not stable.

Remark 2.3. Clearly, (%,5) € I xJ is an equilibrium point for system (2.1) if and only if W = (X,%,--- ,X,3,5,---,¥) € IFt1 x J¥ 1 is an
equilibrium point of system (2.2).

From here on, by the stability of the equilibrium points of system (2.1), we mean the stability of the corresponding equilibrium points of the
equivalent system (2.2). The linearized system, associated to system (2.2), about the equilibrium point

W: (X>x7 :Eﬁyf" 7y)7

is given by

Wn+1 :AWna nENOa

where A is the Jacobian matrix of the map H at the equilibrium point W given by

b ) 2w b wy  2hayy 2w ofo (W
373(@ ,37?(2) 372(@ 373(2) 37?(@ ?V‘;(Y)
W) W) GOT) G Ghw) . W)

o iy O (v Ui iy O iy Ok 2fi 7

A | 7™ G W) W) Gy W) G (W (W)
T ey W 9% (W) & (W) 28 (W 980 (W
i W) o W) 2u (W) e W) 20 u an (W)
(W) (W) o (W) (W) Fh(W) (W)

dmy s dmwry s v Q% 9% (i
W) gew) .. gEWw) FEW) FEW) ... ZEW)

Theorem 2.4. (Linearized stability)

. If all the eigenvalues of the Jacobian matrix A lie in the open unit disk || < 1, then the equilibrium point W of system (2.2) is

asymptotically stable.

. If at least one eigenvalue of the Jacobian matrix A have absolute value greater than one, then the equilibrium point W of system (2.2)

is unstable.

2.2. Lucas sequence

The integer sequence defined by the recurrence relation

Ln+l:Ln+Ln—]7 l’lEN,

with the initial conditions Ly = 2 and L; = 1, is known as the Lucas numbers and was named after Francois Edouard Anatole Lucas
(1842-91). This is the same recurrence relation as for the Fibonacci sequence, but with different initial conditions (Fp = 0,F; = 1). The first
few terms of the recurrence sequence are 2,1,3,4,7,11,18,29,47,76,.... The Binet’s formula for this recurrence sequence can easily be
obtained and is given by

Ly=a"+p",
where
_1 +2\/§ (the so — called golden number), B = ! _2\/5.
That is,
jim 5 =

n

For more informations associated with Lucas sequence, see [15] and [29].
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3. Closed-Form solutions and stability of system (1.1)

For the rest of our discussion we assume L,, the n-th Lucas number, to satisfy the recurrence equation

Lyyy=Ln+L,—1, né€Np,

with initial conditions Lo =2 and L; = 1.

3.1. Linear second order differences equations with constants coefficients.

As is well-known, the equation

Zn+1 +52n+52n71 :03 I’IENO,

3.1)

(the homogeneous linear second order difference equation with constant coefficients), where zg and z_1 € R, is usually solved by using the

characteristic roots A; and A, of the characteristic polynomial 1% +51 45 =0, so

M =V3B,  A=-V5q,
and the formulas of general solution is

Xn = CIAl + A5

Using the initial conditions zg and z_; with some calculations we get

cl1 = —\@(Ll - Zgoﬂ,l) 5

= f\@<%olgfz_|>,

So,
= \@(z,l A — Al ,%0 [;L2n+l 7/lln+1]>7
= n nn n ZO(\/g)”+1
_\/§<z_1(\/§) [(=1)'a" — B FW
by put

Np = ((=1)"a" = B"),
is obtained that the general solution of equation (3.1) is
= (V5)" [zflx/gN,, —zONnH] :
Similarly, let
Znt1 —Szn+52,-1 =0, ne Ny,
s0, by put
M, = (o = (=1)"B"),
is obtained that the general solution of equation (3.3) is

zn=—(V5)" [ﬁZ-an —z0My 11| -

3.2. Linear system of second order difference equations with constant coefficients.

Let the linear system of second order difference equations
Upt1 =5vp —Sup_1, Vpt1 =5Su,—5v,—1, neNp.

From (3.5) we get

1
Vn = 3 (thpay +5uy_1).

We replace (3.6) in the second equation of the system (3.5), we get

1
g”n+2 —3up +Sup—2 =0,

which can be written both as

(thnt2 — Sttys1 + 5un) +5 (upt1 — Sun + Sup—1) +5 (un — Sup—1 + Suy—2) =0,

[(71)n+]an+l ﬁn+1]> 7

Sn+1 Sn

Sn—1

neN,

(3.2)

(3.3)

34

(3.5)

(3.6)
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which is in the form of equation (3.1) and as

(2 + Sty 1 +Suy) =5 (U1 + S5up + Sup—1) +5 (n + Sup—1 +5u,—2) =0, neN,

knt1 kn kn-1

which is in the form of equation (3.3). Form (3.4) and (3.2) we can write

{ sm= (V5)*"[55_1Fu+soLant1],
soni1 = (V3)2" 2 [s_1Long1 +50Fans2] -
Hence
Uy 1 — Stton +Suan—1 = (V5)2[5(ug — Su_1 + Su_ ) Fop + () — Sug +5u_1 ) Lony 1],
and

Upp42 — Sutop41 +5Sup, = (\@)ZIH—Z[(MO —Su_1+ 5“—2)L2n+1 + (u] —Sug+Su_y )F2n+2]~

Similarly, form (3.3) and (3.7) we can write

{ kon = —(V5)*"[Sk_1F —koLont1],
kanpr = —(V35)" 2 [k 1Lont1 —koFansa) -
Hence
Uy 1 + Stton + Sunn_1 = —(V/5) " [5(ug + Su_y +5u_3) Fay — (uy + Sug +5u_y ) Lopi1]
and

Uan 42 — Suzpi1 +Suzy = —(V/3)2" 2 [(ug + Su_1 + 5u_2) Loy 1 — () + St +5u_1 ) Fani2) -

Now, by subtracting equation (3.9) from equation (3.8), we obtain
gy = —(V/5)*"[5v_1 Fo — uoLont1).
Also, by equation (3.9) and equation (3.8), we obtain
van = —(V5)* [Su_1Fon —volLant1]-
By a similar calculation, we obtain
i1 = —(V5)" 2 [u_ Lopyt = voFanyal,
and
Vanp1 = —(V5) " [v_1 Long1 — toFan 2]
Now we consider the system of two first-order difference equations

Swp—5 S5zp—5
Il = Wntl = = n € Np.
n n

where the initial conditions zp and wq are non zero real numbers.
Through an analytical approach. We put
Up Vn

Wy = .
Up—1

in = )
Vn—1

Hence we have the system

Upy1 = 5Vp —Suy_1, Va1 =Sup—5vy_1.

by formulas, (3.5), (3.2), (3.4), (3.10), (3.11), (3.12) and (3.13) is obtained that the general solution of system (3.15) is

Uop = —(V5)2[5v_1F —upLos1],
uyr = —(V5)""2[u_iLyni1 — voFonsa),
Vo = —(V5)*" [5u_1Fp — voLons1],
Vil = — (V32 v 1Lyt — uoFonya).

From all above mentioned we see that the following theorem holds.

3.7

(3.8)

3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Theorem 3.1. Let {zy,w, },>_1 be a solution of (3.14). Then, forn=2,3,...,

. _ SPw—z0lont 7
Lon—1—20F2n
P 5Lop+1 — SwoFap42
Sy, —wolapg1
Wy, _ SBn—wolonyi 7
Lop—1 —wokp,
Wone SLont1 —Sz0F2n12 .
5P —z0lont

where {Ly}y, is the Lucas sequence, {Fy, }, is the Fibonacci sequence and the initial conditions zo and wy € R — Gy, with Gy is the Forbidden
Set of system (3.14) given by

G = |J {(z0,w0) : Lon—1 — 20F2n =0, 5F3, —woLoui1 =0}.

n=-—1
Let
) _ ,
{ Ty ey (3.16)
Y = Y(k+1)n—j-

where j € {0,1,...k}.
Using notation (3.16), we can write (1.1) as

) _ ' =s
nt+1 i ’
w
(/)
() S5x;" =5
Vyi1=—F7— neN,
+1 xs,j)

for each j € {0,1,...,k}.
So, from Theorem (3.1) we get forn =2,3,...,

() 5Py — XE)])LGH
A Op,
Lyp—1— X0 F2n
) S5Lopt1 — 5yéj)F2n+2
el T )
Sk, —){0] Loyt1
y(j) _ 5Fn — ))(()])L2n+l
2 = ; ’
Lon-1— yf)j)an
y(j) _ SLhopy1— Sx(<)j>F2n+2
2n+1 ;
" Sk, — x(()])LGH

From all above mentioned we see that the following theorem holds.
Theorem 3.2. Let {x,yn}n>_1 be a solution of (1.1). Then, forn=2,3,...,

. ' _ B xjlont
(k+1)2n—j Lo 1 _-x—jFZn )
SLopy1 —S5y—jFany2

5Py —y—jlont1
5y —y-jlant1
Lyp1—y—jFa’
SLopy1 —5x—jFopy2

X+ 2ntD)—j =

Y(k+1)2n—j

X(k+1)(2n+1)—j

Sk, —x_jlonyy

where j € {0,1,...,k}, {Ln}n the Lucas sequence, {F,}, the Fibonacci sequence and the initial conditions X_p, X_gyi1,-..X0, Y—k
Y—k+1,---,Y1 and yo € R — Gj, with G is the Forbidden Set of system (1.1) given by

G] = U {(x7k7x7k+17’"7x07y7k7y7k+1”"’y07) :LG—l _xijZH :Oa 5F2n _yijZIH—] :O7 J:O’ 177k}

n=—1
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3.3. Global stability of positive solutions

In this section we study the global stability character of the solutions of system (1.1). It is easy to show that (1.1) has a unique real positive
equilibrium point given by

E=(x,3) = (x@a,x@a),

where « is the golden number.
Let I =J = (0,+o0) and consider the functions

R Y [ BN R L B L N

defined by
5vk—5
f(M07M1,~-~,uk,V07V1,~-~,Vk)= Vi )
Sup —5
g(u(),ul,...,l/lk,V(),V],...,Vk): ug .

Theorem 3.3. The equilibrium point E is locally asymptotically stable.

Proof. The the linearized system about the equilibrium point

W= (\/505,...,\/5057\5057...7\505) e k1 x gkl

is given by
Xn+l :AXVH Xn = (xnaxn—]7'"7xn7k7yl’layn—]a"'ayn*k)Tv
and
1
0 _
o2
0
A= ll
— 0
o
0 0 0 0o ... 0
0o 0 ... 0 0o 0 ... 1

So, after some elementary calculations, we get
1
2k+2
P(ﬂ,) = det(A - A,IZkJrz) =A%k o
Now, consider the two functions defined by

1
2k+2
We have

(A)] < la(A)] VA : 4] = 1.

Thus, by Rouche’s Theorem, all zeros of P(A) = a(A) —b(A) =01liein |A| < 1. So, by Theorem (2.4), we get that E is locally asymptotically
stable. O

Theorem 3.4. The equilibrium point E is globally asymptotically stable.

Proof. Let {x,,y, }”sz be a solution of (1.1). By Theorem (3.3) we need only to prove that E is global attractor, that is
’}Lngo(xny_)’n) =E.

To do this, we prove that for j =0,1,...,k we have
S Xy 1yon—j = HM X1y @ntn)—j = M Yrnon—j = UM yein@nin-; = Va.

For j =0,1,...,k, it follows from Theorem (3.2) that

. . SFy—x_jlyyy
lim xgypy,— ;= lim ————

n—roo n—teo Loy | —x_jFp,
_ <L2n+l
SR,
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Using

we get

= @5

Similarly we get

LM X @ain)—j = UM Ve = B Y@t = Vsa.

3.4. Numerical confirmation

This subsection is included to verify and confirm the results we obtained in this work. As an illustration of our results, we consider the
following numerical examples.

Example 3.5. Let k =0 in system (1.1), then we obtain the system
Syn—35 S5x, —5

Xn+l = ———» Yn+1 = ) nec NO' (317)

n Xn

Assume xg = 0.7 and yg = 1.5. ( See Fig (3.1))

x(n),y(n)
w

-2

Figure 3.1: This figure shows that the solution of the system (3.17) is globally asymptotically stable

Example 3.6. Let k =2 in system (1.1), then we obtain the system

5 22— 5 5x, 2 — 5
g = A2y =22 e, (3.18)
Yn—-2 Xn—2
Assume x_» =0.5,x_1=0.7, x0 =16, y_» =0.6, y_; = =50 and yy = 1.7. (See Fig(3.2))
Example 3.7. Let k =3 in system (1.1), then we obtain the system
Syn—3—35 Sxp—3—5
Gy = 2220y =BT e (3.19)
Yn—3 Xp—3

Assume x_3=0.8, x_»=0.7,x_1=0.6,x=09,y 3=1.1,y » =18, y_1 =13 and yg = 1.6. ( See Fig(3.3))
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10 . . . .
x(n)
sl y(n)] |
6l ]
4+ 4
<
= 2r 1
<
<
o ]
2} 4
_4} 4
6 i i i i
0 10 20 30 40 50

n

Figure 3.2: This figure shows that the solution of the system (3.18) is globally asymptotically stable

16 T T T T
x(n)
14+ y(n) {
120 1
10+ 1
sl 4
<
= 6 E
=
<
4t 4
ol 4
ol 4
ot 4
_4 i i i i
0 10 20 30 40 50

n

Figure 3.3: This figure shows that the solution of the system (3.19) is globally asymptotically stable

4. Conclusion

In this work, we have successfully established a theoretical explanation related to the closed-form solution of the system of two higher-order
difference equations

Syn—r—95 Sxp_r—5
‘xn+1 :n77 yn+1 :n77 n7k€N0'
Yn—k Xn—k

Also, we obtained stability results for the positive solutions of this system. Particularly, we have shown that the positive solutions of this
system tends to a computable finite number, and is in fact expressible in terms of the well-known golden number.
This work we leave to the interested readers.
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